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Abstract: In this paper, we introduce a new system of quasi variational inequaliiiesprojection technique is used to establish the
equivalence between this new system of quasi variational inequalitietharfisted point problem. The fixed point formulation enables
us to suggest some parallel projection iterative methods for solving #tersyof quasi variational inequalities. Convergence analysis
of the proposed methods is investigated. Several special cases@arssdid. Results proved in this paper continue to hold for these
problems.
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1 Introduction convex-valued set.

Variational inequalities theory, which was introduced by  Motivated and inspired by the recent research going in
Stampacchia 24], is rich in contents. It offers many this field, we introduce and consider a new system of
beautiful results that are simple and yet striking in theirquasi variational inequalities. The projection method is
formulation, diverse as well as powerful in their used to establish the equivalence between the system of
applications.  Variational inequalites have beenquasi variational inequalites and the fixed point
generalized and extended in several directions usingroblems. This alternative equivalence is used to suggest
innovative and novel techniques. A useful generalizationand analyze some parallel projection algorithms for
of the variational inequalities is called quasi variatibna Solving this system of quasi variational inequalities. The
inequalities, the origin of which can be traced back toconvergence analysis of the proposed parallel algorithm is
Bensoussan and Lion&,[3]. It is worth mentioning that consider under suitable conditions. Some special cases

the involved convex set in the formulation of quasi are discussed. Results proved in this paper continue to
variational inequalities depends upon the solutionhold for these cases. Our results may be viewed as a

implicity or explicitly. For the recent applications, refinement of the known results for quasi variational
numerical methods, and other aspects of quasi variationdne€qualities and related optimization problems. It is

inequalities, see (1J- [25]) and the reference their in. expected that the ideas and techniques of this paper
stimulate further research in this field.

It turned out that quasi variational inequality is very

difficult class of problems. To develop implementable and

efficient methods for solving new quasi variational 2 Preliminaries and Basic results

inequalities is still a challenging task. The normal

technique is to show that the quasi variational inequalitie Let H be a real Hilbert space, whose inner product and
are equivalent to the fixed point problem. This alternativenorm are denoted by, .) and||.|| respectively. LeK be a
equivalent formulation is used to propose some projectiomonempty closed and convex setHnandT;, T, : H — H
type methods for solving the quasi variational be two different operators.

inequalities, see4] 12, 13,18, 22 for a special class of
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Given two point-to-set mappings; : x — Ki(x) andKy :
y — Ka(y), which associate two closed convex s€i$x)
andKz(y) with any elements(,y of H, we consider the
problem of finding(x,y) € K1(X) x K2(y) such that

b

wherep; > 0 andp, > 0 are constants. The system (1) is
called a system of quasi variational inequalities.

(P1Tay+Xx—y,x1 —X) >0, ¥x1 € Ky(x)

(P2Tox+y—X,Xx2—Y) >0, ¥x2 € Ka(y) @

I. If T, =T, =T, an operator, then problem (1) is to find
(X,y) € Ki1(x) x Ka(y) such that

(PLTy+X—Y,X1 —X) > 0, VX1 € Ky(X)

(P2TX+Y—=XX2—Y) >0, VX2 € Ko(y) @

is also called the system of quasi variational inequalities

and appears to be a new one.
Il If Ki(x) = Kz2(y) = K(x) andTy = T, then problem (1)
reduces to finding € K(x) such that

(Tx,v—x) >0, Vv e K(x), 3)

which is known as the original variational inequality
introduced and studied by Stampache#][in 1964. For

the applications, generalizations, numerical methods and
related optimization problems, se€l{-[[25]).

We now recall some basic results and concepts.

Lemma 2.1 B]. Let K be a closed and convex setlih
Then, for a giverz € H, u € K satisfies the inequality
(u—zv—u) >0,YWeK,

if and only if,

u=Fz

where PR is the projection ofH onto the closed convex
set.

It is known that the projection operatoFk is
nonexpensive, that is

[[Rcu—Pvl| < flu=v]|, vu,ve H.

The projection operator ofH onto the closed

convex-valued sei(u) is denoted byP ). It is known
that the projection operatd? ) is not nonexpensive.
However, it satisfies Lipschitz type continuity condition.

is known as quasi variational inequality, introduced andWe need the fo||owing assumption for the operamﬁx)

studied by Bensoussan and Liong, B]. For the

formulation, applications, numerical methods and other

andP,(y), see 4]

aspects of the quasi variational inequalities, seeassumption 2.1. The operator$, x) and P, satisfy

([1]- [23]) and the references therein.

. If Ki(x) = K3, a closed convex set iH andKz(y) =
Kz, a closed convex set iH, then problem (1) collapses
to: Find (x,y) € K1 x Ky such that

(P1Tiy+X—y, X1 —X) > 0, ¥x1 € Ky

(P2 ToX+Yy—X, %2 —Yy) >0, VX € K> )

the conditions:

[Py o)W — Pey ) [| < Ua[x2 = Xal|, VX, %2, w € H
and

||PK2(Y1)W_ I:kz()/z)H < U2|lyr—yz|, Vy1,y2,we H

whereu; > 0 andu, > 0 are constants.

Assumption 2.1 plays an important role in the

which is called a system of variational inequalities andinvestigation of the convergence analysis of the iterative

appears to be new.

IV. If K1 =Ky =K, aclosed convex set K, then problem
(4) reduces to findingx,y) € K such that

b

which has been studied extensively in recent years.

(p1Tay+x—y,x1 —X) >0, ¥x1 € K

<p2T2X+ y—X,X2— y> > 07 VXZ eK (5)

V. If Ki(x) = Ka(y) = K(x), a closed convex-valued set in
H, then problem (1) is equivalent to findirg,y) € K(x)
such that

(PiTay+X=Y,x1 —X) > 0, VX1 € K(X) ©6)
(P2ToX+y—X, X2 —Yy) > 0, Vx2 € K(x) [’
which is called the system of quasi variational

inequalities and appears to be new one.
VI.If Ty =T, =T, an operator an&; = K, = K, then
problem (5) is equivalent to findinge K such that
(Tx,x1 —X) >0, Vx1 € K,

)

methods.

Definition 2.1. An operatorT : H — H is said to be:

(i) strongly monotone, if there exists a constant > 0 such
that

(Tu—=Tv,u—Vv) > alju—Vv||?,Vu,ve H.

(i) Lipschitz continuous, if there exists a constarft > 0
such that

[[Tu—=Tv|| < B|lu—V||, Yu,ve H.

Note that, ifT satisfieqi) and(ii), thena < 3.

3 Main Results

In this section, we first show that the system of quasi
variational inequalities (1) is equivalent to a system of
fixed point problems. This alternative equivalent
formulation is used to suggest a parallel projection
iterative methods for solving (1).
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Lemma 3.1. The system of quasi variational inequalities Algorithm 3.3. For a given(xo,Yo) € K1 x Ky, find the
(1) has a solution(x,y) € Ki(x) x Ka(y), if and only if, approximate solutioix,, yn) by the iterative schemes

(x,¥) € K1(x) x Ko(y) satisfies the relations. Xos1 = (1 an)%+ AP [Yn — P1Tan)
X = P ly—p1Tay] (8) Yni1 = (1= Bn)Yn+ BnP, [Xn — p2ToXn],
Y = P,y [X— P2T2X, (9  wherean, B, € [0,1] for all n > 0.
wherep; > 0 andp, > O are constants. Herfé, ) and

Pk,(y) are projection oH onto the closed convex-valued For suitable and appropriate choice of the operators,
setskq (x) andKa(y), respectively convex sets and space, one can obtain several new and

known iterative methods for solving system of (quasi)
Proof.Let (x,y) € K1(x) x K2(y) be a solution of (1). Then, variational inequalities and related problems.

(PrTay +Xx=y,x1—%) >0, ¥xq € Ky (X) We now investigate the convergence analysis of
and Algorithm 3.1 and this is the main motivation of our next
result.

(P2T2y+y—XX2 —y) > 0, ¥x2 € Ko(x).

Using Lemma 2.1, we have (8) and (9). 0 Theorem 3.1. Let T3, T, be strongly monotone with

constantso; > 0,a2 > 0 and Lipschitz continuous with

Lemma 3.1 implies that the system (1)is equivalent to theconstants3; > 0, B; > 0, respectively. If Assumption 2.1
fixed point problems (9) and (8). We can rewrite (9) and and following conditions hold:
(8) in the following equivalent forms.

X = (1—an)X+ anPx, (Y — P1T1Y] (10)
Y = (L= Bn)y+ BnPey(y) X — p2T2X], 1D i) &= \/ 1— 20,05+ B2p2 such that O< 6 < 1.

wherean, B, € [0,1] for alln> 0.
This equivalent formulation is used to suggest the(il) O0<0n,fn <1 (an(1—01)—62pn) >0

() 6= \/1f 20101+ B2p? such that 0< 0 < 1.

. S . . d
following parallel projection iterative method for solgn an
system of quasi variational inequalities (1). (Bn(1~v2) —6100m) > 0,

such that
Algorithm 3.1. For a given(Xo,Yo) € Ki(Xo) x K2(Yo), - o B
find (Xn+1,Yn+1) by the iterative schemes HZO(Gn(l V1) = 02n) = o,
Xn+1 = (1= an)Xn+ AP, (x) [Yn — P2 TaYn] (12) i (Bu(1—U2)— Bra)
— — — 00

Yn+1 = (1= Bn)Yn + BnPy(yn) X0 — 02T2Xn). (13) nZO " 2 v '

Algorithm 3.1 is called the parallel projection method, then sequencefx,} and {y,} obtained from Algorithm
which is suitable for implementation on two different 3.1 converge tax andy respectively.

processor computers. It is well known that parallel

projection methods are better than the sequential iterativ prgof. Let (x,y) € K1(x) x Ka(y) be a solution of (1).
methods. To the best of our knowledge, Algorithm 3.1 hasThen, from (9), (10) and (12), we have

not been studied previously for solving the system of

quasi variational inequalities. [Xn+1 =X

< (1= an)|[¥n = X[ + anl[P; (%) [Yn — P1T1Yn]
I. If T =T, =T, then Algorithm 3.1 reduces to —P ly—p1Toyl||
Algorithm 3.2. For a given(xo,Yo) € K1(xo) x Ka(yo), < (3= an) [x0 = X[ + anl[Fey ) [Yn — P1TaYn]
find the approximate solution by the iterative schemes —Pxy 00 Yn — P Tayd]||
X1 = (1= 0n)Xn + AnPyyx) [Yn — PTY0] +0n||Pc;(x) [Yn — P1Tayn] — Pey o Y — P2 Tayl ||
Ynt1 = (1= Bn)¥Yn+ BaPyyn) X — PTXa], < (1= am)[[%n — X[ + anv1 X0 — X

+0nyn —y— p1(Tayn — Tay) |
= (1= an(1—v1))[x0—x]|
Il 1If Ki(x) = Ky andK3(y) = K, are closed convex sets +an||yn—Y— p1(Tiyn — Toy)||- (14)
in H, then Algorithm reduces to the following parallel
algorithm for solving the system of variational
inequalities (3).

wherean, B, € [0,1] for alln> 0.

SinceT; is strongly monotone with constantg > 0 and
Lipschitz continuous with constaf > 0, so

Y0 —Y— P1(Toyn — Tay) |2
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< [lyn — Y112~ 2p1(Tayn — Tay.yn — ) + 2| Tayn — Tayl|%,
< (1-2p1a1+p2BY) [lyn— |12 (15)
From (15) and (14), we obtain

X1 —X|

< (I—an(1—v1)) X — x|+

any/1— 20101+ pZB2lyn — VIl (16)
= (1= an(1—v1)) %0 —X|| + anBu[lyn —YI|.
In a similar way, from (11), (13) and (15), we have

[Yn+1 =Yl
< (1= Bn)Iyn = YII + Ball Pey(yn) Xn — P2 T2Xn]
—P,(y) [X— p2TX||

< (1= Bo)llYn = Yl + Bl[Pey(yn) [Xn — P2ToXn]
—Pa(y) X0 — P2Taxa |
+Bnl| PKz(y) [Xn — P2ToXn] — PKz(y) [X— p2ToX]||
< (1= Bn)llyn = VIl + Bav2[yn =Yl
+Bnl%n — X — P2(ToXn — ToX) |
= (1= Bn(1—02))lya -V

and
lim [lyn+2 =yl =0,
the required result. a

We now suggest and analyze some new iterative methods
for solving system of quasi variational inequalities (1).

Using Lemma 3.1, one can easily show that
(x,y) € Ki(x) x Ka(y) is a solution of (1) if and only if,
(x,y) € K1(x) x Ka(y) satisfies

X = PKl(X)Z (19)
Y = B,mW (20)
z=y-pTy (21)
W = X— paToX. (22)

This alternative formulation can be used to suggest and
analyze the following iterative methods for solving the
system of quasi variational inequalities (1).

Algorithm 3.4. For a given(Xop,Yo), find the approximate
solutionsxn 1 andyn1 by the iterative schemes

Xnt1 = By (xq) Zn (23)
1_2 2 o 1{%An
s P20z + p3fzlXn =] Yni1 = Pe(ynWh (24)
= (1 Ba(1—02)) [y — Yl + Brb2l[¥n — ]I A7) 2= yo— piTave (25)
where we have used the fact that Assumption 2.1 holds wy = X, — p2ToXy, N=0,1,2... (26)

and the operatofy is strongly monotone with constant
a2 > 0 and Lipschitz continuous with constafif > 0
respectively.

From (17) and (16), we have

X1 = X[+ [[Yn+2 =Yl
< (1~ (1~ 1) + BrB2) %0 — X|
+(1 = Bn(1—v2) +anb1)lyn VIl
< max{((1—an(1—uv1) - Bnb2),
(1= Bn(1—02) — anb)) (o = X[ + [lyn = ¥I[)}
< max(wy, W2)([[Xa —X|[ + [lyn = Yl (18)
where
wy = 1—(an(1— 1) — BnB2)
Wy =1— (ﬁn(l— Uz) — Unel).
Define the nornj|(.,.)|| onH by
[V = [lull +Ivl], Yu,v e Hx H.

Using the fact thal x H is a Banach space, and from (18),
we have

|2, Ynra) = (6 Y) | < max(wa, W2)[| (%, Yn) = (%) -
From assumption (iii), we have

lim [[(xn41,Yn2) = (< Y)[l = 0.
This implies that

1im [ire1 x| = 0,

If T, =T, =T, an operator, then Algorithm 3.4 reduces
to:

Algorithm 3.4. For a givenxy andyyp find the approximate
solutionsxn 1 andyp 1 by the iterative schemes:

X1 = Py )0
Yn+1 = By Wn
Zn = Yn— P1Yn

Wn:Xn—pZTXn, n:O,172

For appropriate and suitable choice of the operators,
convex sets and spaces, one can obtain several new and
previously known iterative methods for solving system of
qguasi variational inequalities and related optimization
problems.

We now consider the convergence of Algorithm 3.4 and
this is the main motivation of our next result.

Theorem 3.2Let T;,T, be strongly monotone with
constantsa; > 0,02 > 0 and Lipschitz continuous with
B1 > 0,32 > 0O, respectively. If the Assumption 2.1 and
the following conditions hold:

() 61=vi+/1- 2000+ p3B3 <1

(i) 6= va+1/1-2p1an +p2B7 <1,
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then the approximate solutiomg+ 1 andy, + 1 obtained
from Algorithm 3.4 converge to the exact solutimrand
y, respectively.

Proof. Let (x,y) € Ki(x) x Kz(y) be a solution of (1).

Then, from (15), (21) and (25), we have

|0 — 2|
= [[Yn =Y —p1(Toyn — Toy) ||

< \/1— 20101+ PEBE(Iyn — V|- (27)
In a similar way, from (15), (22) and (26),
[[Wn —w]|
= [1% =X = p2(ToXn — ToX) |
< \/1—20202+P221322HXn—XH~ (28)

Using Assumption 2.1, from (19), (23) and (27), we have

[Xn+1—X|
- ||H<1(Xn)(zn) - PKl(x) 2Py ()
= HPKl(xn)(Zn) - PKl(x) 2 Pka(z) [
Py (20) ~ Prago @ Pratan) |
< 22|+ vl x|

il — x|+ (/1 2p10t1 + pZB2) [y — I

A

IN

(29)

Similarly, from (20), (24), (28) and using Assumption 2.1,

we have

Y1 =Yl
= [1Rcyy (n) = Pggy) () Pratwn) I
S || PKz(ym (Wn) - PKz(y) (W) PK2 (Wn) H
+li PKZ(yn) (wn) — PKZ(y) (w) P )
[[Wh — W[l + v2[lyn =Y
V2llyn — Yl + (/1 202012 + p2B2) [ — X
21lYn—Y P202 + P55 n
From (29) and (30), we have

[Xa+1 = X[+ [[Ynt1 =Yl

< (vi+\/1- 200+ p2B2) [0 —

IN

IN

(30)

(V2 + /1 2p10t1 + 2B2)yn — Y
< 61 X1 — X[ + 62|y — Y|
< max(81, 62)([[n — | + [lyn = YII),
where

Or=vi+ \/1*29202+022/322

B =vo+ \/172plal+pfl312-

Using the technique of Theorem 3.1, it follows that

H(Xn-!—lany-l - (X7y))|| S maXG”(men) - (X7y)||7

where
6 = max(64, 62).

From condition (i) and (ii), it follows thaé; < 1 and6, <
1. This implies thaB < 1. Thus, one can conclude that

lim | (%42, Yn 1 = (%))l = 0.
This implies that
lim || (42 =X =0,

and _
lim (Vo1 =Yl = O;

the required result. O

4 Conclusion

In this paper, we have introduced a new system of quasi
variational inequalities. We have established the
equivalence between the system of quasi variational
inequalities and the fixed point problems. This alternative
formulation is used to suggest and analyze some parallel
algorithms for solving the system of quasi variational
inequalities. Convergence analysis of the proposed
iterative methods investigated. Several special cases are
discussed. The comparison of the proposed methods with
other methods is an open problem. The interested readers
are encouraged to find novel and new applications of the
quasi variational inequalities in pure and applied science
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