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Abstract: In this paper, we obtain some new results for perfect numbers generalized perfect numbers connected with the
relationship among arithmetic functioos @ andy. These arithmetic functions and their compositions pl&s vole in this work.
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1 Introduction been checked without succesd.[Recently T. Goto, Y.
Ohno B], D. lanucci b,6], K. G. Hare W] established
For a natural numbem’ we denote the sum of positive Seyeral results on odd perfect numbers. A pOSitiVE integer
divisors of n by a(n) = y4,d and the sum of proper N iS called superperfect number é(a(n)) = 2n. The
positive divisors ofn by p(n) = o(n) — n. A natural notion of these . numbers was introduced by D.
numbern is called a perfect number ip(n) = n or Suryanarayanalﬂllln 1969. Even superperfect numbers
equivalentlyo(n) = 2n. The first few perfect numbers are 2'€ of the form 2%, where 2 —1 is a Mersenne prime.

6 28 496 8128... (Sloanes A0003983]. Euclid The first few superperfect numbers are 2, 4, 16, 64, 4096,
discovered that the first four perfect numbers are65536, 262144..... It is not known whether there are any

generated by the formula"2}(2" — 1) about 300 B.C. odd superperfect numbers. An odd superperfect number
[8]. He also noticed that™- 1 is a prime number for Would have to be a square number such that either

every instance, and in PropositidiX.36 of Elements o(n) is divisible by at least three distinct primeg.[

gave the proof, that the discovered formula gives an even

perfect number wheneverf2- 1 is prime. In order for o ) .
2" — 1 to be a primen must itself to be a prime. A A positive integemn is calledk-hyperperfect number if
Mersenne prime is a prime number of the fori-21, a(n) = kLlth Ll On can remark that a number is
where p must also be a prime number. Any even perfect
numbem is of the formn = 2P~%(2P — 1), where 2 — 1 is

a Mersenne prime. Perfect numbers are intimatel
connected with these primes, since there is a concret ; All ¢ bers | h
one-to-one association between even perfect numbers a rr11bers or ever. yperperfect numbers less than
Mersenne primes. The fact that Euclids formula gives all have been computed by J.S. Craii: Bege and

possible even perfect numbers was proved by Euler twd:ogarasi 1] introduced the concept of super-hyperperfect

millennia after the formula was discovered. There arenumber. A positive integerknJrislcaIIed sulper-hyperperfect

only 48 known Mersenne primes (20187) and hence number if o(o(n)) = —=n + kT They have
only 48 even perfect numbers are known. There iS &,piectyred that all super-hyperperfect numbers are of the
conjecture that there are infinitely many perfect numbers. p_ ]

The search for new ones is to keep on going by searcfiorm 3°~1, where p and are primes. For any
program via the Internet; named GIMPS (Great Internetnatural numbem, Eulers phi-function and Dedekinds
Mersenne Prime Search). It is not known if any odd
perfect number exists, although numbers up t8f4bave

perfect iff it is 1-hyperperfect. The concept of
-hyperperfect number was given by Minoli and Bear
ElO] and they also conjecture that there kryperperfect

Arithmetic function are given byp(n) = n[yn(1 - %)
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and ¢(n) = NMpn(l+ }) respectively, wherep runs

through the distinct prime divisors of

2 Main Results

Theorem 2.1. If k> 1,1+24+4+8+...+k=2k—1,
where X—1is a prime and(2k — 1) is a perfect number,
then(g@o Yo o) (k(2k—1)) =2(po ) (k(2k—1)).

Proof: It is clear that(k,2k — 1) = 1, andk is even and of
the form 2',n > 1. Since bothp andy are multiplicative
functions,

(powoo)(k(2k—1)) = ¢

Y(o(k(Zk—1))))
W(2k(2k—1)))
= o(Y(2ZK)Y(2k—1))
2k(1+1/2)2k)
K(1-1/2)
= 2k2 (1)
Also

(@oy)(k(Zk—1)) = ¢

= 0(3p(K)) =K 2
(1) and Q) give the result.
Theorem 22. If k> 1,1+2+4+8+...+k=2k—1,
where X—1is a prime and(2k — 1) is a perfect number,
then(2¢)"(@(y (k(2k— 1)))) = k2, n > 0.
Proof: We prove the result by applying induction on
By equation (2), the result is true fon = 0. Lets assume
the result is true for any positive integer> 0. Then

(20)"(@(w(k(2k—1)))) = k?

Hence the theorem follows.

Corollary 24. If k> 1,14+2+4+8+ ...+ k=2k—1,
where X—1is a prime and(2k — 1) is a perfect number,
then

(20)" (@o ) (k(2k—1)) = (@o2¢p)"o (¢po

n>0

Theorem 25. If k> 1142+4+8+ ...+ k=2k—1,
where X—1is a prime and(2k — 1) is a perfect number,
thenyg"(k(2k— 1)) = 3.2 2, n>1.

Proof: Itis clear that(k, 2k — 1) = 1, andk is even and of
the form 2", m> 1. Sincey is multiplicative function,

¥)(k(2k=1)),

P(k(2k—1)) = P P(2k—1) = 3K
Thus the result is true far= 1.
Suppose the resultis true for> 1. Then

P"(k(2k—1)) = 3.2 K2
Now
Prk(2k—1)) = @(3.2" 3
_ LIJ( 22m+n 1)
= Y@y
=4.2"™"MH141/2)
_ 3 22m+n 2nk2

Hence the theorem follows.

Theorem 2.6. For any even perfect numbeyr

(@op)(m) = P22

Proof An even perfect numberis of the form 2-1(2P —

Now, 1), where 2 — 1 is a Mersenne prime.
Now
(20)"H(@(w(k(2k—1)))) = 20((20)"(@(W(K(2k - 1)))))
=2¢(k’)  (Byhypothesis)  (@op)(n)=(p(n)) = ¢(n) = (2P (2"~ 1))
= 243(1-1/2) =K _ o1 Lyor_g)
Hence the theorem follows. 1 12
_ = 2P (2P~ - 1)

Theorem 23. If k> 1142+4+8+...+k=2k—1,
where X—1is a prime and(2k — 1) is a perfect number, Again
then(@o 2¢)"o (@o i) (k(2k— 1)) = K2, n> 0. gain,
Proof: We prove the result by applying induction nnBy (poo)(n) = @(a(n)) = @(2n) = P(2P(2P — 1))
equation @), the result is true fon = 0. Lets assume the 1
result is true fon > 0. Then =2P(1- 5)(2p -2)

o2y)"o (@o k(2k — 1)) = k2
I(\I%W W)"o (@o ) (k( ) _opor iy

(@o2¢)™ o (po ) (k(2k—1)) (poa)(n)
= (9o 29)((9o24)"0 (9o )(k(2k— 1)) Thus(gop)(n) = ———

2 .

= ¢(2y(k%)) (By hypothesis) Theorem 2.7. If n= p*1(p*— p+ 1) wherep and p* —

= (3k?) =k? p+ 1 are primes, thenis (p— 1)-hyperperfect number.
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Proof: From definition and basic results of the divisor

functiona, it follows that:
a(n) = a(p* Ho(p
k
_P -1
= p_l(p p+2)
(P —p+1)+p-2

-p+1)

Hencenis (p— 1)-hyperperfect number.

We generalize conjecture 2 introduced by Antal Bege and

Kinga Fogarasi in]] as follows:

Conjecturel. All (p— 1)-hyperperfectnumbers are of the For 2-hyperperfect number, andm = 3% —
easily obtain the following result as a particular case of

form n = p<1(pk
primes.

—p+1), wherep andpk — p+1 are

We proof the next theorem by assuming the conjecture 1(i) @(n) = —(—

to be true.

Theorem 2.8. If nis a(p— 1)- hyperperfect number and (i) o(n)

m= p“— p+1kis a a positive integer, then

. 1 -1
() win) = <(1— az)?%gz)“(“)
(i) o(n)= (5 >2< D —De(n)

Proof: By assummg the conjecture 1 to be true, we can

write n = p1(pk— p+ 1), wherep — p+1 is a prime.

Thusn= p“Im= m(m+p—1 withm=pk—p+1lisa
prime.
Now,
o) = o(p Hotm = *— L1
B (m+1)(m+p—2)
- @)
o(n) = (P ) p(m)
Pl —i)(m— 1)
(p 1><m—p12><m+p ) @
W) = (< Ypm) = pias %><m+ 1)

_ (p+H(m+1)(m+p-1)
- =

(5)

(3) and 6) give,

W) == S @
(4) and 6) give,
_(p=1(m-1)
o(n) = (T 1)(m +1)Llf(n) ()
(6) and (7)give
_(p—1)(m-1) 1. m+p-1
®(n) = W(l—ﬁ)(m)a(n)
This gives,
o) = (EDACDEE e @

2, one can

the theorem 2.8.

a(n)

(i) o(n) = Z%mm
Theorem 2.9. If nis a(p— 1)- hyperperfect number, then
(i) @(n*) =ng(n)

(i) w(n®) =ny(n)

Proof: Sincenis a(p— 1)- hyperperfect number,

n=p“t(p<-p+1)

Wherepk — p+1is a prime.
Now

@(n) = (P 1(p“—p+1))
= (P He(p*—p+1)
— - %)(pk— )

=pHp-1)(pt-1)

Also
wn) = g(P (P -p+1)
= (P Yy -p+1)
— Pl )P )
= P 2p+1)(p-p+2)
0}
P(n?) = ¢ |02k*2)qo((|ok p+1)%
o ~2k— 2 _ 1 _
=pT(1- p)(p p+1)%1- pk—p+1)

= PP - p+ 1) p- (Pt -1

= ng(n)
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p_ _
(i) o(n):32 1_3n2 1
w(nz) = q"(pZK_Z)w{(pk —p+ 1)2) L = ng(n) — m =h,
= p* 21+ ) (pF—p+1)2(1+ kil) Hence the result follows.
1K P 1 E — Pt Proposition 2.14. If nis an even super perfect number then
=p (P = p+1).p" (p+1)(P*—p+2)

— ny(n)

Theorem 2.10. If nis a super perect number, then

(i) Y(n) =3¢(n)

(i) o(n) =4¢(n) -1

Proof: Let n be an even super perfect number. Tinea
2P-1 where 2 — 1 is Mersenne prime.

Now
Y(n)=32P2= gn 9)
p(n)=2P2= :—2Ln (10)
on=2P-1=2n-1 (12)

(9) and (O give Y(n) = 3¢p(n)

Also, (10) and (L1) give g (n) = 4¢@(n) — 1

Theorem 2.11. If nis a super hyperperect number, then
(i) w(n) = 2<Pgr11) L

(i) o(n) = Z(=——)e(n)

Proof: Let n be a spuper hyperperfect number. Thes:

3P-1 wherep and

are prime numbers.

Now
Y(n) =4.3°2 (12)
@(n) = 2.3P2 (13)
3P-1 3n-1
on) === == (14)
From (12) and (3), we obtainy(n) = 2¢(n)
Also, from(L3)and(4), we obtaino(n) = Zr( n_ 1)(p(n).

Proposition 2.12 If n is 2-hyperperfect number then
n(o(n) — 1) is n-th pentagonal number.

Proof: Let n be a 2-hyperperfect number. Then

3 1
—N+4 =

ol =3n+3

Now 3 1 3 1

n(3n—
n(o(n)—1)= n(§n+ 5~ 1) = %
Hence the result follows.

Proposition 2.13. If nis super hyperperfect number then
na(n) is n-th pentagonal number.

Proof: Let n be a spuper hyperperfect number. Thes:

3°P-1 wherep and
Now

5 are prime numbers.

g(a(n) +n) is n-th pentagonal number.

Proof: Let n be an even super perfect number. Tinea

2P~1 where 2 — 1 is Mersenne prime.

Now

ogn=2P-1=2n-1
n(3n—1)

= g(a(n) +n) =PR,

Hence the result follows.
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