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Abstract: In the paper, we get the precise results éjek-Renyi type inequalities for the partial sums of negatively orthant depgnde
sequences, which improve the results of Theorem 3.1 and Corolfaig Bim (2006). In addition, the Marcinkiewicz type strong law
of large numbers is obtained. At last, the strong stability for weighted stimagatively orthant dependent sequences is discussed.
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1 Introduction An infinite sequencgX,,n > 1} is said to be NOD
(NUOD Or NLOD),if every finite subcollection is NOD

We use the following notations.LgX,,n > 1} be a  (NUOD Or NLOD).

sequence of random variables defined on a fixed

probability ~space. Denote § = 3Y.X and Lemma 1.1(cf. Bozorgnia et al., 1996). L&tX,,n > 1}

Tnh = SiL1(X — EX) for eachn > 1 andI(A) be the be a sequence of NOD random variablésf»,--- be all

indicator function of the séA. nondecreasing (or all nonincreasing) functions, then
Hajek and Rnyi (1955) proved the following {f,(Xy),n > 1} is still a sequence of NOD random

important inequality. 1f{X,,n > 1} is a sequence of variables.

independent random variables with mean zero, and

{bn,n > 1} is a nondecreasing sequence of positive realLemma 1.2 (cf. Kim, 2006).LetX;, X, -- , X, be NOD

numbers, then for ang > 0 and positive integem < n, random variables witfEX, = 0 and EX? < o for all

€ % n> 1. Then we have
23X EX2 EX?
Pl max |5 |>¢ | <e? z =+ z - |y
m<k<n| "k ji=1 ’m j=my1 Y E<z Xm+,> < Z E)(m+| (1.4
In the paper, we will further study thediek-Renyi  for all integersm, p>1 andm-+ p < n. Moreover, we have

type inequality and the strong law of large numbers for
negatively orthant dependent sequences. E (

Definition 1.1. A finite collection of random variables
X1,X2,--+, Xy is said to be negatively upper orthant
dependent (NUOD), if for all reaI numbexs, xo, - - - , Xn,

P(X% >x,i=12, )<I'IP(X.>>Q) (12)
Corollary 1.1 (Khintchine-Kolmogorov theorem). Let
and negatively lower orthant dependent (NLOD), if for all {Xn,n > 1} be a sequence of NOD random variables. If
real numbersy, Xo, - -+, Xn,

max
1<k<n

ZX|

i=1

2 n
) <(logsn+2? 3 EXZ  (L5)
i=1

By Lemma 1.1 and Lemma 1.2, we can get the
following Corollary.

P(X < X,i=12, )<|‘|P(X4 <x). (1.3) ZVar(Xn)Iog n< oo (1.6)
A finite collection of random variableXi, Xo, -+, Xn then
is said to be negatively orthant dependent (NOD) if they ®
are both NUOD and NLOD. 2 (Xn—BXy) convergess.
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2 Hajek-Rényi type inequalities for NOD
sequences

In this section, we will give Hjek-Renyi type

Thus (2.1) follows from (2.2) and (2.3) immediately.

Theorem 2.2.Let {X,,n > 1} be a sequence of NOD
random variables andb,,n > 1} be a nondecreasing
sequence of positive numbers. Then for any 0 and

inequalities for NOD sequences, which improve the any positive integers1< n,

results of Kim (2006).

Theorem 2.1.Let {X,,n > 1} be a sequence of NOD
random variables andby,n > 1} be a nondecreasing

sequence of positive numbers. Then for any 0 and
any integem > 1,
g}

k
P< max z (Xj —EXJ‘) >
Var (Xj)
0

1<k<n J=1

2 n
< ;(Iog3n+2) Jz ,-
Proof. Without loss of generality, we assume tlgt> 1
foralln> 1. Leta = v/2. Fori > 0, define

(2.1)

A={1<k<n:a' <bc<atl}.

For A; # 0, we letv(i) = max{k : k € A} andt, be the
index of the last nonempty séf. Obviously,AiAj = 0 if

tn

iZjandy A ={12,---,
iZo

b < by < a1t if ke A and {X, — EXy,n > 1} is also

n}. Itis easily seen thay' <

a sequence of NOD random variables by Lemma 1.1. By

Markov’s inequality and (1.6) in Lemma 1.2, we have

k
{1<k<n Z EXJ }

:P{ max max - EXj) 25}
0<i<tn,Ai#0 keA;
>

J

2 X

]

1k
by £

j
X; —EX;)

1
k
&

1 hoa
<= z —E{ max
€ R 00 1<k<v(i)

th 1
< P< — max
i—07A 40 a' 1<k<v(i)

k
Z (Xj —EXj)

J

o) <

:2<jglvm +4[logs(n—m) +2)2 E Varb( )>(24)

j=m+1 j

1 k
FZ —EX))

max
m<k<n

Proof. Observe that

1K 1 m
— Xi—EX)| < |— Xi —EX;
m@@n by 71( j | < b 71( j i)
i= i=
L X; —EX
max |=~ P —
+m+l§|2(<n ka nz’hLl( ] J) )
thus
1 k
Pl max | —  (X;—EXj)| > ¢
m<k<n bk =i
1 m £
<P||— Xi —EXj)| > =
< (bm;lm ,>_2>
P L —EXj)| > £
max |~ £
+ m+1§|2(<n bkj %_‘_1( J =2

By Markov’s inequality , Lemma 1.2 and Theorem
2.1,(2.4) can be obtained.

3 Marcinkiewicz type strong law of large
numbers for NOD sequences

Theorem 3.1. Let {X;,n > 1} be a sequence of
identically distributed NOD random variables with

E P(|X1| > n'/P)log?n < o for0 < p < 2.

1 b 1 . Ry nZ1
<2 > o7 (logz V(i) +2)? > Var(X) Assume thaEX; = 0 if 1 < p < 2,then
. 1) =1 1<
. " szlxkﬁo a.s., n— oo, (3.1)
<% (Iog3n+2)2j§1Var(xj)iiop#zov<i)>_ L. (22 Proof. Denote
o Yo = —PI(Xq < —nY/P) + Xol (|Xq| < nY/P) /Pl (X, > nl/P)
Now we estimate I then
i=0,A£0,v(i)>] w w
Let ip = min{i i f.l # 0O,v(i) > |}, then z P(Xn # Y) = ZP(IXnIan/p)<°°
bj < bv(io) < A0 follows from the definition n=1 n=1
of v(i). Therefore, which implies that P(X, # Ym i.o.) = 0 by the
th =)
1 1 1 1 i
<Y = —5= Borel-Cantelli lemma. Thusl- ¥ X« — 0 as. if and
i= oA.%)v(l) a? i:ZIO a1y ot hi/p Zl
< 1"21 é = biz. (2.3) only if 1/p z Yk — 0 a.s. So we need to show that
e 1 =1
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n
nl—l/pk;(kaEYk)%o as., N— oo, (3.2)
and © |EY, = EXql (%] < 0t/
> |nl/2 < 3 P(Xd| > nP)+ Z 5 [EXal (] < n7P)] (‘nl/‘p )
nl/p z EYx— 0, n— oo, (3.3) n=1 n=1
By Corollary 1.1 and Kronecker’'s lemma, to prove < C+ z N~ Y/PE|Xa |1 (%] > nY/P)
(3.2), it suffices to show that o n=1
5 Var( l/p)log n< co. (3.4) = C+y Y nPEXI(j < [XalP < [+1)
n=1 n=1j=n
In fact, ©
= C+ 3 S YPEXI(j < XafP < j+1)
o EY2 j=1n=1
ZVar(l/>logn Z o1 -
P = NP < CH+CY PFYPENPEPIPI( < MafP < j+1)
=1
o 1/
<C z P(|X¢| > n*P)log?n+C Z Wlogzn
< oo,
<C+C E Iog/pn Z EX2I(k—1< |X|P < k) Thus (3.7) holds, which implies (3.3) by Kronecker's
=1 " & lemma. We get the desired result.
= C+Ckzln§k S EXa[PIXa > P (k— 1 < [Xq[P < K)
<CHC S KE2/PE|X, [Pk P)/P| (k-1 < [Xa|P < K) 4 Strong stability for weighted sums of NOD
= sequences
< oo,
~ Hence (3.2) holds. Next, we will prove (3.3). It will be In this section, we will study the strong stability for
divided into two cases: weighted sums of NOD random variables. Firstly, we will

() If p=1, by E[X|P < » and Lebesgue dominated give some definitions as follows:
convergence theorem, we have Definition 4.1. A random variable sequencgX,,n> 1}

lim nY/PP(|Xy| = n'/P) = 0, (35) s said to be stochastically dominated by a random variable
lim EXal (|Xa| < nY/P) X if there exists a consta, such that
o " P(|X| > X) < CP(|X| > X) (4.2)
= lim Jo X (@)l ([X(w)| < n*/P)P(dw) for all x> 0 andn > 1.
=EX;=0. (3.6) Definition 4.2. A random variable sequencgY,,n > 1}
Thus, is said to be strongly stable if there exist two constant
|EYn| < nY/PP(|X| > n1/P) sequences$by,n > 1} and{d,,n> 1} with 0 < by 1 0,
+ |EXnl (%] < n¥/P)| = 0, a.s. n— . such that
By the Toeplitz Iemma we obtain by 'Ya—dy — 0 as. (4.2)
lim Z EY = 0. Lemma 4.1. Let {X5,n > 1} be a sequence of random
n—sco ” variables which is stochastically dominated by a random
(i) If p#£1, bythe Kroneckers lemma, to prove (3.3), variable X. For anya > 0 and b > 0, the following
it suffices to show that statement holds:
z \ri\/(r’]) (3'7) a a a
E[Xnl"1([Xa] < b) <CLE[X["I (|X] < b) +b P (|X]| > b)}.
ForO< p< 1

WhereC is a positive constant.

e |EYn| - - P(%e| > n/P) + 2 E[Xn|l(|Xn| < n¥/P) Theorem 4.1.Let {a,,n > 1} and {b,,n > 1} be two

nzl n/p = & 1= & nl/p sequences of positive numbers with; = by/ay,

- e - ch = bn/(anlogn) for n > 2 andby 1 c. Let {X,,n > 1}
<C+ z Z n~YPE|Xy |1 (j— 1< [X|P < ) be a sequence of NOD random variables which is

stochastically dominated by a random varialileDefine
N(x) = Card{n: ¢, < x}, R(x) = [ N(y)y3dy, x > 0.
nYPEXI(j—1< [X4|P < ) If the following conditions are satisfied:

>
||
e,
[
L

8

I
O
_|_

M

J=1n=] (i) N(x) < o foranyx > 0,
(i) R(L) = ["N(y)y“dy <
<C+C -1/PE X [PA-P/P (- 1< [X|P < ) < oo. (iii) EX“R(|X]) < oo,
" Z J Pl i ( Pl <) <0 then there existl, € R,n=1,2,--- such that
n
“1c Ay
For 1< p < 2, byEX, = 0, we can see that by igla*xi —dh—0as (4.3)
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Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2522

N SS ¥

M. Songlin: Hajek-Renyi Type Inequalities and Strong Law...

Proof. Denote
Xk = — il (X < —Ci) + Xl (IXe| < &) + el (X > ©), k> 1,
then{X*, k > 1} and{aX* /b, k > 1} are still NOD
from Lemma 1.1.
SinceN(x) is nondecreasing then for ary> 0

R >N Jy Sdy = $x2N(x), (4.4)
which implies that
EN(|X]) < 2EX?R(|X]) <
Therefore "
3 POCAXT) = 5 P(X] > )
<C z P(|X| > ¢) <CEN(|X]) <. (4.5)

By Borel- Cantelh lemma for any sequence
n
{dn,n > 1} c R, the sequencesb,’ S aX —d,} and
i=1

{by* Z X —
same set.
We will show thatby? Z a (X

d,} converge to the same limit on the

—EX") — 0 as,

which gives the theorem witth, = bgllz aEXA.
It follows from Lemma 4.1 that -
< 3n§1P(|xn| > ) +3élcn—25x,$| (%] < 1)

<C 3 P(X|>cn)+C 3 ¢ 2EX?I(|X| < ¢n)
n=1 n=1

<CEN(|X|)+C ¥ ¢;2EX2I(|X| < cn). (4.6)
n=1

z CHPEX?I(IX| < cn) = z anEXZI(\X| <cn)

+ 5 c2EXA(X] <cn) = I1+I2 (4.7)
n:icp>1
SinceN(1) = Card{n: cy < 1} < 2R(1) < o from

(4.4) and condition (ii), theiy < co.
=S C2EX?I(|X| < cn)
nich>1

= > GZEXAI(|X] < cn)

2
K=2k-15th<k

5 (N(K) -

Since N(x) is nondecreasing andR(x) is

nonincreasing, then

o

kZZ(N(k)_
= k;(N(k)*

% EX?l(m—1< |X|<m) i (N(K) —
m=2 k=m

lpp = N(k—1)) (k—1)"2EX?I (1< |X| <K)

N(k—1))(k—1)~ ZEXZ (m—1<|X| <m)

—1))(k—1)2

< z EXA(m—1<[X|<m) § N(K) ((k—1)"2—k?)
k=m
k+1

< CZ EX?(m-1<|X| < Z/ dx
= CZR mMEX?(m—1 < |X| < m)
< CY EXPR(X|I(m-1< |X| <m) < CEX?R(X|) <

m=2
Therefore

® Var (a5
*(trnﬁ) log?n < o

s (4.8)
n=1

following from the above statements. By Corollary 1.1 and
Kronecker’s Lemma, it follows that

byt § a (X7 —EX“) -0 as. (4.9)
i=1
Taking
dn = byt Z aEXY, n> 1, thenb,! Z aX® —d,—0as.

We complete the proof of the theorem
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