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Abstract: Inthis paper, we use the variational iteration techniquaiggest some iterative methods for solving the nonlineaatons
involving an auxiliary function. For appropriate and shlechoice of the auxiliary function,one can obtain a widessl of iterative
methods for solving the nonlinear equations, which is a haspect of this technique. Convergence analysis of thegsexgb method
is investigated. Several examples are given to illustieesfficiency and implementation of the proposed new methodsparison
with other methods is also given. These new methods can lsdawad as alternative to the developed methods. Thisitpehican be
used to suggest a wide class of new iterative methods foingphonlinear equations.
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1 Introduction potential of this technique for solving a wide class of both
linear and nonlinear problems which arise in various
Finding the solution of the nonlinear equatiohx) =0,  branches of pure and applied sciences. See also Noor and
is one of the most important and challenging problems inMohyud-Din [1(] and the references therein. Essentially
science and engineering applications. Various iterativeusing the idea and technique of Hé],[Noor [10] and
methods are being developed for finding the simple rootdNoor and Shah 12,16,17,18?,?] has suggested and
of the nonlinear equatiorf(x) = 0, by using several analyzed some iterative methods for solving the nonlinear
different techniques such as Taylor series, quadratur€quations using this technique. Now again we have used
formulas, homotopy perturbation method, variational this technique to suggest third order convergent iterative
iteration technique and decomposition methods, $& [ methods free from higher-order derivatives. Several
3,4,5,7,8,9,10,11,12,13,14,15,16,17,19]. examples are given to illustrate the efficiency and
performance of these new methods. Comparison with
It is well known one usually use Newton method for other methods show that the proposed methods are robust
finding the approximate solution of nonlinear equation,and perform better. These new methods can be considered

which can be written as as alternative to the existing methods. The ideas and
technique of this paper may stimulate further research in
(% i
X1 = X — ( n)7 N=0.12-.. this area.
f (%)

which has quadratic convergence, séé|.[ To improve 2 |terative methods

the local order of convergence, many modified methods

have been proposed. Segq,3] and [11]. We use the In this section, we construct some new iterative methods
variational iteration technique to suggest and analyzdor solving nonlinear equations using the variational
some new iterative methods for solving the nonlineariteration technique. We develop the main iteration scheme
equations, the origin of which can be traced back toinvolving the auxiliary function for finding the
Inokuti et al ]. However, it was He4] who realized the  approximate solution of nonlinear equation. Finite
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difference scheme is used to approximdtéy,) and  solutionx,,; by the following iterative scheme:
diversify the relation with better efficiency index.
Consider the nonlinear equation of the type Yaf (Yn)9(%n)

Xn+1=Yn— .
T 0yl + T (ya)g (%)

f(x) =0, 1)
One can easily obtain
which can be written in the following equivalent form as: (%) T (xn)
Yh TT)? (7)
x=H(x), (2)
Noor suggested the relation
where f ) f” (xn)
f = ——"—. 8
H(x) = 900 + [ (9()]g00). © O = o ©

whereg(x), is the arbitrary auxiliary function antl is the Using (7) and (8) and replacing
unknown Lagrange multiplier. The unknown Lagrange
multiplier is determined by using the optimality f(yn) — f(Xn)

condition. The functionp(x) be an iteration function. We Flym) = Yn—Xn ®)
observe that ifp(x) = x, then scheme (3) reduces to the
relation suggested by Noor|| in Algorithm 2.2, we obtain the following method free

from the higher-order derivatives.
Using the optimality criteria, we obtain the valuef

as: Algorithm 2.3. For a givenxg, find the approximation
P @ (x) @) solutionxn, 1 by the following iterative scheme:
 (@(x)gX) @ (X) + F((x)g (X)
(#9969 09+ T(909)g B9 _— A

From (3) and (4), we obtain n+1=Yn 2F (%) [T (%) — F(yn)]9(Xn) + T (Xn) 20 (Xn)

H @ (x)f(@(x)g(x) Algorithm 2.3 is the main iterative method, which is

(%) = @(x) — @I X) + F(@X))g ) (®)  the main motivation of this paper.
Now combining (2) and (5), we obtain We now discuss the following some special cases for
some values af(Xn).
¢ f(9(x)9(x)
x=H(x) = @(x) - x99 (X) + F(@X)g (X’ Casel. Let g(x) = e . Then from Algorithm 2.2, we

obtain the following iterative method for solving the

This fixed point formulation enables us to suggest thenonlinear equations.
following iterative scheme as: , ) ) N
Algorithm 2.1. For a givenxo, find the approximation Algorithm 2.4. For a givenxg, find the approximation

solutionx, 1 by the following iterative scheme: solutionxy..1 by the following iterative scheme:
@ () F(@06)glx0) Yo =¥ — L)
X — Xpn) — . n—"an 4 )
= PO ) g0 @ )+ (90x0))T G5 flx)
This is the main recurrence relation involving the iteratio 2f (yn) f (xn) n=012.

X e —
function @(x,) and the auxiliary functiong(x.) With LI 2 ) [F (%) — )] — ()2
appropriate and suitable choice of the iteration function  case||. Let g(x) = e~ 7). Then, from Algorithm

and the auxiliary function, one can find a wide class of» 3 \e obtain the following iterative method for solving
iterative methods for solving the nonlinear equations andhe nonlinear equations.

related problems.
Algorithm 2.5. For a givenxg, find the approximation

Let £ (xa) solutionx, 1 by the following iterative scheme:
n
X = = Xn —
®(Xn) = Yn = Xn (%) S f,(Xn)
Then Algorithm 2.1 reduces to the following form as: f(Xn)
2f (yn) f (%n)

. . ) . . — v n n=012---
Algorithm 2.2. For a givenx, find the approximation *n+1=Yn ) (2[f (%) — f(yn)] —af(x)?)’ 0
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Caselll. Let g(x) = e”ta. Then, from Algorithm 2.3, Wwhere
we obtain the following iterative method for solving the

k
nonlinear equations having unknown zeros of multiplicity. € =Xn—TI,Ck = f ,(r) andk=2,3,--
KI(r)
Algorithm 2.6. For a givenxg, find the approximation
solutionxn1 by the following iterative scheme: Using (10) and (11), we get
_ . f(a) Yn = C2€2 + 2033 — 2¢5€3 4 (3c4 — 7203+ 4C3) €l + O(€7).
yn =Xn 4 9 (12)
f(Xn)

From (12), we obtain

f(yn) f(Xn
Xn+1=Yn— f/(xn) [f (Xn)(y_)f ((Yn))] Taf (yn) ,n=0,1,2,---. f(yn) = f/(r)(cog8 +2(c3— C%)eﬁ + (—3ca+ 7coc3 — 5C%)eﬁ+ O((ei)?)’)

From(10) and (13), we get

f(xn ,
CaselV. Let g(x) = ) Then, from Algorithm f(yn) f (n)g(xn) = f(r)[g(r)coe]
2.3, we obtain the following iterative method for solving
the nonlinear equations having unknown zeros of ) , 4 5
multiplicity. +(29(r)cs—g(r)cs +c2g'(r))eh + O(en)], (14)
Algorithm 2.7. For a givenxo, find the approximation gnq
solutionxy 1 by the following iterative scheme:

fxn) — f(¥n) = f(r)[en+ (—ca+2cH)e;

i)
Yn — A f,(Xn) )
)1 ) —(2c4 — Tcoc3+ 563) €t 4 O(€3) (15)
Xn4l = Yn— 28 (%) [T () — T (yn)] — & (%) [T (%n) — 2 (yn)] Using (11) and (14), we obtain

f o) [f () = f (yn)] = (1) ?[g(r)en+ (g (r) +2c20(r) )€}
Sign ofa, should be selected to make the denominator

largest in magnitude in above methods to obtain the good
results. +(1/29"(r) +29(r)cs + 29(r )5+ 2¢20 (1) )&+ O(en)],
(16)

and

£0n)[F () — F ()9 (n) + F (X0)g (xn) = £'(r)?[(9(r)

In this section, we consider the convergence criteria of the (N (r +(g(r) + 2,/ (Na(r
main iterative scheme Algorithm 2.3 developed in section (Ng(r))ent(g(r) 2F(1)g(r)
2.

3 Convergence analysis

+g'(r) +c2f'(r)g (r) )& + O(&])- (17)

Theorem 1.Assume that the function:f2 c R — R has ~ Now using (10) and (17), we get
a simple root re & in an open interval inz. Let f(x) be , 5
a smooth sufficiently in some neighborhood of root, then 21 (%) [ (%) = F(Yn)]9(%n) + f (%) 70 (Xn) =

Algorithm 2.3 has third order convergence. . , ,
#'(n!2(g(r))en+ (39 (r) +4czg(r) & + (24" ()

ProofLetr ba a simple root of the nonlinear equatibx).

Sincef is sufficiently differentiable. Expanding(x) and +dcag(r) +4c§g(r) +6czg’(r))e§+0(eﬁ)] (18)

f(x) in Taylor’s series at, we obtain
Using (14) and (18), we obtain

f(%n) = () [en+Coeh+Ca63 + Ca€f + Cs€h +Coeh + O(€])].

do) 20 gl )
and 21 (%n)[f (%) = f(yn)]g(xn) + f (Xn)g (Xn)
f(xn) = f(r)[1+2(:zen+303eﬁ+4c4eﬁ+5c5eﬁ+606e,51+0(23571-)]}-.) 6ol + (203—3C%—022§£E;))e§+0(eﬁ) (19)
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Table 4.1 (Numerical Comparison fofy (x))

From (12) and (19), we get Method T o 5 0
r
Xni1=T+ <c§ - —2%(( r)) ) e++0(eh)  (20) Fora =1
. . NM 7 1.404491648 1.04e-50 2.00003
Finally, we get the error equation as
, NR 7 1.404491648 0.00e-01 2.85765
(2, 9(r)\ 3 4

€1 = (02 290 ) e+ +0(€h) (21) Alg2.4 4 1404491648 0.00e-01 2.85988

This shows that Algorithm 2.3 has at least third order Alg 2.5 4 1.404491648 0.00e-01 3.05759
convergence. It is worth mentioning that all the methods
derived from this scheme are also of third order Alg 2.6 5 1.404491648 0.00e-01 2.98064

convergence .
Alg 2.7 5 1.404491648 0.00e-01 2.98355

4 Numerical results Fora =05

) - NM 7 1.404491648 1.04e-50 2.00003
We now present some examples to illustrate the efficiency
of these new iterative methods (see Tables 4.1-4.5). We NR 7 1.404491648 0.00e-01 2.85765
compare the Newton method (NM1§], Noor's method
(NR) [9], Algorithm 2.4, Algorithm 2.5, Algorithm 2.6 Alg 2.4 4 1404491648 4.07e-26 3.09088

and Algorithm 2.7, which are introduced here in this

article. We also note that these methods do not require the  Alg 2.5 4 1.404491648 0.00e-01 2.99759
computation of second derivative to carry out the

successive iterations. All computations are done using the  Alg 2.6 5 1.404491648 0.00e-01 2.98064
MAPLE using 60 digits floating point arithmetics (Digits:

=60). We will uses = 10732, The following stopping Alg 2.7 5 1.404491648 1.04e-50 3.00055
criteria are used for computer programs.

Fora =0.25
i) [Xne1—Xn| <&, (ii) |[f(Xn)] < €.
1) P =al < &, (i) 1 O0)] < NM 7 1404491648 1.04e-50 2.00003
The computational order of convergengepproximated NR 7  1.404491648 0.00e-01 2.85765
for all the examples in Tables 4.1-4.6, (s€9 by means
of Alg 2.4 4  1.404491648 0.00e-01 2.95988
IN(|Xn+1— Xl /X0 — Xn-1]) Alg2.5 4 1.404491648 0.00e-01 3.00959

(%0 = Xn-1] /[Xn-1 = Xn—2])

. . Alg 2.6 5 1.404491648 0.00e-01 2.98064
We consider the following examples

_ ) Alg 2.7 5  1.404491648 0.00e-01 2.98955
f1(X) = sirPx — x* + 1, Fora =0
fo(X) =x° — e X —3x+2. NM 7 1.404491648 1.04e-50 2.00003
o 2
fa(}) = (x=1)°-1, NR 7 1.404491648 0.00e01 2.85765
f4(x) = x&° — sirx+ 3cosx+ 5,
fo(x) = @+ 1,

Table 4.1 depicts the numerical resultsfefx). We use

Alg 2.4 5 1.404491648 0.00e-01 2.99988

Alg 2.5 4 1.404491648 1.26e-26 3.00859

a=1 a=0.5 a=0.25anda = 0. for all methods by Alg 2.6 5 1.404491648 0.00e-01 2.98064
using the initial guesgy = 1. for the computer program.
Table 4.2 shows the numerical resultsfgfx). We use the Alg 2.7 5 1404491648 1.06e-44 2.99965

initial guessxy = 2, for different values ofa. Table 4.3

shows the efficiency of the methods ffa(x). We use the
initial guessxg = 3.5, for the computer program for
different values of a. Number of iterations and
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Table 4.2 (Numerical Comparison fofy(x)) Table 4.3 (Numerical Comparison fofs(x))

Method IT Xn 1) P Method IT Xn o P
Fora =1 Fora =1

NM 6 0.257530285 9.10e-28  2.00050 NM 7 2.000000000 1.04e-50 2.00003

NR 5 0.257530285 1.10e-25 2.90051 NR 7 2.000000000 0.00e-01 2.85765
Alg 2.2 4 0.257530285 1.06e-11 2.876988 Alg 2.2 4 2.000000000 1.44e-13 3.00000
Alg 2.3 5 0.257530285 6.13e-14  2.99989 Alg 2.3 4 2.000000000 1.00e-14 2.99999
Alg 2.4 4 0.257530285 9.55e-18  2.99964 Alg 2.4 6 2.000000000 4.22e-25 2.9889
Alg 2.5 4  0.257530285 3.04e-22  3.00000 Alg 2.5 6 2.000000000 6.23e-33 3.00355

Fora =05 Fora =0.5

NM 6 0.257530285 9.10e-28  2.00050 NM 7 2.000000000 1.04e-50 2.00003

NR 5 0.257530285 1.10e-25 2.90051 NR 7  2.000000000 0.00e-01 2.85765
Alg 2.2 4 0.257530285 4.00e-13  2.85988 Alg 2.2 5 2.000000000 0.00e-01 3.99988
Alg 2.3 5 0.257530285 3.03e-14  2.85759 Alg 2.3 5 2.000000000 4.06e-21 2.99999
Alg 2.4 4  0.257530285 5.11e-18 .98064 Alg 2.4 6 2.000000000 9.22e-21 2.99994
Alg 2.5 4  0.257530285 4.44e-18 2.98355 Alg 2.5 5 2.000000000 5.03e-11 3.00355

Fora =0.25 Fora =0.25

NM 6 0.257530285 9.10e-28  2.00050 NM 7  2.000000000 1.04e-50 2.00003

NR 5 0.257530285 1.10e-25 2.90051 NR 7 2.000000000 0.00e-01 2.85765
Alg 2.2 4 0.257530285 1.03e-33  2.85988 Alg 2.2 5 2.000000000 0.00e-01 3.99988
Alg 2.3 4  0.257530285 3.00e-24  2.85759 Alg 2.3 5 2.000000000 4.16e-23 2.99999
Alg 2.4 4 0.257530285 2.50e-22 .98064 Alg 2.4 5 2.000000000 7.22e-19 2.99994
Alg 2.5 4  0.257530285 6.07e-23  2.98355 Alg 2.5 6 2.000000000 5.33e-17 3.00355

Fora =0 Fora=0

NM 6 0.257530285 9.10e-28  2.00050 NM 7  2.000000000 1.04e-50 2.00003

NR 5 0.257530285 1.10e-25 2.90051 NR 7 2.000000000 0.00e-01 3.00065
Alg 2.2 4  0.257530285 2.00e-21  2.85988 Alg 2.2 5 2.000000000 8.00e-21 3.00000
Alg 2.3 4  0.257530285 1.08e-22  2.85759 Alg 2.3 5 2.000000000 3.33e-31 2.99999
Alg 2.4 4  0.257530285 1.03e-22 .98064 Alg 2.4 5 2.000000000 2.23e-41 3.00064
Alg 2.5 4 0.257530285 2.07e-22  2.98355 Alg 2.5 5 2.000000000 1.07e-31 3.00955
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Table 4.4 (Numerical Comparison fofs(x))

Table 4.5 (Numerical Comparison fofs(x))

Method

Xn 1) o Method IT Xn 1) P
Fora=1 Fora=1
NM -1.20764782 1.04e-50 2.00003 NM 13 3.000000000 1.04e-50 2.00003
NR -1.20764782 0.00e-01 3.00022 NR 11 3.000000000 0.00e-01 3.00005
Alg 2.2 -1.20764782 0.00e-01 2.99988 Alg 2.2 8 3.000000000 1.33e-12 3.11988
Alg 2.3 -1.20764782 0.00e-01  2.99959 Alg 2.3 8 3.000000000 6.03e-14 3.00759
Alg 2.4 -1.20764782 0.00e-01 3.00064 Alg 2.4 11 3.000000000 4.22e-24 2.99064
Alg 2.5 -1.20764782 0.00e-01 3.00355 Alg 2.5 10 3.000000000 6.14e-12 2.98355
Fora =05 Fora =05
NM -1.20764782 1.04e-50 2.00003 NM 13 3.000000000 1.04e-50 2.00003
NR -1.20764782 0.00e-01 3.00022 NR 11 3.000000000 0.00e-01 3.00005
Alg 2.2 -1.20764782 0.00e-01 2.85988 Alg 2.2 8 3.000000000 3.33e-13 2.85988
Alg 2.3 -1.20764782 0.00e-01 3.00759 Alg 2.3 8 3.000000000 4.65e-15 2.85759
Alg 2.4 -1.20764782 0.00e-01 2.98064 Alg 2.4 10 3.000000000 6.44e-11  .98064
Alg 2.5 -1.20764782 0.00e-01 2.98355 Alg 2.5 10 3.000000000 9.01e-14 2.98355
Fora =0.25 Fora = 0.25
NM -1.20764782 1.04e-50 2.00003 NM 13 3.000000000 1.04e-50 2.00003
NR -1.20764782 0.00e-01 3.00022 NR 11 3.000000000 0.00e-01 3.00005
Alg 2.2 -1.20764782 0.00e-01 2.99988 Alg2.2 8 3.000000000 4.99e-14 2.85988
Alg 2.3 -1.20764782 0.00e-01  3.00009 Alg 2.3 8 3.000000000 1.03e-14 2.85759
Alg 2.4 -1.20764782 0.00e-01 2.98994 Alg 2.4 10 3.000000000 3.05e-14 2.99994
Alg 2.5 -1.20764782 0.00e-01 2.99955 Alg 2.5 10 3.000000000 4.29e-16 2.98355
Fora =0
Fora=0

NM 13 3.000000000 1.04e-50 2.00003

NM -1.20764782 1.04e-50 2.00003
NR 11 3.000000000 0.00e-01 3.00005

NR -1.20764782 0.00e-01 3.00022
Alg 2.2 8 3.000000000 3.99e-15 3.00000

Alg 2.2 -1.20764782 0.00e-01 2.85988
Alg 2.3 8 3.000000000 3.67e-15 3.00059

Alg 2.3 -1.20764782 0.00e-01  2.99999
Alg 2.4 8 3.000000000 3.77e-15 3.00064

Alg 2.4 -1.20764782 0.00e-01 2.98984
Alg 2.5 8 3.000000000 3.98e-22 3.00055

Alg 2.5 -1.20764782 0.00e-01  3.00000
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computational order of convergence gives us an ided5]J. H. He, Variational iteration method-a kind of nonlare
about the better performance of the newly developed analytical technique: some examples, Internet. J. Noatine
methods. Table 4.4 shows the efficiency of the methods Mech.34 (4) (1999) 699-708.
for example f4(x). We use the initial guesgy = —2, [6] M. Inokuti, H. Sekine, T. Mura, General use of the Lagrang
a=1 a=05 a=025anda = 0. for all methods. multiplier in nonlinear mathematical physics, in: S. Nemat
Number of iterations and computational order of  Nasser (Ed). Variational Methods in the Mechanics of Solids
convergence give us an idea about the better performance, Pergamon Press, New York, (1978)156-162. .
of the new methods. In Table 4.5, the numerical resultsm M. A. Noor, New classes of iterative methods for nonlinea
for examplefs(x). are described. We use the initial guess __ €duations, Appl. Math. Comput9l (2007) 128-131.
%o = 3.5 for the computer program for different values of (! ';0 uléer’:lcﬁggr Itl\g.r at'iA\\/.e mg?goin%r ﬁbnlwwzgfgauaht/ilgr?gl?p
e e ey, Jelved melods Malh Computio a0 15241525

. . ; ?9] M. A. Noor, Some iterative schemes for nonlinear equsjo
number of iterations and the computational order of Appl. Math. Comput187 (2007) 937-943.
convergence can also be observed from the Table. [10] M. A. Noor and S. T. Mohyud-Din, Variational iteration

techniques for solving higher-order boundary value
problems, Appl. Math. Compit89 (2007) 1929-1942.
[11] M. A. Noor, F. A. Shah, Variational iteration technique

5 Conclusion for solving nonlinear equations, J. Appl. Math.

Comput.31(2009), 247-254.
In this work, we have presented some third order[12] M. A. Noor, F. A. Shah, K. I. Noor and E. Al-said,
Convergent methods for solv|ng non“near equatlonS, Var|a..t|0na.| |terat‘|0n techn|que for f|nd|ng multlple roab$
which are free from higher-order derivatives. These nonlinear equations, Sci. Res. Essayi)(2011), 1344-
methods are compared with Newton method and the 1350. , , ,
proposed methods have been observed to have at Iea@l3] M. A. Noor and F. A. Shah, A family of iterative schemes

. L for finding zeros of nonlinear equations having unknown
better performance. If we consider the definition of multiplicity, Appl. Math. Inf. Sci.8(5) 2367-2373 (2014),

efficiency index 7] as pm where p IS the order of 14] F. A. Shah, M. A. Noor and M. Batool, Derivative-free
convergence of the method and m is the number of jterative methods for solving nonlinear equations, Appl.

functional evaluations per iteration required by the  math. Inf. Sci.8(5), 2189-2193 (2014).
method, we have that all of the methods obtained have thgl5] M. A. Noor and F. A. Shah, Variational Iteration Techuix

efficiency index equal to B~ 1.442 which is better than and Some Methods for the Approximate Solution of

the one of Newton method%Z% 1.414. The presented Nonlinear Equations, Appl. Math. Inf. Sci. Le(3), 85-93

. S (2014).
approach can also be applied further t(.) obtain hlgher[16] F. A. Shah and M. A. Noor, Some numerical methods
order convergent methods for solving nonlinear

. for solving nonlinear equations by using decomposition
equations. technique, Appl. Math. Compu8, 378-386 (2015).
[17]J. F. Traub, lterative Methods for Solution of Equatipn
PrenticeHall, Englewood Cliffs, NJ, 1964.
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