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Abstract: The nonlinear oscillator problem has extensive applicatitn this paper, we examined the modified homotopy pertiara
method to obtain the solution of the problem and to reducedneputational efforts. For the accuracy purpose the Lapi@nsform
and Pade approximation have also been used. We construdetbenation equations by two components of the homotopieser
then by means of the Laplace transform the obtain solutiooriserted to series form and Pade approximation is expléiténcrease
the accuracy of the achieved result. The computationattsfere significantly reduced. And, the calculated anakictions are in
excellent agreement with the numerical solutions.
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1 Introduction

The most common methods for constructing u(0)=a, u=b. ()
approximate and analytical solutions to nonlinear
oscillatory equations are the perturbation method. In the
past few decades, new perturbation methods and
non-perturbative methods are proposed. A review of the  where the over dot denotes differentiation with respect
recently developed analytical methods is given in reviewto time and and are arbitrary parameters.
article and the comprehensive book by He [1-2]. There In the present study, we used a modified version of
also exists considerable number of works dealing with thehomotopy perturbation method which is based on two
problem of approximate analytical solution of nonlinear components of homotopy series. The two components
oscillators by using different methodologies. For HPM [21-22] provides an efficient analytical solution
example, the energy method [3-4], homotopy perturbationyithout any transformation, Adomian polynomials,
method [5-10], the variational iteration method [11-12], complicated Lagrange Multiplier with repeated
the Lindstedt-Poincare methods [13-14], the variationalintegration process and independent of the solution of
methods [15-16], the parameter-expanding methodunctional differential equation for finding each
[17,18], the Adomian Pade approximation [19] and the component of the solution. In order to improve the
differential Transformation method [20]. Our main accuracy of the solution, we first apply the Laplace
concern in this paper to find the approximate analyticaltransformation then convert the transformed series into a
solutions for the nonlinear equation meromorphic  function by forming the Pade
approximants, and finally adopt an inverse Laplace
transform to obtain an analytic solution. Finally,
(1) numerical compari
parison has been made between the
proposed approach and the Runge-Kutta method.

U+ au=yf(u,u),

With initial conditions
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2 Analysis of the method

Let us consider the nonlinear differential equation By applying the inverse operata’—* to both sides of
the equatior{9), we have

() =1(2), zQ, @)

v=2"w(2)+p(Z - £ N(V) - £ (), (10)

where«7 is operator,f is a known function and is

a s_ought function. Assume that operatdrcan be written Suppose that the initial approximation of equation (5)
as. has the form
o (u) = Z(u)+.4 (), (4) e
(@)= 5 arPr(2) (11)
n=!

where.Z is the linear operator and” is the nonlinear
operator. Hence, equation (4) can be rewritten as follows:  wherea,, n=0,1,2,..., are unknown coefficients and
Py(2),n=0,1,2,..., are specific functions on the problem.

By substituting equation&3) and (11) into the equation
L)+ (u)=1f(2), Q. (5)  (10), we get

Vot Py = a%’*l(éoanPn(Z))

We define an operatot” as: |

+p<$*1f —j”l(n;vnp”) — gt (nianpn(z)>)7 (12)

Equating the coefficients of like powers pf we get
following set of equations

H(V;p) = (1= p)(Z(V) = Z (Vo)) + p(« (V) = f), (6)

where peg[0,1] is an embedding or homotopy "
parametex(z: p) : Q x [0,1] — R and up is an initial 0. yy— -1 P 13
approximation of solution of the problem in equatig) P Yo ngoa” h(2) (13)
can be written as:

A (V;p) =ZL(V) = ZL(Uo) + p(A (V) - f(2)) =0, (7) )
ptivi=27Y(f) +.$_1< Zovnpn —f_lJV(Vo)) (14)

n=

Clearly, the operator equations?’(v,0) = 0 and
(1) = 0 are -equivalent to the equations
Z(V) — Z(up) = 0 and </ (v) — f(z) = O respectively. Now, if we solve these equations in such a way that .
Thus, a monotonous change of parametérom zero to ~ Therefore, the approximate solution may be obtained as
one corresponds to a continuous change of the trivial
problem #(v) — %(up) = 0 to the original problem. w
OperatorsZ (v, p) is called a homotopy map. Next, we u(z) =vp(2) :.Z‘l( z anPn(z)> (15)
assume that the solution of equatioi’(v,p) can be n=0
written as a power series in embedding parameteas
follows:

V=Vo+ PV, ® 3 I mplementation of the method

To obtain the solution of equatiofl) by MHPM, we
Now let us write the equatiof¥) in the following form  construct the following homotopy:

L(V) = uo(2) + p(f = N(V) — Uo(2)), 9 (1-pU-u)+pU+al-yfUU)=0 (16)
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For simplicity, lets= 1; then
Applying the inverse operatdr, (e) = /3 [5(e)dEds 2 3
. . at + Agte+ Axt® + ...
to the both sides of the above equati{dh), we obtain Llu(t = 24
quat(as) O mey = 77 Bt + Bot2 + Bat3 + .. (24)

U(t)=U(0)+tU(0)+/Ot /Osuo(f)dfds
o[ [l +a0(©) - viu(E).0E)dzds @7

The solution of equationél) to have the following
form

U (t) = Uo(t) + pUs(t) (18)

Substituting equation(17) in equation (16) and
equating the coefficients of like powers @f we get
following set of equations

Uo(t) = Up+tU(0) + /Ot /Osuo(s)dsds (19)

Ul(t):/Ot/:(—uo(é)—an—yf(Uo,Uo))dEds (20)

Assuming
Up(t) = SN ganPs, Pn = t", and solving the above
equation folp(t) leads to the result

a; a;
—athbi+ 22 By 1—22t4

Uo(t) 5 6

Fo (21)

On using equatiofi20) in equation(19) we arrived at
Ui (t). With vanishingU4(t), we have the coefficients
g, i = 0,1,...8. Therefore, we obtain the solution of
equation(11) as

a a;
b R ot

_ 0.2
u(t) =atbt+ St St ot

(22)

The solution of equatiofil) does not exhibit behavior

Recallingt = % we obtain[m,n] Pade approximation
in terms ofs. By using the inverse Laplace transform to
the [mn| Pade approximant, we obtain the desired
approximate solution of the nonlinear oscillator equation

4 Analytical Solutions

In order to verify the procedure of the method, we
consider the following particular cases and comparison
will be made with Runge-Kutta method as well as ref.
[19-20].

4.1 Application |

Consider the vander-pol
a=1, f(uu) =yl-uv?u

equation [20] by taking

U+0=y(1—u?)u (25)
With initial conditions
u(0)=0, u(0)=2 (26)

The approximate analytical solution of equati@b)
with conditions (26) can be obtained by applying the
procedure mentioned in previous section. Assuming

uo(t) = 8 panPn, Py = t", and solving the above
equation folp(t) leads to the result

a a;
Uo(t) =2t + 0124 B3, B24a

2° "6 12 @7

On using equatior{27) in (19), we getUs(t). With
vanishingUs (t), we have the coefficients

for a large region. In order to improve the accuracy of the
two component solution, we implement the modification
as follows: Applying the Laplace transform to the series@ = 2y, a1 = 2(y* — 1), a = y(y* — 10),
solution(21), yields

a3=%(V‘—59y2+1),...,i:O,l,...8. (28)
a b a a 2a Therefore, we obtain the solutions of equati@s) as
Lutl=—-+=s+—=+—=>+—2= 23 )
[u(t)] Tetstatst (23)
1, 5y, 1
_ 243 W 5
u(t) =2t + vt - gl (29)
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For simplicity, lets= £ ; then

L[u(t)] = 2(t> —t* +-t° — 18 +-t19 - t1?)

+y(2t3 —20t° + 1827 — 164a°14762% — 13286@%3) + ... (31)

The [2/2] and [4/4] Pade approximation for the term
containing the linear power ofis

2tZ
Ui2/2) = 2_ 212 (32)
—4 L L L L L L L L L L L L L L 1+t w + y t
0 5 10 15 20 25 30
Fig. 1: Plots of the comparisions of RK4 and present solution of u . 2t2 n 2Vt2 (33)
van der pol equationivs.u N A R A T RN
2 = B Recallingt = 1 and applying the inverse Laplace

transform to the[2/2] and [4/4] Pade approximant, we
] obtained the approximate solutions

v () ()
| | —2e +2e
- Uiz = 437 (34)
Uasa = L codt] — ¥ codat] + 2ssirit 35
ja/4) = 7 CO§t] — 7 cog3t] + 2sint] (35)

The graph of the displacement is depicted in Figure
1, and phase plane diagram is sketched in Figure 2 and
| compared to the fourth order Runge-Kutta method.

L L L L
-2 =i 0 1 2

-2

Fig. 2: Plots of the comparisions of RK4 and present solution of 4.2 Application 11

van der pol equation phase plane diagtaws. u
Consider the Unplugged van der pol equation [20] by
takinga = 1, f(u,u) = —yu?l

i+ 0= yu?l (36)
Applying the Laplace transform to the solution (29),
yields
With initial conditions
1 1 1 1 1 1
L[u(t)]:z(———+———+———)
g st P F S0 $k u(0) =1, u(0) =0 37)

2 20 182 1640 14762 13286

+y §—¥+—7— 9 + 1 13 —|—(30) . . . .
S S S The approximate analytical solution of equatic@®)

with conditions (37) can be obtained by applying the

procedure mentioned in previous section. Assuming
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Fig. 3. Plots of the solution of Duffing-van der pol equation by Fig. 4: Plots of the solution of Duffing-van der pol equation by
present method RK4 method

Up(t) = 8 panP, Ph = t", and solving the above
equation for leads to the result

W
T

_ 4,4, %02 Q1.3 8.4 0.
Uo(t) = 14 27+ 13+ 2t . (38)

On using equatior{38) in (19), we getUs(t). With m
vanishingUs(t), we have the coefficients 0
1 v
a0: _17 a-1: y7 a-2: é(l_yz)a

8= (/~8),..1=0.1..8 @9)

=]

W
T

Therefore, we obtain the solutions of equat{86) as

t2 yt3 1 1
u(t) =15 + o+ 1=V + SV - 8) + .. (40)

1.0 I I I 1 I | I | - I 1 I I I | 11
-1.0 -0.5 0.0 0.5 1.0

Applying the Laplace transform to the soluti®#D), yields  Fig. 5. comparison fou versusu trajectory of the Duffing-van
der pol equation by present method.

11y (1-99
L[U(t)]———g‘f'g— 5
+V(V256— 8 V4_2§V2+1+... a1y 43 Application|ll
L ] Consider the Duffing equation [20] by taking
For simplicity, lets= £ ; then a—=1,f(uu) =y
Llu®)] =t -+ p* + (1 - )+ y(y* — 8)t° 40— (43)

—y(V =29 + t" + .. (42)

The [4/4] Pade approximation and recalling- % and
applying the inverse Laplace transform we obtained the  With initial conditions
approximate solutions. Figures 3 and 4 represents the
displacement of unplugged van der pol oscillator and all A oY
of its solutions are expected to oscillate with decreasingu( ) =0, u0)=1 (44)
amplitude to zero. Ref. [19-20] derived the solutions by
modified decomposition and differential transform
method. Figures 5 and 6 represents the phase diagram of Assuming
the oscillator equation which is good agreement with  up(t) = zﬁzoanPn, P, = t", and solving the above
numerical solution. equation for leads to the result
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Fig. 7: Plots of the solution of Duffing equation by present
method

=05 0.0 0.5 1.0

Fig. 6: Comparison foiu versusu 'trajectory of the Duffing-van
der pol equation by RK4 method

0 5 10 15 20

Fig. 8: Plots of the solution of Duffing equation by RK4 method

_ 1,902 .3 ;4
Up(t) =1+ 2t + 6t +12t +... (45)
IV ‘ ] L
On using equatior{45) in (19), we getU(t). With
vanishingUs (t), we have the coefficients I
0.5 - b
1 = af
o=0a=-1a=0a=;1-6y)a=0 s \ -
L | \
8 = 755(66y—1).....1=01..8  (46) ool
I I
Therefore, we obtain the solutions of equat{dg) as I \ |
=0.5
B (et (1A ’ ’
u(t) _t—€+ 120 + 5040 + ... 47)
_1.0 T ' N | 1 ' ) T
Applying the Laplace transform to the soluti¢47), =10 =03 00 o 10
yields

Fig. 9: Comparison foru versusu’ trajectory of the Duffing
equation fory = 0.1.

1 1 (1-6 66y— 1

L[u(t)]:?_g+( 56V)+( 28 )
7562 —612y+1 331562 —5532y+1

+ < — 5 + ...

(48)

For simplicity, lets= £ ; then
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Fig. 10: Comparison foru versusu'trajectory of the Duffing
equation fory = 0.2.
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Fig. 13: Comparison of displacement plot for HPM versus RK4
y=01

Al 4y oy p W9 4o o Bopoy o84 [ o8 ogog oy FANSRN NAY S S  |

Fig. 11. Comparison of displacement plot for HPM versus RK4

fory=0.1 \’\k
0

L[u(t)] =t2 —t*+ (1— 6y)t®+ (66y— 1)t8 als ; ‘ NN
0 1 2 3 4
+(756y% — 612y + 1)t10+ ... (49)
Fig. 14: Comparison of displacement plot for HPM versus RK4
y=04
The[4/4] Pade approximation and recallisg- 1 and
applying the inverse Laplace transform we obtained the
approximate solutions. The Graphs of the displacement are
depicted in Figures 7 and 8 and phase diagram are depicted
in Figures 9 and 10 and are compared with the numerical
solution.
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