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Abstract: The paper introduces a new concept of strong summability and statisticeérgence of sequence of fuzzy numbers.
Further, these two concepts are studied and established relations bétemen
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1 Introduction fuzzy mathematics can be found in1(g], [14)).

Let C(R")= {AC R™ A compact and convéx The space
The analysis of sequence spaces deals with questiorf§(R") has a liner structure induced by the operatiém8
such as the distance between sequences, Cauchy {a + b acA, beB} and AA = {Aa: acA} for A,
sequences and limits of a sequence of 'points’ in the clas®€C(R") and A€R. The Hausdroff distance betweén
of all sequences. Studies on sequence space were furthandB of C(R") is defined as:
extended through summability theory. In its broadest
meaning, summability theory, or in short summability, is 5, (A B) = max{supinf la— b]|, supinf |a—b||}.
the theory of the assignment of limits, which is essential acAbeB beBacA
and useful in analysis, function theory, topology and
applied mathematics.

Let L(R")denote the set of all fuzzy numbers. The linear

The idea of the statistical convergence of sequencétructure ofL(R") induces additionX + Y and scalar

was introduced by Fast9] and Schoenberg 1F] multiplication AX, A€R, in terms of a-level sets, by
independently in order to extend the notion of [X+Y]“=[X]*+[Y]* and[AX]?=A[X]? for each 0< a <
convergence of sequences. It is also found inl, where thea-level set[X]"={xeR":X(x) > a} is a
Zygmund R4). Later on it was linked with summability nonempty compact and convex subsetR3and X is a
by Fridy and Orhan 0], Maddox [13], Rath and fuzzy number i.e., a function froR" to [0, 1] which is
Tripathy [17] and many others. Nuray and Savakg][ normal, fuzzy convex, upper semi-continuous and the
extended the idea to sequences of fuzzy numbers anglosureX? ={x € R": X(x) > O}is compact.
discussed the concept of statistically Cauchy sequences of
fuzzy numbers. On strongly A-summability and Define foreach K g < o
A-statistical convergence can be found29]f Cakan and 1/
Sengnul [6] studied the space of convergent and dy(X,Y) = </15m(xa Y9)ad )
bounded sequence of fuzzy numbers and showed that they ar 0 ’ °
are Banach spaces under a suitable norm. Altmok, Altin
and Et B] introduced the notions of lacunary almost and o = Ofyflém(xa“a)' Clearly
statistical convergence and lacunary strongly almost . =0 .
convergent sequences. Few recent works in this directio o (X,Y) = AL”’!odq(X’Y) with dg < d; if q < . Moreover
on fuzzy mathematics or which can be extended througldy is a complete, separable and locally compact metric

* Corresponding author e-maiiemendutta08 @rediffmail.com

© 2013 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/amis/070629

2370 NS P

H. Dutta: A New Class of Strongly Summable...

space (se€f]).
Throughout the paped, will denotedq with 1 < g < o.

We now state the following definitions which can be
found in ([12], [16], [19]).

A sequenceX = (Xy) of fuzzy numbers is a functioiX
from the seN of all positive integers inte.(R). The fuzzy
numberXy denotes the value of the function k&N and
is called thek-th term or general term of the sequence.

A sequenceX = (Xy) of fuzzy numbers is said to be
convergent to the fuzzy numbel, written as limXy =
Xo, if for every € > 0 there existsipeN such that

d(Xk, Xo) < € fork > ng

Again X = (Xy) is said to be a Cauchy sequence if for
everye > 0 there existsipeN such that

d(Xk, X)) < e fork, | > ng

A sequenceX = (Xx) of fuzzy numbers is said to be

bounded if the set{Xy: keN} of fuzzy numbers is
bounded.

The natural density of a s of positive integers is
denoted byd(K) and defined by

o(K) = Iim %card{k <n:keK}

If X = (Xg) is a sequence that satisfies a property Bay,

where ASx (A3%) (A5 % — A% %r) and
A%x = x¢ for all keN, which is equivalent to the
following binomial representation

> s
APx = Z (_1)U (U Xk+ru-
v=0

In this article, we define the difference operm.r) for
sequences of fuzzy numbers and we will describe it in the
next section. This new difference operator generalizes all
previous difference operators.

Ap
2 Strongly (AS ) - Summable and

)
As VP statistical C
( (V,I’)) - atistical Onvergence

Let r ands be two non-negative integers ame (v) be a
sequence of non-zero reals. Let (Ax) be a
non-decreasing sequence of positive numbers tending to
oandAny = Aptl, Ap = 1. Then for 0< p < oo, the
sequence&X = (Xi) of fuzzy numbers is said to be strongly

A
(A(Sv r)) " summable to a fuzzy numb&y if

. p
lim & Sy, d (45, X Xo) = 0, where Iy
[N—An+1,n] and

—1 1
(85,0%) = (85, 1%~ A% 2% ) andAg, X = v
for all keN, which is equivalent to the following binomial
representation:

for all k except on a set of natural density zero, we say

that Xy satisfiesP for almost allk and we write it by
‘a.ak’.

A sequenceX = (Xy) of fuzzy numbers is said to be
statistically convergent to a fuzzy numbg if for every
e > 0, Iip%card{kgn:d()@,xo) >¢e}= 0, ie,

d(X, Xo) < €a.ak. We write st-limXy = Xq

S
The notion of difference sequence space was introduce&A(VJ))

by Kizmaz [L1], who studied the difference complex or
real sequence spacés(A), c(A) andcy(A). The notion
was further generalized by Et and Colalg] [ by
introducing the spaced,(A%), c(AS) and co(AS).
Another type of generalization of the difference sequenc
spaces is due to Tripathy and E&?], who studied the
spaceé. (4;), c(Ar)andp(4r). Tripathy, Esi and

e

A(S\/,r)xk = i;(_l)i <|S> Vi—ri Xe—ri-

In this expansion, we takew= 0 and= 0 for
non-positive values df.
Taking s = 0 and v, = 1, for all keN, then strongly

Ap o
-summability reduces to strongly
Ap-summability. It is clear that stronglyp-summability

N s \AP -
implies strongly(A(Vyr)) -summability.

In particular, if we takel, = n, for all neN then we say
p
= (Xy) is strongly(A(SV_r)) - Cesaro summable tXg.

Tripathy [23] generalized the above notions and unified Again by takings = 0 andv, = 1, for all keN strongly

these as follows:

Let r, s be non- negative integers, then idra given
sequence space we have

Z(47) = {x= (%) eW: (Ax) € Z},

(A(Svr) Cesaro summability reduces to strongly

p-Cesaro summability.

A sequenceX = (Xy) of fuzzy numbers is said to be

Ap .
(A(Svr)) - statistically convergent to a fuzzy numbég
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= = 2371
if for everye > 0 Now we can easily verify the followings:
im : Ly d(43, % %o)? —
I|nm /\—ncard{k €ly: d(A(var)Xk,Xo)p > e} =0 An gn ( (vr) )
N A 3 d(A,,) X X0)P
In particular, if we takeA, = n, for all neN, then we say keln,d(AF, ) X X0)P=€
p
oy . s _ . . 1
that it is (A(\Lr)) statistically convergent ti. o d(A(SW)Xk, Xo)P
o N keln,d(AS "X Xo)P<e
Again if we takeA, = n, for all neN, s=0, p = 1 andvi = )
Ap .
1, for all keN, then (A(Sm) - statistically convergence < R"—ncard{ke In: d(A(SV’r)xk,xo)P > s} +
reduces to statistically convergence. This completes the proof.
-bounded

Now we present some relationship between strongl

Ap -
summability and( vr)) - statistically

(A(S\/,U)Ap'

convergent.

Theorem 2.1. If a sequence X =(X) is strongly
p

Ap A -
(A(Sm) - summable then it |5<AS ) - statistically
convergent.

A
Proof. SupposeX = (Xy) is strongly(A(Sv r>) " summable

to Xo. Then

Z d(a vr)xk,xo)p:o.

G

lim —
n—>0°

It is easy to see that

Z d ( V,)xk,xo) P > scard{k €lp: d(A(SV,r)Xk,Xo)p > e}

keln

This gives the result.

Theorem 2.2.If a sequence X XX) is AS wr)” bounded

A
and ( (Vr)> - statistically convergent then it is strongly
(8%

A
Proof. SupposeX = (Xy) is A(S\Ar)—bounded anc(A(SV’r)) -

statistically convergent toXp. Since X = (Xy) is
A(sv_r)—bounded, we can find a fuzzy numbdrsuch that

Ap
)) -summable.

d(A(Svr)xk7xO)p S M
for all keN

A
Again sinceX = (X) is ( Vr)> - statistically convergent
to Xp, we have

1 s : B
I|m /\—ncard{ke In: (A<v7r)Xk,Xo) > s} =0,

for everye > 0.

yCorollary 2.1. If a sequence X Xy) is AS r)

and (

p
(A(V r>) -Cesaro summable.

A
)) - statistically convergent then it is strongly

Proof. The proof is a consequence of the above theorem
and the following inequality:

v 1d(AS Xk,Xo)p =
lyhing (AS X, Xo) +15q,d (A(Svﬁr)xk,m)p
1 n—An

<—Zd

< 2 S (83, %0 %)
Theorem 2.3. If a sequence X&) is A(S'V r)-statistically

1

An kZ (A(s‘mxk’xo) p

(ahc)"+

convergent and liminf (%”)> 0 then it is

Ap -
(Afv‘ r>) -statistically convergent.

Proof. Assume the given conditions. For a given- 0, we
have

{keln:d(ﬂ(s\,,r)xk7xo)p25} {k<n (A%, % X0)P > }

Hence the proof follows from the following inequality:

%card{kgn:d(A(Sw)Xk,Xo)Pzs} >
%card{ke In 2 (45, )X, Xo)P > e}
A
_ J)Tncard{ke In: (A5, % Xo)P > £
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