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Abstract: We study the linearization of a class ofélnard type nonlinear second-order ordinary differential equatiom the
generalized Sundman transformation viewpoint. The linearizing geneda$zindman transformation for the class of equations is
constructed. The transformation is used to map the underlying classatieus into a linear second-order ordinary differential equation
which is not in the Laguerre form. The general solution of this class wdons is obtained by integrating the linearized equation and
applying the generalized Sundman transformation. Moreover, we apigcati transformation to a general linear third-order variable
coefficients ordinary differential equation to extend the underlying cibsguations and we also derive the conditions of linearizability
of this new class of nonlinear second-order ordinary differentiahons using the generalized Sundman transformation method and
obtain its general solution.
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1 Introduction equations 1.1) and have obtained the general solution of
(1.9 by mapping L.1) to the free particle equation by an
We consider the class of nonlinear second-order ordinarexplicit complex point transformation by utilizing the

differential equations (ODES) symmetries of the determining equations leading to the
) ) transformation. The authors ][ constructed linearizing
Y’ + (b+3ky)y -+ k%> + bky? + Ay =0, (1.1)  Riccati and Lie point transformations to transform the

) , L ) underlying class of equation4.Q) into linear third- and
where prime denotes differentiation with respect to thegecond.order ODES, respectively. The general solution of

independent variablec with bk, and A are arbitrary  his class of equations is then obtained by integrating the
constants. The equations in cladsl are known as the |inearized equations.

Liénard type ODEs and they are used as models of
physical and other phenomena in several real world In this paper, we revisit the equatiod.{) from the
applications such as in nonlinear oscillations, the stgbil viewpoint of linearization by generalized Sundman
of gaseous spheres and so on. transformation and derive the general solution of this
A particular class of the equationsl.), when class of equations. We construct a linearizing generalized
b= A =0, was studied in]-3] for the exact solutions by Sundman transformation fo (1) utilizing the necessary
constructing a linearizing point transformation utiligin and sufficient conditions for the linearizability of a
the symmetry properties of this class. Hor= 0, the  general second-order ODE (se@ fnd the references
authors in #i] have obtained the general solution 4f1) therein for detail account of this approach). Here we show
indirectly through the use of nonlocal transformationsthat the Sundman transformation approach to
associated with the modified Prelle-Singer method givenlinearization of {.1) is much simpler than the Lie and
in [5]. In [6], Bluman et al. investigated the class of Riccati methods used in7], and yields a class of
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solutions which is different from those obtained ifi.[

Furthermore, we make use of a Riccati transformation of

a general linear third-order variable coefficients ODE 10 A2ox = ~Aso— Avdax — Anda + AoAf +AfA5 — 24125 + Ag "As(Ac+ As).
extend the underlying class of equatiorislf, and we (2.6)
also derive the conditions of linearizability of this new
class of nonlinear second-order ODEs using the
generalized Sundman transformation method and obtaifi*s!
its general solution. Again we show that the extended
equation of L.1) via the Riccati transformation is simpler 2 2 3 _
ianorm in c%)m)parison to the extended equation Tﬁ?[ +1242h0hs 6AOVA5+6)\O)\3) )\4)\5 2)\5 (_2(7)’)
and can readily be linearizable by the Sundman | narein 0.7 '
transformation to obtain the general solution. '

The outline of the paper is as follows. Section 2 A4 = 2Aoyy — 2A1xy + 2A0A2y — A1yA1 + 2A0yA2 + Aoxx.
contains preliminaries on the generalized Sundmanp thjs case, the functiors andG are obtained by solving
transformation approach to thellmearlzablllty of a gehera the following equations:
second-order ODE. In Section 3, we present the

GAoy/\zx + 2/\2xy)\0 + AAoxAoA2 + 2/\3y/\0 +4A0A2A3 + )\1A5) — )\g(GAzzon

generalized Sundman transformation which linearizes™ =0, Fy = (GyFy+A2GF)/G, (2.8)
(1.2) into a linear constant coefficients second-order ODE Gy = G(Axxx + AoxA1 + Asx) /As, (2.9)
and the general solution of (1). We provide in Section 4, Gy = GAs(Ax+A3)/s. (2.10)

extension of the class of equationd.l) and the . )
conditions that determine linearizability of this new das The constants, B andy in (2.2), are determined from the

of equations by the generalized Sundman transformatiof©!lowing equations:

and the general solution of this class of equations. Finally o [—GyAo+ G(Aoy + Aoh)] /G, (2.11)

in Section 5, concluding remarks are made. B = (Gy+GA )/G2 (2.12)
= X 1 ) .

y= (—RAo+aFG?) /G2 (2.13)

2 Preliminaries

Here we provide some main results based on the3 Generalized Sundman transfor mations and
generalized Sundman transformation which are takerbeneraj solution of (1.1)

from [8,9].

A non-point transformation which is known as the
generalized Sundman transformation is defined by th
equations

u(t) =F(xy), dt=G(xy)dx, FG#0.

eFor the equationl(.1), we have

Ao = Ky®+bky? + Ay, Ay = b+3ky, A» =0,

Az = 3K, Ag = k(b+3ky), A5 = 3k(b -+ 3ky).
) ) Sincek # 0, it follows thatAsz # 0 andAs # 0. One can
The necessary form of the second-order linearizable ODEasily check that the equation.4)-(2.6) are satisfied.

which can be transformed into a linear ODE Now, the equation2.7) is satisfied when the following
condition holds, that is,

(2.1)

U+ Bu+au=y, (2.2)
2 _
via the transformation2(1), is given by b(2b”—91) = 0. 3.1)
V' + Ay Ay Ho(xy) =0, (2.3)  TWOIASES Aise.

Case 1 (b = 0). In this case, the equatiod.() takes
where in @.2), prime means differentiation with respect to the form
t, anda, 3 andy are arbitrary constants.

The sufficient conditions for the equatiod.®) to be

y' +3kyy +kK2y2 + Ay =0. (3.2)
Solving the equations 2(8)-(2.10, we obtain the

linearizable by 2.1) for the case\s # 0 andAs # 0, where

Az = Ay — 2
A5 = Apx 4 AoxAr + Az + A1A3
are given by

Aox = 2A0(As — A1A3) /As, (2.4)

)\2xxy = _)\2xy)\1 — )\3xy — ZAZZX — 2A25A3 — )\3yA1 + ()\3)/)\5))\3_1,
(2.5)

following simplest of the solutions for the functiors
and G, namely, F = y?/2 and G = y. Therefore, the
linearizing generalized Sundman transformation 2Ry
takes the form

yZ

ut) = L dt = ydx. (3.3)
Now the equations2(11)-(2.13 yields
a=2k? B=3k y=0. (3.4)
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Hence the equatior8(2) is mapped by the transformation ODEs using the generalized Sundman transformation
(3.3) into the linear equation method and obtain its general solution.
Let
u” +3ku’ + 2k?u = 0. (3.5)
w” +a(v)w’ +b(V)W +c(v)w=0 4.1)
The general solution of3(5) is ) ) .
” be the general linearized form of the class of variable
) coefficient third-order ODEs. It can be readily shown that

the Riccati transformation

u(t) = cre 4 coe”
wherec; andc;, are arbitrary constants. The application

of the generalized Sundman transformati8r8) to (3.2 W

yields the general solution 08(2) given by X=V, y=_, (4.2)
Y(X) = £v/2c1e K00 + 20,0200, reduces the equatiort.(l) into the following nonlinear
where the function = @(x) is a solution of the equation ~ Second-order ODE

ot y' +[a(x) +3yly +y* +a(x)y> + b(x)y+c(x) = 0. (4.3)

= —kt —2kt
o i\/2c1e + 2067 Thus the extended form ol (1) is the class of equations

dx
Case 2 (b £ 0 andb — iS\/)W). By solving the Ej% which is linearizable by the Riccati transformation

]?q”uations .2'8)[(2'1% Lor thlis_ caS(?, vx;}e ]E)btai_n rFihe Remark 1: One can note th&t= 1 in (4.3). Moreover

ollowing simplest of the solutions for the functio : _ N _ T '

andG, that is,F = by+ (3k/2)y? andG = b+ 3ky. Hence if a(x) = b, b() =A andc(x) =0, then ¢.3) reduces to
; . g .__the class of equationd (1).

the generalized Sundman transformation which linearizes

(1.2) is of the form

4.1 Linearization of (4.3) by generalized

3K
ut) =by+ Sy’ dt=(b+3)d<  (36)  gqman transformations and general solution

From the equation®2(11)-(2.13 one gets For the equation4.3), we have
a=2/9, B=1, y=0. (3.7) Ao = Y3 +a(X)y> +b(X)y+c(x), A1 = a(x) 43y, A2 =0,

A3=3, As = 3y, A5 = 3y].
Therefore, the transformatior8.6) maps the equation 3  Aa=a(x)+3y, As = 3[a(x) + 3]

(1.2) into the linear equation We note that\z # 0 andAs # 0. Moreover, the equations
(2.5-(2.6) are satisfied. Now, the equatio®.4) and @.7)
9u” +9u +2u=0. (3.8) are satisfied when the following conditions,
The general solution of(8) is given by a(x) =c1, :?()0 =, C(x) =Ca, (4.4)
2c7 —9c1C2 +27c3 =0, 4.5
u(t) = cre /3t 4 e /3, 1 1C2 3 (4.5)

) . wherecy,C; andcg are arbitrary constants, are satisfied.
where ¢, and c; are arbitrary constants. Applying the Therefore, the equation4(3) is linearizable by the

generalized Sundman transformatid®g to (1.1), we  generalized Sundman transformations if the conditions
obtain the following general solution of @) given by (4.4)-(4.5) are satisfied.

—b+ /b2 + 6kcre~1/30() 4 Bkcye—2/30() By solving the equations2(8)-(2.10, we obtain the

y(X) = , following simplest of the solutions for the functiors

3k andG, that is,F = c1y+ (3/2)y? andG = ¢; + 3y. Hence
where the function = ¢(x) is a solution of the equation  the generalized Sundman transformation which linearizes
dt (4.3 is of the form
Vi +/b2 + 6keye1/3t 1 Bkepe2/3t. 3

u(t) = cry+ Ey2, dt = (c1+ 3y) dx. (4.6)

4 Generalization of the equation (1.1) From the equation2(11)-(2.13 we obtain
In this section, we extend the linearizable equatibr)( a=2/9, B=1, y=1/27(2ct - 9c,). 4.7)

We obtain a bigger class of nonlinear second-order ODE
than @.1) which is linearizable by a Riccati
transformation into a class of linear variable coefficient
third-order ODEs. We also determine the conditions of 1

linearizability of this new class of nonlinear second-arde o’ +9u +2u= 5(20% —9¢2). (4.8)

S'I'hus the transformatior(6) maps the equatior(3) into
the linear equation
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transformation to transform the class of equations into a [8] W. Nakpim, S. V. Meleshko, Linearization of second-order
linear constant coefficients second-order ODE. By  ordinary differential equations by generalized Sundman
solving the linearized equation and making use of the  transformations, Symmetry, Integrability and Geometry:
generalized Sundman transformation we obtained the Methods of Applicationss, 051 (2010).

general solution of this class of equations. It is always a [9]L. G. S. Duarte, I. C. Moreira, F. C. Santos, Linearization
nontrivial task of finding a linearizing Riccati under non-point transformations, J. Phys. A: Math. G&n.,
transformation and to construct a linearizing point L739-L743 (1994).

transformation utilizing the Lie point symmetries df.J).
Thus, we have shown that the procedure of linearization
of (1.1) via the generalized Sundman transformation is
simpler in comparison to Lie and Riccati transformations
approaches given irv] and results in obtaining a distinct
class of solutions forl(.1). Moreover, we have extended
the underlying equationl1(l) by the application of a
Riccati transformation to a general linear third-order
variable coefficients ODE and determined the conditions
of linearizability of this new class of nonlinear
second-order ODEs using the generalized Sundman
transformation approach. It is shown that the extended
equation 4.3) is linearizable by the generalized Sundman
transformation ifa, b andc in (4.1) are constants and also
the condition 4.5) is satisfied. Notwithstanding, unlike in
the work of [7], we have shown how one can utilize the
generalized Sundman transformation to find the general
solution of the extended equation. We note that the
application of the generalized Sundman transformation
for linearization of the Ligard system and its extension
has not been reported previously in literature.

Further to the results presented in this paper, as future
lines of research, it will be of interest to look for the
general Sundman transformations of extended classes of
equations of the form1(1) as well as to compare these
with the Lie and other approaches to linearization.
Moreover, it will be of benefit to consider such types of
transformations for other equations from applications.

5 Concluding remarks
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