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1 Introduction () abeRanda<b= azz bzforallze C.
. . (i) 02z Xz= |zl <z

In 2011, Azam et. al] introduced the notion of complex  (jiiy 2 <z andz, < z3 = 2 < z.

valued metric space which is a generalization of the

classical metric space. They established some fixed poinpefinition 1.Let X be a nonempty set. Suppose that the

results for mappings satisfying a rational inequality. The mapping d: X x X — C satisfies the following conditions:
idea of complex valued metric spaces can be exploited to

define complex valued normed spaces and complex ()0 3 d(x.y), forall x,y € X and dx,y) = 0 if and only
valued Hilbert spaces; additionally, it offers numerous ifx=y;
research activities in mathematical analysis. (i d(x,y) = d(y,x) for all x,y € X;

A complex numberz € C is an ordered pair of real (iii)d(x,y) 3 d(x,2) +d(zy), for all x,y,z€ X.
numbers, whose first co-ordinate is called (Beand
second coordinate is called (@). Thus a complex-valued
metricd is a function from a seX x X into C, whereX is
a nonempty set and is the set of complex numbers.

Let C be the set of complex numbers andz, € C.
Define a partial ordert on C as follows: by )

z Zzifand only ifRgz;) < Re&(z2) and Im(z;) < Im(z), d(z,22) =2z — 2|, forallz,zecX.
that isz; X 2, if one of the following holds

(Cl) R€z1) = Re(zp) and Im(z1) = Im(2);

Then d is called a complex valued metric on X &Xdd)
is called a complex valued metric space.

Example lLet X = C. Define the mappind: X x X — C

Then(X,d) is a complex valued metric space.

(C2) Rez) <Re(z) and Im(z;) = Im(z); Definition 2.Let (X,d) be a complex valued metric space,
(C3) Rez) =Re(z) and Im(z) < Im(z); {%} be a sequence in X andxX.
(C4) Rdz;) < Re(zp) and Im(z;) < Im(z).

(i)If for every ce C, with 0 < c there is ke N such that
for all n > k, d(x,,X) < c, then{xn} is said to be
convergent{x,} converges to x and x is the limit
point of {xn}. We denote this byx,} — x as n— o«

RemarkWe note that the following statements hold: or liMp_eXn = X.

In particular, we will writezy; 3 z if z; # z and one of
(C2), (C3), and (C4) is satisfied and we will writg < z»
if only (C4) is satisfied.
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(ii) If for every ce C, with 0 < c there is ke N such that 2 Weakly Compatible Maps

for all n >k, d(xn,Xn+m) < ¢, where me N, then{x,}
is said to be Cauchy sequence. Theorem 1Let f and g be self maps of a complex valued

(iii) If every Cauchy sequence in X is convergent, therMetric spaceX,d) satisfying the following:
(X,d) is said to be a complete complex valued metric (2.1)fX C gX,

space. | (2.2)d(fx. fy) jAd(g)ggy)JrBd(g)g fx)d(fy,gy)
Lemma 1Let (X,d) be a complex valued metric space 1+d(gx gy)
and let{x,} be a sequence in X. Thé€r,} converges to x d(gx fy)d(gx gy)
if and only if|d(Xn,X)| — 0 as n— co. 1+ d(gx,gy)
Lemma 2Let (X,d) be a complex valued metric space +D d(gx fx)d(gx gy)
and let{x,} be a sequence in X. Them,} is a Cauchy 1+d(gx gy)
sequence if and only jél (Xn, Xn-m)| — 0 as n— o, where d(gx fy)d(f%,9y) i« yin X
me N. 1+d(gxgy) ' ' '

where A, B, C, D and E are non-negative constants
withA+B+C+D+E < 1,
(2.3)gX is a complete subspace of X.

Then f and g have a coincidence point.

In 1996, Jungck€] introduced the concept of weakly
compatible maps as follows:

Definition 3.Two self maps f and g are said to be weakly
compatible if they commute at coincidence points.

In 2002, Aamri et al. I] introduced the notion of E.A.
property as follows:
Definition 4.Two self-mappings f and g of a metric space Pro0f:Leby € X. From (2.1), we can construct sequences

X.d id t tisfy E.A. tv if th ist {Xn} and{yn} in X by yn = g%+1 = fxn,n=0,1,2,....
(X,d) are said to satisfy property if there exists a From (2.2), we have

Moreover, if f andg are weakly compatible, theh
andg have a uniqgue common fixed point.

sequence  {xn} in X such that
lIMp_e fXp = liMpe0 gX, =t for somet in X. d(Yne1,¥n) = d(fXnr1, TX0)

In 2011, Sintunavarat et al7] introduced the notion = Ad(g%+1,9%)
of (CLRg) property as follows: (91, FXne1)d(FXn, 9%)
Definition 5.Two self-mappings f and g of a metric space +B 1+ d(g%1, 0%)
(X,d) are said to satisfy (CL{3 property if there exists a d( Fxn)d( )
sequencéx,} in X such thatimp e X, = liMp_e0 9% = +c Lt Do) RP, Pt 1
gx for some x in X. 1+d(9%n11,9%)

In the same way, we can introduce these notions in +Dd(gX”’ PXn)d (g%, O%n1)
complex valued metric spaces. 1+d(9%+1,9%)
Example 2et X = C. Define the mappind : X x X — C n £ d(@%+1, Fxn)d(9%, 9%n11)
by 1+d(g%+1,9%)

d(Zl,ZZ) = 2i|21 - 22|7 for a” 21722 € X d(y y ) Bd(Yna)’nJrl)d(YmYn—l)

Then(X,d) is a complex valued metric space. m -1 1+d(Yn,Yn-1)

Definef,g: X — X by +Cd(YnaYn)d(Yn—1aYn)

fz=z+iandgz= 2z forall ze X. 1+ d(Yn,Yn-1)
1 d(Yn-1,Yn)d(Yn-1,¥n)

Consider a sequen{s} {| n}’ neN,in X, then 1+ d(YmYn_1)

1 , d(¥n, Yn)d(¥n, Yn-1)
lim f2q = lim (zo+1) = lim i — —+i=2i, + 1+ d(nyn 1)

N—o0

1 . d(Yn,Yn+1)d(Yn,Yn-1)
_ _ — =Ad _ B
Y (I -2+ B
where 2 € X. N 5 40n-1,Yn)d(¥n-1,%n)
Thus, f andg satisfies E.A. property. 1+d(Yn,Yn-1)

Also, we have Thus, we have

Am, 120 = lim, 9z = 21 = g(i),  wherei € X. (Y, Yni- 1)1 A (¥ Yn-1)|

|[d(Yn, Ynt1)| < Ald(Yn,Yn-1)| +B

Thus, f andg satisfies (CLRg) property. |d(Yn, Yn-1)]
Now, we shall prove our results relaxing the condition |d(Yn—1,Yn) [ [d(Yn-1,¥n)|

of complex valued metric space being complete. + (Y, Yn_1)|
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Since
|1+ d(ynaYn—l)| > |d(Yn7Yn—1)|a

we have

(1-B)|d(Ynt1,¥n)| < (A+D)[d(Yn,Yn-1)|,

that is,
A+D
[d(Ynt1,Yn)| < 1 B|d(yna)’nfl)|
= K|d(Yn,Yn-1)|,
A+D

wherek = 18 <1.
Consequently, it can be concluded that

d(Yn,Ynt+1) S kd(Yn—1,¥n)
3 Ked(Yn-2,Yn 1)

2 K'd(yo,y1)-

Now, for allm > n,

d(ym,yn)
2 d(Yn,Yne1) Fd(Yne1, Yn2) +
< K'd(yo,y1) + K™ d(yo,y1) +

n

Kk
7400, y1)-

-+ d(Ym, Ym-1)
+k™d(yo,y1)

N

Therefore, we have
n

= k|d(YO,Y1)-

|d(Ym, Yn)| <

Hence,
1im |d(Ym,Yn)| =0

Hence,{yn} is a Cauchy sequence mX. But gX is a
complete subspace of, so there is ai in gX such that
Yn — uasn — . Letv e g~tu. Thengv= u.

Now, we shall prove thatv = u.

Lettingn — o, we have

d(fv,u) < Ad(u, ) + g3@%MVAUU)

1+d(u,u)
+Cd(u,u)d(u,u) d(gv, fv)d(u,u)
1+d(u,u) 1+d(u,u)
d(u,u)d(u,u)
1d(uu)

thatis,|d(u, fv)| <0, implies that,fv=u.
Thus,fv=u=gv, and henceis the coincidence point
of f andg.
Now, sincef andg are weakly compatible, s =
fv =gy, implies that,fu= fgv=gfv=gu.
Now, we claim thagu = u. Let, if possiblegu # u.
From (2.2), we have
d(u,gu) = d(fv, fu)
d(gv, fv)d(fu,gu)
<
S Adgugu)+B——— (Qvgu)
d(gv fu)d(gv.gu)  d(gv fv)d(gvgu)
1+d(gvgu) 1+d(gvgu)
d(gv fu)d(fu,gu)
1+d(gv.gu)

_ d(u,gu)d(u,gu)
= Ad(u.gu)+C 1+d(u,gu)

+C

+E

)

that is,

|d(u,gu)|[d(u,gu)|
[1-+d(u,qu)|

|d(u,gu)| < Ald(u,gu)[+C ,
Since
|1+d(u,gu)| > |d(u,gu)l,

we have
|d(u,gu)| < (A+C)[d(u,gu)|,

implies that A+ C > 1, a contradiction.

Hencegu=u= fu.

Thereforeu is the common fixed point of andg.

For the uniqueness, let be another common fixed
point of f andg such thatv # u.

From (2.2), we have

Puttingx = vandy = x,_1 in (2.2), we get d(w,u) =d(fw fu) d(gw fw)d( )
gw, fw)d(fu,gu
<
d(fv, fxa_1) 3 Ad(9V,9%-1) < Adigwou)+B 1+d(gwgu)
d(gv; fv)d(fx,-1,9%-1) +Cd(gw, fu)d(gw gu)
1+d(gVv,g%-1) 1+4d(gw gu)
+Cd(gv, fxn1)d(9v, 0% 1) d(gw fw)d(gw gu)
1+d(gv,0%-1) 1+d(gw gu)
n Dd(gv, fv)d(gV,g% 1) d(gw fu)d(fu,gu)
1+d(gv,9%-1) 1+d(gw gu)
d(9V, fXn-1)d(fXn-1,9% 1) d(w,u)d(w,u)
E . =Ad c——~—0
- 1+d(gv,gx-1) (W -+ 1+d(wu) ’
(@© 2014 NSP
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that is,

[d(w,u)| [d(w,w)|

[d(w, u)] < Ald(W, )|+ C= =4

Since
|1+d(w,u)| > [d(w,u)|,
we have
ld(w,u)| < (A+C)[d(w,u)],

implies that A+ C > 1, a contradiction.
Hencef andg have a unique common fixed point.

Corollary 1.Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (2.1), (2.3) and the
following:

d d
(2.4) d(fx fy) T Ad(gx.gy) +B (si)if; ()g>i;y§$y)
d(gx fy)d(gx gy)

1+d(gx gy)
Dd(gx, fx)d(gx,gy)

~_1+d(gxay) ,
for all x, y in X, where A, B, C, D are non-negative

constants with A-B+C+D < 1.
Then f and g have a coincidence point.

+C

Moreover, if f andg are weakly compatible, theh
andg have a uniqgue common fixed point.

ProofBy putting E = 0 in Theorem 2.1, we get the
Corollary 1.

Corollary 2.Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (2.1), (2.3) and the
following:

(2.5d(fx, fy) < Ad(gx gy), for all x, y in X, where0 <
A<L

Then f and g have a coincidence point.
Moreover, if f and g are weakly compatible, then f and
g have a unigue common fixed point.

ProofBy puttingB=C =D = E =0in Theorem 2.1, we
get the Corollary 2.

Example 3d.et X = [0,1] and defined : X x X — C by
d(x,y) =i|x—yl, forallx,y € X.
Then(X,d) is a complex valued metric space.

Define the functiong,g: X — X by fx= )—é andgx= g

Clearly fX = {0,%] C 0,%] =gX.
Also f andg are weakly compatible.

ForA= % < 1, we have

d(fx, fy) < Ad(gx gy),

Also 0 is the unique common fixed point fandg.
Hence all the conditions of Corollary 2 are satisfied.

forall x,y € X.

3 Weakly compatible and (CLRy) properties

Theorem 2Let f and g be self mappings of a complex
valued metric space(X,d) satisfying (2.2) and the
following:

(3.1) f and g satisfy (CLR) property,
(3.2) f and g are weakly compatible.

Then f and g have a unique common fixed point.

ProofSince f and g satisfy the (CLR) property, there
exists a sequende,} in X such that

(3.3) limp—e fXn = liMp_0 g% = gx, for somexin X.

From (2.2), we have

d(gx fx)d(fXn, 9%)
1+d(gx g%)
d(gx fXxn)d(gx g%n)
1+d(gx g%)
d(gx fx)d(gx gx)
1+d(gx gxn)
d(gx, fxn)d(fxn,g%)
1+d(gx g%)

d(fx, fxn) < Ad(gx gx,) +B

+D

Lettingn — o, we have

d(gx fx)d(gx gx)
1+d(gx 9%

d(gx gx)d(gx gx)
1+d(gx gx)

d(gx fx)d(gx g%
1+d(gx gx)

d(gx gx)d(gx gx)
1+d(gx9%)

d(fx,gx) < Ad(gx gx) +B

+C

+D

+E

:0’

implies that,
[d(fx,gx)[ <0,

that is, fx = gx.

Now, let u = fx = gx Since f and g are weakly
compatible mappings, thereforbgx = g fx, implies that,
fu= fgx=gfx=gu

Now, we claim thagu= u. Let, if possiblegu # u.

From (2.2), we have

d(u,gu) = d(fx, fu)
d(gx fx)d(fu,gu)
1+d(gxgu)
d(gx, fu)d(gx,gu)
1+d(gx gu)

< Ad(gx,gu)+B

(@© 2014 NSP
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d(gx fx)d(gx gu)
1+d(gxgu)

d(gx, fu)d(fu,gu)
1+d(gx gu)

d(u,gu)d(u,gu)
1+d(u,gu)

+D

+E

= Ad(u,gu)+C

3

that is,

|d(u, gu)|[d(u, gu)|

<
[d(u,gu)] < Ald(u,gul +C=r"= 37 o)

Since
|1+d(u,gu)| > [d(u,gu)l,
we have
|d(u,gu)| < (A+C)[d(u,gu)],

implies thatA+C > 1, a contradiction.

Hencegu=u= fu.

Thereforeu is the common fixed point of andg.

For the uniqueness, lat be another common fixed
point of f andg such thatv # u.

From (2.2), we have

d(w,u) =d(fw, fu)

d(gw, fw)d(fu,gu)
1+d(gwgu)

d(gw fu)d(gw gu)
1+d(gwgu)

d(gw fw)d(gw gu)
1+d(gwgu)

d(gw, fu)d(fu,gu)
1+d(gwgu)

d(w, u)d(w,u)

1+d(wu) ’

< Ad(gw.gu) +B

+C

=Ad(w,u)+C

that is,

[dw, u)| [d(w,w)|

<
dlw Wl < Ald(w. )|+ C= =

Since
[1+d(w,u)| > [d(w,u)],
we have
[d(w,u)| < (A+C)ld(w,u)l,

implies that A+C > 1, a contradiction.
Hencef andg have a unique common fixed point.

Corollary 3.Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (3.1), (3.2) and the
following:

d(gx, fy)d(gx gy)

, for all
1+d(gx9y)

(3.44(fx, fy) T Ad(gx.gy) +C

X, yin X,
where A and C are non-negative constants with A
C<l

Then f and g have a unique common fixed point.

ProofBy puttingB =D = E = 0 in Theorem 2, we get the
Corollary 3.

Corollary 4.Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (3.1), (3.2) and the
following:

d(gx fy)d(gx,gy)
(3-56( 1Y) 3 C= ok ay)

where C is a non-negative constant with<Cl.

,forall x, yin X,

Then f and g have a unique common fixed point.

ProofBy putting A = 0 in Corollary 3, we get the
Corollary 4.

Corollary 5.Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (3.1), (3.2) and the
following:

(3.6)(fx, fy) 2 Ad(gx gy), forall x, y in X,

where A is a non-negative constant with<AlL.
Then f and g have a unique common fixed point.

ProofBy putting C = 0 in Corollary 3, we get the
Corollary 5.

Example 4.et X = [0,1] and defined : X x X — C by
d(x,y) =i|x—yl|, forall x,y € X.
Then(X,d) is a complex valued metric space.

Define the functiong,g: X — X by fx= g andgx=
X
2 1 1
Clearly fX = [0, é} - [0, 5} =gX.
Also, f andg are weakly compatible.
. 1
Consider the sequené®,} = {ﬁ } neN.

Since im0 fXq = liMp0 0% = 0 = gp, SO f andg
satisfy (CLRy) property.
Also, forA= % < 1, we have

d(fx, fy) 3 Ad(gx,gy), forallx,y € X.

Here 0 is the uniqgue common fixed pointoéndg.
Hence all the conditions of Corollary 5 are satisfied.

4 Weakly compatible and E.A. Properties

Theorem 3Let f and g be self mappings of a complex
valued metric spacéX,d) satisfying (2.1), (2.2), (3.2)
and the following:

(4.1)f and g satisfy E.A. property,
(4.2)gX is a closed subset of X.

Then f and g have a unique common fixed point.

(@© 2014 NSP
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ProofSincef andg satisfy the E.A. property, there exists thatis,

a sequencéx,} in X such that
(4.3)limp e TXn = limp e g% = Z, for somezin X.

Now, gX is closed subset of, therefore lim_,.. 9% = ga,
for someain X.
So, from (4.3), we have

lim fx, =ga
n—oo

We claim thatfa = ga.
From (2.2), we have

d(ga fa)d(fxn, gx)
1+d(ga,g%)

d(ga, fxn)d(ga,gx)
1+d(ga,g%)

d(ga fa)d(ga, gx)
1+d(ga g%)

d(ga fxn)d(fXn, g%)
1+d(ga,g%)

d(fa, fx,) T Ad(ga gx,) + B

+D

Lettingn — o, we have

d(ga fa)d(ga,ga)
1+d(gaga)

d(ga gajd(ga ga)
1+d(ga ga)

d(ga fa)d(ga,ga)
1+d(ga ga)

d(ga,ga)d(ga ga)
1+d(ga,ga)

d(fa,ga) S Ad(ga,ga)+B

+C

+D

+E

:0’

implies that,
ld(fa,ga)[ <0,

thatis,fa=ga

Now, we show thaf a is the common fixed point of
andg. Let, if possiblefa # f fa.

Since f and g are weakly compatiblegfa = fga,
implies that,f fa= fga=gfa=gga

From (2.2), we have

d(gfa ffa)d(fa,ga)
1+d(gfaga)

d(gfa fa)d(gfa ga)
1+d(gfaga)

d(gfa ffa)d(gfaga)

1+d(gfaga)

d(gfa fa)d(fa,ga)

1+d(gfaga)

_ d(ffa, fa)d(ffa,ga)
=Ad(ffa fa)+ C—— e ga

d(ffa,fa) S Ad(gfa,ga)+B

+C

+D

+E

|d(ffa, fa)| <Ald(ffa,fa)
|d(ffa, fa)||d(ffa, fa)|

e i d(ffa fa))

Since

|1+d(ffa, fa)| > |d(ffa, fa),

we have

d(ffa, fa)| < (A+C)|d(ffa, fa)],

implies that A+ C > 1, a contradiction.

Henceffa= fa=gfa

Thus, fais the common fixed point of andg.

Finally, we show that the common fixed point is
unique.

For this, letu andv be two common fixed points df

andg such thatu # v.

d(v,u) =d(fv, fu)
d(gv fv)d(fu,gu)
1+d(gvgu)

d(gv, fu)d(gy, fu)
1+d(gvgu)

d(gv fv)d(gv,gu)
1+d(gvgu)

d(gv, fu)d(fu,gu)
1+d(gvgu)

d(v,u)d(v,u)
1+d(vu) ’

< Ad(gv,gu) +B

+C

—_ =

+D

—~

+E

—~ |~

=Ad(v,u)+C

that is,

[d(v,w)[d(vu)]

<
[d(v,u)[ <Ald(v,u)|+C 11+d(v,u)|

Since
[1+d(vu)[ > [d(vu)l,

we have

[d(v.u)| < (A+C)[d(v,u)],

implies that A+ C > 1, a contradiction.
Hencef andg have a unique common fixed point.

Corollary 6.Let f and g be self mappings of a complex

valued metric spaceX, d) satisfying (2.1), (3.2), (4.1) and

the following:

d(gx, fy)d(gx gy)
1+d(gx,gy)

(4.4(fx, fy) < Ad(gx,gy) +C , for all

X, yinX,
where A and C are non-negative constants with A
C<1

Then f and g have a unique common fixed point.
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(4.5d(fx, fy) =2 Cd(gx, fy)d(gx.gy) ,forall x,yin X, [6] G. Jungck, Common fixed points for non-continuous nafi-se

. 1+ d(gx_, ay) ) mappings on non-metric spaces, Far East J. Math.432j),
where C is a hon-negative constant with<Cl. 199-212 (1996).

Then f and g have a unique common fixed point. [71W. Sintunavarat and P. Kumam, Common fixed point
theorems for a pair of weakly compatible mappings in fuzzy

ProofBy putting A = 0 in Corollary 6, we get the metric spaces, Journal of Applied Mathematics 2011, Aaticl

Corollary 7. ID 637958, 14 pages.

Corollary 8.Let f and g be self mappings of a complex
valued metric spaceX, d) satisfying (2.1), (3.2), (4.1) and
the following:

(4.6)(fx, fy) 2 Ad(gxgy), forall x, y in X,
where A is a non-negative constant with<AL.
Then f and g have a unique common fixed point.
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Example 8.et X = [0,1] and defined : X x X — C by My VB field of fixed point theory. He
d(x,y) =i|x—yl, forall x,y € X. is also an author of a book.

Then(X,d) is a complex valued metric space.

Define the functiong,g: X — X by fx= g andgx= )—2(

ProofBy putting C = 0 in Corollary 6, we get the
Corollary 8.

1 1 e Pankaj Kumar is
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Since limy e fX) = liMmp. 9% = 0, where Cc X, so \ | - ﬂfisi'f |e|r:l%?a an:e ng:wnnpc;ggé/,
f andg satisfy E.A. property. . " ) :
g satisfy E.A. property his Ph.D. in 2009 from
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Hence all the conditions of Corollary 8 are satisfied.
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