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Abstract: The growth of a vapour bubble in a superheated liquid of variable ®iréasion and viscosity between two finite boundaries
is introduced. The problem is solved analytically using the modified meth&tesket and Zwick method. The pressure difference is
described in terms of temperature difference and initial pressureetiffe. The surface tension, viscosity, and initial and final time of
bubble growth are derived in terms of some physical parametergyrolgh of bubble radius is proportional to the thermal diffusivity,
the initial pressure difference and its coefficient. On contrary the graitiversely proportional to the initial void fraction and the
density ratio. Moreover, better agreements with some experimentalr@saal@ieved rather than some of previous theoretical efforts.
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1 Introduction with the experimental data of Dergarabedia?| for
moderate superheats up to°G@ The problem was
The importance of studying the bubble dynamics comespresented in a new treatment by Scrived][by solving
from its plentiful applications which can be appeared inthe heat equation without assuming a thin thermal
many branches of sciences and technology like inboundary layer. The solution for moderate superheat was
biomedical applications as damaging of cellg],[ identical to that of Plesset and Zwickq]. The inertia and
explaining some symptoms of some diseases like DCShermal diffusion controlled growth were combined by
(Decompression Sickness)1q], explaining volcanic  Mikic et al. [12] using the Clausius-Clapeyron equation.
eruptions fl], laser applications 6], thermal ink-jet  The result was a generalized expression which was valid
printer [1], actuation ], mixing [23], pumping 5 and  over the entire growth range, and has good agreement
many others. with the experimental data of Lierd()]. Olek et al. [L7]
introduced a new model for bubble growth in a uniformly
The theory of the growth of a vapour bubble in a superheated liquid which is valid for both inertia and heat
superheated liquid has been considered by severaliffusion controlled growth. Their model gives better
authors. The equation of motion of a spherical bubbleagreements with the experimental data of Hooper and
growth (or collapse) was first presented by Rayleigl [ Abdelmessih§]. Mohammadein and Gad-Elrah3], and
under the effect of the stage of inertia controlled. Many Mohammadein and Gouda 14] introduced some
theoretical and numerical studies were followed tomodifications to the solutions of Plesset and Zwi&R|[
explain the other growth-controlled stages as theand Scriven 21] respectively. The results give the
asymptotic solution that presented by Plesset andrevious solutions as special cases.
Zwick [19]; which was under consideration of the thermal
diffusion controlled growth, neglecting liquid inertian
thin thermal boundary layer. The approximated solution  Different formulae of the pressure difference
for the bubble wall temperaturd9] has good agreement AP = (R,(T)—P»), were one of main differences
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between the previous analytical solutions. While That is after introducing the surface tension and viscosity
Rayleigh RO} assumed it to be constant, in variable forms 8, 16] in the momentum equation. At
Plesset-Zwick 19] considered it as a linear function in the end of the solution, two equations are introduced that
temperature differenceAP = A(Tr— Tsat), Mikic et represent the evolution of the surface tension and
al. [12] used Clausius-Clapeyron equation to express it inviscosity throughout the growth process. After obtaining
the formAP = #L'—t (TR— Tsat) - The primary objective of the solution formula, a numerical implementa_ltion is
the present study is to introduce an analytical solution toPerformed and some graphs are presented to discuss the
the problem of the growth of a bubble in a viscous €ffect of these parameters on the growth of vapour bubble
superheated liquid with variable surface tension and@nd comparison between this work and some of the
viscosity adjacent to the bubble boundary. This variationPrevious theoretical and experimental work is performed.
of surface tension and viscosity around the growingThe resultant formula gives a good agreement with these
bubble comes from the fact that: While the bubble is Previous works at some initial superheats.

growing the surrounding liquid particles get more closed

to each other, consequently the surface tension and )

viscosity at the bubble boundary are affected. 2 Analysis

. . . . . single vapour bubble is considered to grow inside a
These increments in surface tension and viscosity a

the bubble boundaries may explain the reason of why th upgrheated, _incompres;ible liquid of variable surface
bubble collapses after it reaches its most possible radiu(?enSIon and viscosity adjac.ent'to the bubblg boundqry.
because the bubble growth raise the potential of th:rhe dependent surface tension in terms of fluid properties

! : . is considered 16]. Moreover, the dependent viscosity is
pressure due to the surface tension and viscosity. Whe

these potentials reach its maximum values at the bubee’PGformulate‘j B]. The bubble radius is considered to grow
ep : etween two finite radius boundarié® and Ry. The
maximum radius, the bubble then collapses to reduce

. . ) . rowth is affected by some parameters such as the
those potentials. This also may explain that: why the time3 .
of collapse of the bubble is so shorter than the time of it/ e3Sure differencedP between the bubble pressure

growth. The resultant formula gives a relation betweenp"(R(t)’t) and the ambient pressufs (t), density ratio,

the bubble radius and the time that containing severar/OId fraction and other physical parameters.
physical parameters, which used to discuss the effect of
these parameters on the growth of the vapour bubble.

In this study, a linear form of the pressure difference
is introduced, AP = A(Tr— Tsat) + bAPy, that includes
beside the effect of temperature difference a multiple term

of the initial pressure difference, which affects also om th T
growth process. This improvement was first introduced by R !
Mohammadein and Mohamed§] , which gave good

results in mass diffusion problem. Beside the analytical /" R(t)

treatments and experimental investigations to the

problem, several numerical computations were carried ou

by coupling various forms of equation of motion with / 0

ol

-

various special forms of the energy equation
like [8,9,22]. Under the influence of heat transfer growth,
for a vapour bubble in a viscous, superheated liquid of
variable surface tension and viscosity in the region
adjacent to the bubble’s interface, the growth problem is
solved analytically by using Plesset and Zwick
method [L9] after modifying the pressure difference to
include beside the temperature difference a multiple ternr
of the initial pressure difference. The solution technique
is performed by solving the equation of motion derived
by Scriven P1], which contains the effect of density ratio
of the vapour to the liquid, in pair of the approximated )
solution of the heat equation that presented by Plesset and Fig. 1: The Problem Sketch.
Zwick [18] to obtain a relation between the bubble radius

and the time that containing the effect of several physical

parameters that include thermal diffusivity, Jacob

Number, density ratio, void fraction and other parameters.Taking into account the following assumptions

L 4
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—The bubble is assumed to have a spherical geometry. parameters by using the theory of dimensional analysis.

—Pressure and heat distribution inside the bubble isThe pressure difference in E@)(is modified to take the
assumed to be uniform. form

—Temperature variations are appreciable only in a thin AP = A(Tr— Tsat) + bAPy, (9)
boundary layer surrounding the growing bubble.

whereARy = % = ZBp|gF%/Rcr. The equation of motion
The mathematical model describing this problem consistg3) in this case will take the form

of three equations: mass, momentum and heat equations.

—Mass equation The mass equation for incompressible RR-+ §R2 = AR~ Tsal +PAPO — 28R _ g, (10)
fluid has the form 2 p p
0. G(r,t) = 0. (1) After getting the constantAby applying the initial

conditions B) into Eq. (L0), The Momentum Eq.1(0) will
The liquid velocity inside the mixture under the t@ke theform

continuity equation of the liquid and spherical 1 d . BAT: 3., 2Bg
symmetry of the spherical bubble is RER L (RR) = ETTE + 2R<2) S (R-Ro), (11)
R2 .
urt) = SR (2 Where
3.
= ZpRE—bARy+2B 4eCATo=To—T.
where,e = 1—py,/p, is the density ratio. A ZPR% Po+2BagR + 0= S?ZZ)
_Momentum equation The momentum equation for and
the growth of the bubble in an incompressible liquid R2 T
derived by ScrivenZ1], which is one of the forms of ATE T T (a4 )1/2 t ) (7>r:R(x)
the extended Rayleigh-Plesset equations, is RTIRTI0= 7 / . 1/2
o\ (kR y) dy)
. 3., AP-20(t)/R 4nR (13)
RR+§R2: P "~ pR’ 3) Eg. (13) is a solution of the Heat equatiom)( that
. achieved by Plesset and Zwickd] under the assumption
where,p = €p. that the radial motion of the bubble is sufficiently rapid
_ that any translational motion may be neglected which
—Heat equation leads to vanish the convection term in the E4) énd

using the thin layer approximation around the growing
(4) bubble with error less than 109®,[18, 27]. Introducing

new dimensionless variableg and 1 in place ofRand t
respectively, where

oTi  eRPROT _ & 9 (20T
ot r2 ogr  r2or or )’

By using Plesset and Zwick methotl9] after modifying

formula of the linear function that represents the pressure (

differenceAPto include the effect of the initial pressure
differenceAR, under the proposed initial conditions

e ’ dr = 7V t d

andt R™ (x X 14
Ro) R;‘/o ) (14)
Wherey is a constant given by

R(0) = Ry, R(0) = RyandR(0) = 0, (5)
1/2
where Ry = (14 6) Ry and Ry = % = Az—go is the y= (20°> , 00 = Bgo R3.
critical bubble radius (unstable equilibrium radiu8) [n pﬂ%

this case, the surface tension and viscosity are proposed igfter expressing the old variables with the new
be some functions of time as in the following forB) 16]: dimensionless variables, The momentum Ed.1)(

becomes
o(t)=Bgo R (1), (6)
e d 732\ = w31 3eR3 AT W W) q
and ) Y’ dt (('U ¥ ) =y =1+ 2BogR, fo (1—)72 \
n(t) =CR(t) /R(), (7) A (15)
where
where ) B yan? pl
o NoRo A= (—) . (16)
B= and C= . 8 ATy \ 9 2B
gPIR(Z) Ro (8) 0 019K

. ) At the complete growth of the bubble
These relations were formulated in the sense of physical _

dependence between the bubble radius and other physical t — tm,R(tm) = Rm, R(tm) = 0andy — ¢m,  (17)
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and Eq. 15) becomes

1/3 3eR2 /T Y'(v)
—1+ —A — < —dv—0,
" 4BgRy " Jo (1—v)Y? -
therefore
Toy(v) _1< 1/3 38'*3)
—Y 2 _dv=A —-1+—. (18

After using the transformatiornv = &1, we get the

following expression
_ 2 (13 3“:':."(2) 1/2
W) = o (957710 oo )T o)

which leads, by Eqsld) and (16), to express the bubble
radius as

12\ "2 2BRopg [, -1/3 3eR3

R<t>=() (% _1+)
T B 4BgFlb2 20)

kAT (t>/

pl \ & '

Substituting from Eq.12) into Eq. Q0)

R(1) (12)1/2 PR + 80k (¢ 1)
==

: J.(at)¥2.
3pRZ — 2bARy -+ 4Bp gRy + 8¢C a(at)
provided that

(21)

36R3

§ 3PR3 + 4BpigRy + 86C - )‘3
4BpgRy/

b ARy

for ¢o > (1
and

N 3PR + 4B gRy + 8C
2AR

3pR3 ) ’
4BpigRy
(22)
whereg = X, J, = ACol AT, andgo = (RO/R,TQ:)’ is the
=pcy 2= "pr Ao 0=
initial void fraction, 0< ¢o < 1.

b

for ¢go < (1—

To _ 42/3

=0 (25)

Ro\ 2
tm (Rm>

The resultant formula, Eq2(), can be reduced to the
Plesset-Zwick formulal9)if

,_ AR (2— ¢(;1/3) +4eC
_ T ,

The Eq. 25) show that the relation between the final
and initial bubble radius is

R = R,

which represents, physically, a straight line its slope

is(tm/to)l/z. We can deduct also that the growth time
period is

(26)

(27)

2
N m [ 3pR3—2bAPy +4BpgRy -+ 8¢C
m— = .
12\ 3pRE+4BoigR (95~ 1)
ern_
(28)

The results were implemented to the data given in
Table (1), to give the collection of graphs (2-6) which
explain the effect of the given physical parameters on the
growth process.

3 Evolution of surface tension and viscosity
around the growing bubble

From Egs. § and @1) into Egs. 6) and () we get the
following formulae of the evolution of the surface tension
and viscosity throughout the growth process of the vapour
bubble.

The fol!owing equations give expressiqns for the initial 12002, 3BRoRE+ 40 <¢51/371) 2
and final times of the growth and a relation between theo (t) = R | SRR 2baRoARy +onT BenoRy t,
ratio between the initial and final times to the initial and PRoRy—2b2RoARo +400 8¢ M0
final bubble radii or to the initial void fractiapy. (29)
and .
g 2 n () = 22%, (30)
. m 3PpR3 — 2bAPy +4BpigRy + 86C | Ry Ro
0= - == |,
128 \ \ 3pRE+4BpgR (9,°~1) ) *a
(23) 4 Implementation
2 In the following Table, the initial values and physical
T 3f)|'q(2) — 2bAPy+4BpgRy + 8¢C | Rm parameters of the water were taken at temperatur@at02
tm= 123, . ~1/3 T pressure 1.087Bar [5]. By using the data in Table (1),
3PR% +4BpigR (‘l’o - 1) a we get the following graphs that demonstrate the effect of
(24)  the physical parameters on the growth of the gas bubble.
@© 2013 NSP
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Table 1: The values of the parameters.

2.x107°

41078 6.x107° 8.x10°° 1,x10°3

Diffusivity Coeflicient, 3 [#7 /5]

Fig. 2: The relation between the bubble radkRiand the thermal
diffusivity g for the indicated range .
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Fig. 3: The relation between the bubble radRsnd the initial
void fraction¢g through its range, & ¢ < 1.
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Fig. 4: The relation between the bubble radRsnd the initial
pressure differencAPR, around the stability-limit value o PR,.

Value Value

Ro | 1.0x10 ®m ATy | 2.0K
5 | 10x10° K 0.6786W.m L.K-1[24
Ro | 0.1ms™?! Col | 421923kg 1K 1[24
0o | 0.058525N.m™1[24] L 2251x 103J.kg™1
no | 0.2758x 10 3Pas[24] | g 9.8Ims 2
o | 95695kgm3[5] o | 1.0x10°3
pv | 0.6385kgm 3 [5] b 0.9
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Fig. 5: The relation between the bubble radkRisnd the density
ratio € through its range, & € < 1.
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Fig. 6: The relation between the bubble radi&s and the
coefficientb around the stability-limit value df.
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Fig. 7. Comparison between the present work and some

0.004

of previous works foray = 0.05539N.m 1, ny = 2.362 x
104 Pas, p = 94476 kgm 3, py, = 1.0559kg.m 3h, = 1 x

1072, ky = 0.6832W.m 1K1, Cy = 4243J kg LK~

1.437x 1074, ATy = 17.9K.

L go=

0.0020F

AT,

- 0.0015-

=

S /

= /

g 0000 i

5 > === Plesset&Zwick[19] and Scriven[21]
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Fig. 8: Comparison between the present work and some of

previous works foop = 0.0511N.m 1, '70 =1.997x 10 *Pas,

p = 927.07kgm 3, py = 1.913kgm 3

by =1x102 Kk =

0.6849W.m~1.K~1,Cp =42816J kg™ 1K1 ,po=1.0x10"3,

ATy = 388K.

5 Results and Discussion

The momentum Eq.3), which includes the effect of the
is solved analytically using the

density ratio ¢,

process, Eqgs.2@) give the necessary conditions for the
solution to be stable, that is by expressing the suitable
values of the coefficiertaccording to the given values of
the void fraction ¢g. Egs. @5 give mathematical
formulae to estimate the initial and final time of the
growth process and relation between these two times in
terms of the given physical parameters.

The figures (2-6) explain the relation between the bubble
radius at some instant(t =1.0x 10‘83) for some
intervals of the parametersy, ¢o, APy, € and b
respectively, while the figures (7-8) explain comparisons
between the current work and some of previous
theoretical and experimental works, for two different
cases of the initial superheAfy.

The figures (2-6) show that, the growth of the bubble
radius is proportional to the thermal diffusivity, the
initial pressure differencéPyand its coefficienb, while
it's inversely proportional to the initial void fractig@and
the density ratic.

Moreover, Figs. 4 and 6 explain the stability domain
of the initial pressure differenc&Py and its coefficienb;
and show that, the growth of the bubble radius, for the
given data, is only possible in the interval< 1.001,
which agrees with the condition23) and forAR, is only
possible in the intervallRy < 13019 kPa. It can be
observed that, the growth is noticeably affected by small
changes of the parameters: void fractiggfor small
values near zero, the initial pressure differedd® and
its coefficientb near their possible upper limits, which are
APy < 13019 kPa and < 1.001 respectively. It can also
be noticeable from Figs.3] and 6) that, at the given
instant, the change of the bubble radius is affected by
changing the parametgpomore than changing of the
parametee . This can be seen from the wide rangeR)f
values in Fig. 8), which is more than its range in Figh)(
over the range ofgo and £ respectively which lies
between 0 and 1.

The Figs. (7-8) explain comparisons between the
current work and some of previous theoretical works for
Plesset and Zwick19], Scriven R1], Mikic et al. [12],
Olek et al. [L7] and the experimental work of Hooper and
Abdelmessih §], for two different cases of the initial
superheaATp at 179K and 388K.

For the value of the coefficieri = 1 x 1072, better

Plesset-Zwick methodlP] after modifying the pressure agreements is achieved by this work rather than the
difference to be expressed as a linear function in whichprevious works to the experimental data of Hooper and

the initial

pressure difference appears beside theAbdelmessih §] for the two plotted-cases for the initial
temperature difference, given by E®).( The surface

superheats at 19K and 388 K.

tension and viscosity are obtained as functions of some

physical parameters.

The Eq. 21) represents the growth of bubble radius physical

This model fits the experimental data than others,
that's because this model contains the effect of some
parameters which didn’'t included to the

and the effect of the physical parameters on the growthmentioned, previous studies like surface tension, visgosi
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and initial pressure difference, while these parameters i\ List of Symbols:
important and its effect must be taken in consideration.
And we know that the more the effects are taken under Nomenclature:

consideration, the more the accurate formula could be Thermal diffusivity of the liquidm?.s 1)

achieved.In other words, this solution manipulates the ,  Coefficient of the initial pressure difference, defined
physical problem deeply by taking into account the effect by Eg. (9)

of some omitted parameters’ effects. B  Coefficient of surface tension, defined by Eq. (8)

C  Coefficient of viscosity, defined by Eq. (By)
Cp Heat capacity of the liquid at constant pressure

(9. (ko)1)
6 Conclusion g  Acceleration of the gravitym.s2)
Ja  Jacob number, defined by Eq. (21)
k Thermal conductivity of the quuié\]. (s.m.K)’l)

L Latent heat of vapourizatiofd.kg )

AP The difference of pressure inside and at great
distance from the bubblgN.m~2)

The initial difference of pressure inside and at great
distance from the bubblgN.m~2)

r The distance from the origin of the bubkii®)

Ro Initial bubble wall radius(m)

) ) Rer  Critical bubble wall radius, sometimes called
The values of physical parameters are given by Blake’s critical thresholdm)

Table (1). The discussion of results and figures concluded R |nstantaneous bubble wall radis)

the following remarks: R Instantaneous bubble wall velociiy.s ™)
R Instantaneous bubble wall acceleratitm.s2)
1. The growth of bubble radius is proportional with t Time elapseds)
thermal diffusivity a, the initial pressure differencap, To The ambient temperature in the liquid at great
and its coefficienb. distance from the bubble boundari@s)
ATy Initial Temperature Difference (Initial Superheat),
defined by Eq.(12)K)
Tr  The temperature of the bubble bound&i§)
ATL The temperature difference defined by Eq. (¥3)

Growth of a vapour bubble is solved analytically under
the effect of variable surface tension and viscosity, and
other physical parameters, taking into account the effect A
of density ratioc. The pressure difference is proposed to Fo
include the initial pressure differen@&™, its coefficient
gives the necessary condition for the growth EG®) (

2. The growth of bubble radius is proportional
inversely with initial void fractiogpand the density ratio

& u(r) Velocilty of liquid at distance r from the bubble origin
m.s~

3. The current growth formula Eq21) gives better Gr(eek wr21bols
agreements whebn = 1 x 10*2,' to the experimental'data £ Density ratio, A fraction equals the two phase
of Hooper and Abdelmessih6] than the previous densities ratio subtracted from one, defined by Eq.(2)
theoretical works that presented by Plesset and 5 The two phase density difference
Zwick [19], Scriven R1], Mikic et al. [12] and Olek et (P=¢ep =p —pg) (kg.m*3)
al. [17], for two different cases of the initial superheat oy Density of the vapour inside the bubt{leg.m*3)
AToat179K and 388K. o Density of the liquid surrounding the bubble

(kgm~3)
The above concluded remarks prove the validity of the o  The surface tension of liquid surrounding the bubble

proposed model, and how to extend the present model in (N.m™1)
more properties of fluid and flow. Dimensionless variable defined by Eq. (14)
¢o Initial void fraction defined by Eg. (21)
(Dimensionley
¢y  Dimensionless volume Vvariable (instantaneous
bubble volume to its initial volume) defined by Eq.

~
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