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Abstract: The classical mathematical theories have their difficulties which are pointedout in [18] for the solution complicated
problems in engineering and environment. To overcome these difficulties, Molodtsov [18] introduced the concept of soft set as a
new mathematical tool. Furthermore, D. Pei and D. Miao [22] showed that soft sets are a class of special information systems. In [9]
for the soft set theory: new definitions, examples, new classes of soft sets, and properties for mappings between different classes of
soft sets are introduced and studied. Moreover, the theory of soft topological spaces is investigated. This paper continues the study of
the theory of soft topological spaces and presents for this theory new definitions, characterizations, and results concerning separation
axioms, convergence, Cartesian product, softθ -topology, and softθ -continuity.
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1 Preliminaries

In 1999 D. Molodtsov (see [18]) introduced the notion of
soft set. Later, he applied this theory to several directions
(see [19], [20], and [21]).

The soft set theory has been applied to many different
fields (see, for example, [1], [2], [4], [5], [7], [8], [11],
[12], [13], [14], [15], [16], [22], [25], [27]).

In 2011 and 2012 few researches (see, for example, [3],
[6], [10], [17], [23], [24], [26]) introduced and studied the
notion of soft topological spaces which are defined over an
initial universe with a fixed set of parameters.

It is known that topology is an important area of
mathematics with many applications in the domains of
computer science and physical sciences. Soft topology is
a relatively new and promising domain which can lead to
the development of new mathematical models and
innovative approaches that will significantly contribute to
the solution of complex problems in natural sciences.

The paper is organized as follows. In section 2 we
give known basic notions and results concerning the
theory of soft sets and soft topological spaces. In section
3 we present separation axioms and we investigate the
notion of convergence. In section 4 the Cartesian product
of two soft topological spaces is studied. In section 5 we
introduce and study notions concerning the softθ -open
sets, the softθ -closed sets, and the softθ -continuity. In

section 6 we give some questions on soft topological
spaces. The last section of this paper is the conclusion.

2 Basic known notions for the theory of soft
topological spaces

Definition 2.1 (see [18]) Let X be an initial universe set,
P(X) the power set ofX , that is the set of all subsets of
X , andA a set of parameters. A pair(F,A), whereF is a
map fromA to P(X), is called asoft set overX .

In what follows by SS(X ,A) we denote the family of
all soft sets(F,A) overX .

Definition 2.2 (see [18]) Let (F,A),(G,A) ∈ SS(X ,A). We
say that the pair(F,A) is asoft subset of (G,A) if F(p)⊆
G(p), for every p ∈ A. Symbolically, we write(F,A) ⊑
(G,A). Also, we say that the pairs(F,A) and(G,A) aresoft
equal if (F,A)⊑ (G,A) and(G,A)⊑ (F,A). Symbolically,
we write(F,A) = (G,A).

Definition 2.3 (see, for example, [18] and [26]) Let I be
an arbitrary index set and{(Fi,A) : i ∈ I} ⊆ SS(X ,A). The
soft union of these soft sets is the soft set(F,A)∈SS(X ,A),
where the mapF : A → P(X) defined as follows:F(p) =
∪{Fi(p) : i ∈ I}, for everyp ∈ A. Symbolically, we write

(F,A) = ⊔{(Fi,A) : i ∈ I}.
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Definition 2.4 (see, for example, [18] and [26]) Let I be
an arbitrary index set and{(Fi,A) : i ∈ I} ⊆ SS(X ,A). The
soft intersection of these soft sets is the soft set
(F,A) ∈ SS(X ,A), where the mapF : A → P(X) defined
as follows: F(p) = ∩{Fi(p) : i ∈ I}, for every p ∈ A.
Symbolically, we write

(F,A) = ⊓{(Fi,A) : i ∈ I}.

Definition 2.5 (see, for example, [2] and [26]) Let
(F,A) ∈ SS(X ,A). The soft complement of (F,A) is the
soft set(H,A) ∈ SS(X ,A), where the mapH : A → P(X)
defined as follows:H(p) = X \ F(p), for every p ∈ A.
Symbolically, we write

(H,A) = (F,A)c.

Definition 2.6 (see [18]) The soft set(F,A) ∈ SS(X ,A),
whereF(p) = /0, for everyp ∈ A is called theA-null soft
set of SS(X ,A) and denoted by 000A. The soft set(F,A) ∈
SS(X ,A), whereF(p) = X , for every p ∈ A is called the
A-absolute soft set of SS(X ,A) and denoted by 111A.

Definition 2.7 (see [26]) Let X and Y be two initial
universe sets,A andB two sets of parameters,f : X → Y ,
and e : A → B. Then, byΦ f e we denote the map from
SS(X ,A) to SS(Y,B) for which:

(1) If (F,A) ∈ SS(X ,A), then the image of(F,A) under
Φ f e, denoted byΦ f e(F,A), is the soft set(G,B)∈SS(Y,B)
such that

G(pY ) =











⋃

{ f (F(p)) : p ∈ e−1({pY})},

if e−1({pY}) 6= /0,

/0, if e−1({pY}) = /0,

for everypY ∈ B.
(2) If (G,B) ∈ SS(Y,B), then theinverse image of

(G,B) underΦ f e, denoted byΦ−1
f e (G,B), is the soft set

(F,A) ∈ SS(X ,A) such thatF(p) = f−1(G(e(p))), for
everyp ∈ A.

Proposition 2.8(see Propositions 2.18 and 2.19 of [9]) Let
(F,A),(F1,A) ∈ SS(X ,A), (G,B),(G1,B) ∈ SS(Y,B). The
following statements are true:
(1) If (F,A)⊑ (F1,A), thenΦ f e(F,A)⊑ Φ f e(F1,A).
(2) If (G,B)⊑ (G1,B), thenΦ−1

f e (G,B)⊑ Φ−1
f e (G1,B).

(3) (F,A)⊑ Φ−1
f e (Φ f e(F,A)).

(4) Φ f e(Φ−1
f e (G,B))⊑ (G,B).

(5) Φ−1
f e ((G,B)c) = (Φ−1

f e (G,B))c.
(6) Φ f e((F,A)⊔ (F1,A)) = Φ f e(F,A)⊔Φ f e(F1,A).
(7) Φ f e((F,A)⊓ (F1,A))⊑ Φ f e(F,A)⊓Φ f e(F1,A).
(8) Φ−1

f e ((G,B)⊔ (G1,B)) = Φ−1
f e (G,B)⊔Φ−1

f e (G1,B).

(9) Φ−1
f e ((G,B)⊓ (G1,B)) = Φ−1

f e (G,B)⊓Φ−1
f e (G1,B).

Definition 2.9 (see, for example, [26]) Let X be an initial
universe set,A a set of parameters, andτ ⊆ SS(X ,A). We
say that the familyτ defines asoft topology on X if the
following axioms are true:
(1) 000A,111A ∈ τ.
(2) If (G,A),(H,A) ∈ τ, then(G,A)⊓ (H,A) ∈ τ.
(3) If (Gi,A) ∈ τ for everyi ∈ I, then

⊔{(Gi,A) : i ∈ I} ∈ τ .

The triplet(X ,τ ,A) is called asoft topological space
or soft space. The members ofτ are calledsoft open sets
in X . Also, a soft set(F,A) is called soft closed if the
complement(F,A)c belongs toτ. The family of soft
closed sets is denoted byτc.

Definition 2.10(see [9]) Let (X ,τ ,A) be a soft topological
space,a ∈ A, andx ∈ X . We say that a soft set(G,A)∈ τ is
ana-soft open neighborhood of x in (X ,τ ,A) if x ∈ G(a).

Proposition 2.11 (see [9]) Let (X ,τ ,A) be a soft
topological space. Then,(G,A) ∈ τ if and only if for
every a ∈ A and x ∈ G(a) there exists ana-soft open
neighborhood (G(a,x),A) of x in (X ,τ ,A) such that
(G(a,x),A)⊑ (G,A).

Definition 2.12 (see [24]) Let (X ,τ,A) be a soft
topological space. Thesoft closure Cl(F,A) of
(F,A) ∈ SS(X ,A) is the soft set

⊓{(Q,A) ∈ τc : (F,A)⊑ (Q,A)}.

Remark. (See, for example, [26]) Let (X ,τ ,A) be a soft
topological space and(F,A),(G,A) ∈ SS(X ,A). We recall
the following properties :
(1) (F,A) ∈ τc if and only if Cl(F,A) = (F,A).
(2) If (F,A)⊑ (G,A), then Cl(F,A)⊑ Cl(G,A).

Definition 2.13 (see [9]) Let (X ,τ ,A) be a soft
topological space anda ∈ A. A point x ∈ X is said to be an
a-cluster point of (F,A) ∈ SS(X ,A) if for every a-soft
open neighborhood (G,A) of x we have
(F,A) ⊓ (G,A) 6= 000A. The set of alla-cluster points of
(F,A) is denoted by cl(F,a).

Proposition 2.14 (see [9]) Let (X ,τ ,A) be a soft space
and(F,A) ∈ SS(X ,A). Then, Cl(F,A) = (RF,A,A), where
the mapRF,A : A → P(X) defined as follows:RF,A(p) =
F(p)∪cl(F, p), for everyp ∈ A.

Remark. Obviously, F(p) ⊆ cl(F, p), for every p ∈ A.
Thus, in Proposition 2.14 we haveRF,A(p) = cl(F, p), for
everyp ∈ A.

Definition 2.15 (see, for example, [26]) Let (X ,τ ,A) be a
soft topological space. A familyB ⊆ τ is called abase for
(X ,τ ,A) if for every soft open set(G,A) 6= 000A, there exist
(Gi,A) ∈ B, i ∈ I, such that

(G,A) = ⊔{(Gi,A) : i ∈ I}.
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Proposition 2.16 (see [9]) Let (X ,τ ,A) be a soft
topological space. Then, a familyB ⊆ τ is a base for
(X ,τ ,A) if and only if for everya ∈ A, x ∈ X , and every
a-soft open neighborhood(G,A) of x there exists an
a-soft open neighborhood(G(a,x),A) of x such that
(G(a,x),A) ∈ B and(G(a,x),A)⊑ (G,A).

Definition 2.17 (see [9]) Let (X ,τX ,A) and (Y,τY ,B) be
two soft topological spaces,x ∈ X , ande : A → B. A map
f : X → Y is calledsoft e-continuous at the point x if for
every a ∈ A and every e(a)-soft open neighborhood
(G,B) of f (x) in (Y,τY ,B) there exists ana-soft open
neighborhood(F,A) of x in (X ,τX ,A) such that

Φ f e(F,A)⊑ (G,B).

If the map f is soft e-continuous at any pointx ∈ X ,
then we say that the mapf is soft e-continuous.

Proposition 2.18(see [9]) Let (X ,τX ,A) and(Y,τY ,B) be
two soft topological spaces ande : A → B. Then, the
following statements are equivalent:
(1) The mapf : X → Y is softe-continuous.
(2) Φ−1

f e (G,B) ∈ τX , for every(G,B) ∈ τY .

(3) Φ−1
f e (Q,B) ∈ τc

X , for every(Q,B) ∈ τc
Y .

(4) Φ f e(Cl(F,A)) ⊑ Cl(Φ f e(F,A)), for every
(F,A) ∈ SS(X ,A).

Proposition 2.19(see [9]) Let (X ,τX ,A) and(Y,τY ,B) be
two soft topological spaces,BY a base for(Y,τY ,B), and
e : A → B. Then, the following statements are equivalent:
(1) The mapf : X → Y is softe-continuous.
(2) Φ−1

f e (G,B) ∈ τX , for every(G,B) ∈ BY .

3 Separation axioms and convergence

Notation 3.1 Let (F,A) ∈ SS(X ,A), a ∈ A, andx ∈ X . In
what follows we write x ∈a (F,A) (respectively,
x /∈a (F,A)) if and only if x ∈ F(a) (respectively,
x /∈ F(a)).

Definition 3.2 A soft topological space(X ,τ ,A) is called
a soft T0-space if for every distinct pointsx,y of X and
for every a ∈ A there exists a soft open set(G,A) such
that eitherx ∈a (G,A) andy /∈a (G,A) or x /∈a (G,A) and
y ∈a (G,A).

Definition 3.3 A soft topological space(X ,τ ,A) is called
a soft T1-space if for every distinct pointsx,y of X and for
every a ∈ A there exists a soft open set(G,A) such that
x ∈a (G,A) andy /∈a (G,A).

Proposition 3.4Let (X ,τ ,A) be a soft topological space.
If for everyx∈X we have(Fx,A)∈ τc, whereFx(p) = {x},
for everyp ∈ A, then(X ,τ ,A) is a soft T1-space.

Proof. We suppose that for everyx ∈ X we have
(Fx,A) ∈ τc. We prove that the triplet(X ,τ ,A) is a soft

T1-space. Letx and y be two distinct points ofX and
a ∈ A. Then, (Fy,A) ∈ τc and, therefore,(Fy,A)c ∈ τ.
Since x ∈ X \ {y} = X \ Fy(a), we havex ∈a (Fy,A)c.
Also, y /∈a (Fy,A)c. Thus, the triplet(X ,τ ,A) is a soft
T1-space.

Definition 3.5 A soft topological space(X ,τ ,A) is called
a soft T2-space if for every distinct pointsx,y of X and for
everya∈ A there exist two soft open sets(G,A) and(H,A)
such thatx ∈a (G,A), y ∈a (H,A), andG(a)∩H(a) = /0.

Remark 3.6 Every soft T2-space is a soft T1-space and
every soft T1-space is a soft T0-space.

Example 3.7 (1) Let X = {x,y,z} and A = {0,1}. We
consider the following soft sets(Fi,A), i = 1,2, . . . ,6,
overX defined as follows:

F1(a) =

{

{x}, if a = 0,
{z}, if a = 1,

F2(a) =

{

{y}, if a = 0,
{x}, if a = 1,

F3(a) =

{

{z}, if a = 0,
{y}, if a = 1,

F4(a) =

{

{x,y}, if a = 0,
{x,z}, if a = 1,

F5(a) =

{

{x,z}, if a = 0,
{y,z}, if a = 1,

F6(a) =

{

{y,z}, if a = 0,
{x,y}, if a = 1.

Then, the triplet(X ,τ,A), where

τ = {(Fi,A) : i = 1,2, . . . ,6}∪{000A,111A}

is a soft T2-space and, therefore, soft T1-space and soft
T0-space.

(2) Let X = {1,2, . . .}, A = {0,1,2}, and

τ = {(Gn,A) : n ∈ {1,2, . . .}}∪{000A,111A},

such thatGn : A → P(X), where

Gn(p) = {n,n+1, . . .},

for every p ∈ A. The triplet(X ,τ ,A) is a soft topological
space.

Let x andy be two distinct points ofX anda ∈ A. We
suppose thaty < x. Then,x ∈ {x,x+ 1, . . .} = Gx(a) and
y /∈ {x,x+ 1, . . .}. This means thatx ∈a (Gx,A) andy /∈a
(Gx,A). Thus, the soft topological space(X ,τ ,A) is a soft
T0-space. Also, we observe that this soft topological space
is neither soft T1-space nor soft T2-space.

(3) Let(X , t) be a topological space,A a nonempty set,
and

τ = {(GU ,A) : U ∈ t},

such thatGU : A → P(X), whereGU (p) = U , for every
p ∈ A. The triplet (X ,τ ,A) is a soft topological space.
Then, the soft topological space(X ,τ ,A) is a soft
Ti-space if and only if the topological space(X , t) is a
Ti-space,i ∈ {0,1,2}.

Definition 3.8 A soft topological space(X ,τ ,A) is called
a soft T3-space if for every pointx ∈ X , for everya ∈ A,
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and for every soft closed set(Q,A) such thatx /∈a (Q,A)
there exist two soft open sets(G,A) and(H,A) such that
x ∈a (G,A), Q(a)⊆ H(a), andG(a)∩H(a) = /0.

Example 3.9Let X = {x,y,z} andA= {0,1}. We consider
the following soft sets(G,A) and(H,A) overX defined as
follows:

G(a) =

{

{x}, if a = 0,
{x,y}, if a = 1,

H(a) =

{

{y,z}, if a = 0,
{z}, if a = 1.

Then, the triplet(X ,τ ,A), where

τ = {000A,111A,(G,A),(H,A)}

is a soft topological space. We observe that the soft
topological space(X ,τ ,A) is a soft T3-space but it is not a
soft Ti-space fori = 0,1,2.

The proof of the following proposition is
straightforward verification of the definitions.

Proposition 3.10 Let (X ,τ ,A) be a soft T3-space such
that for everyx ∈ X and everya0 ∈ A the soft set(Fa0

x ,A)
defined as follows:

Fa0
x (a) =

{

{x}, if a = a0

/0, if a 6= a0,

is a soft closed set. Then, the soft topological space
(X ,τ ,A) is a T2-space.

Proposition 3.11Let (X ,τ ,A) be a soft topological space.
If for every x ∈ X , for everya ∈ A, and for everya-soft
open neighborhood(F,A) of x there exists ana-soft open
neighborhood(G,A) of x such that

x ∈ G(a)⊆ cl(G,a)⊆ F(a),

then(X ,τ ,A) is a soft T3-space.

Proof. Let x ∈ X , a ∈ A, and(Q,A) ∈ τc such thatx /∈a
(Q,A). Then,x∈a (Q,A)c and(Q,A)c ∈ τ. This means that
the soft set(Q,A)c is ana-soft open neighborhood ofx.
By assumption there exists ana-soft open neighborhood
(G,A) of x such that

x ∈ G(a)⊆ cl(G,a)⊆ X \Q(a).

We consider the soft set Cl(G,A)c. By Proposition 2.14
and Definition 2.5, Cl(G,A)c = (H,A), where
H(p) = X \ cl(G, p), for every p ∈ A. We observe that
(H,A) ∈ τ, Q(a)⊆ H(a), andG(a)∩H(a) = /0. Thus, the
triplet (X ,τ ,A) is a soft T3-space.

Definition 3.12 (see [24]) Let (X ,τ ,A) be a soft
topological space andY a nonempty subset ofX . Then,
the soft subspace (Y,τY ,A) defined as follows:
(GY ,A) ∈ τY if and only if there exists(G,A) ∈ τ such
thatGY (p) = Y ∩G(p), for everyp ∈ A.

Remark. (see [24]) A soft set(FY ,A) is soft closed if and
only if there exists a soft closed set(F,A) such that
FY (p) = Y ∩F(p), for everyp ∈ A.

Proposition 3.13Let (X ,τ ,A) be a soft Ti-space, where
i= 0,1,2,3. Then, every soft subspace(Y,τY ,A) of the soft
space(X ,τ ,A) is a soft Ti-space.

Proof. (i=0) Let y1 andy2 be two distinct points ofY and
a ∈ A. Since (X ,τ ,A) is a soft T0-space, there exists
(G,A) ∈ τ such that eithery1 ∈a (G,A) andy2 /∈a (G,A)
or y1 /∈a (G,A) and y2 ∈a (G,A). Without loss of
generality we suppose thaty1 ∈a (G,A) andy2 /∈a (G,A).
We consider the mapGY : A → P(Y ) defined as follows:
GY (p) = Y ∩G(p), for every p ∈ A. Then,(GY ,A) ∈ τY .
We observe thaty1 ∈a (GY ,A) and y2 /∈a (GY ,A). Thus,
the triplet(Y,τY ,A) is a soft T0-space.

(i=1) Let y1 and y2 be two distinct points ofY and
a ∈ A. Since (X ,τ ,A) is a soft T1-space, there exists
(G,A) ∈ τ such thaty1 ∈a (G,A) and y2 /∈a (G,A). We
consider the mapGY : A → P(Y ) defined as follows:
GY (p) = Y ∩G(p), for every p ∈ A. Then,(GY ,A) ∈ τY ,
y1 ∈a (GY ,A), and y2 /∈a (GY ,A). This means that the
triplet (Y,τY ,A) is a soft T1-space.

(i=2) Let y1 and y2 be two distinct points ofY and
a ∈ A. Since (X ,τ ,A) is a soft T2-space, there exist
(G,A) ∈ τ, (H,A) ∈ τ such thatx ∈a (G,A), y ∈a (H,A),
and G(a) ∩ H(a) = /0. We consider the maps
GY : A → P(Y ) andHY : A → P(Y ) defined as follows:
GY (p) = Y ∩ G(p) and HY (p) = Y ∩ H(p), for every
p ∈ A. Then,(GY ,A) ∈ τY , (HY ,A) ∈ τY , y1 ∈a (GY ,A),
y2 ∈a (HY ,A), andGY (a)∩HY (a) = /0. Thus, the triplet
(Y,τY ,A) is a soft T2-space.

(i=3) Let y ∈Y , a ∈ A, and(QY ,A) ∈ τc
Y such thaty /∈a

(QY ,A). Then, there exists(Q,A) ∈ τc such thatQY (p) =
Y ∩Q(p), for every p ∈ A. Obviously,y /∈a (Q,A). Since
(X ,τ ,A) is a soft T3-space, there exist(G,A)∈ τ, (H,A)∈
τ such thaty ∈a (G,A), Q(a)⊆ H(a), andG(a)∩H(a) =
/0. We consider the mapsGY : A → P(Y ) andHY : A →
P(Y ) defined as follows:GY (p) =Y ∩G(p) andHY (p) =
Y ∩H(p), for everyp ∈ A. Then,(GY ,A) ∈ τY , (HY ,A) ∈
τY , y ∈a (GY ,A), QY (a)⊆ HY (a), andGY (a)∩HY (a) = /0.
Thus, the triplet(Y,τY ,A) is a soft T3-space.

Definition 3.14 Let (X ,τ ,A) be a soft topological space.
A point x of X is calledsoft-limit of a netS = {xλ ,λ ∈ Λ}
of X if for every a ∈ A and for every a-soft open
neighborhood(G,A) of x there existsλ0 ∈ Λ such that
xλ ∈a (G,A) for everyλ ≥ λ0. In this case we say that the
net S soft converges to x. The set of all soft limits of the
net S is denoted by s-lim(S). When the netS has exactly
one soft limitx, then we write s-lim(S) = x.

Proposition 3.15 Let (X ,τ ,A) be a soft T2-space,
S = {xλ ,λ ∈ Λ} a net ofX , and x,y ∈ s-lim(S). Then,
x = y.

Proof. We suppose thatx 6= y and leta ∈ A. By assumption
there exist two soft open sets(G,A) and(H,A) such that
x ∈a (G,A), y ∈a (H,A), andG(a)∩H(a) = /0. Sincex ∈

c© 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.7, No. 5, 1889-1901 (2013) /www.naturalspublishing.com/Journals.asp 1893

s-lim(S), there existsλ1 ∈ Λ such thatxλ ∈a (G,A) for
everyλ > λ1. Also, sincey ∈ s-lim(S), there existsλ2 ∈Λ
such thatxλ ∈a (H,A) for everyλ > λ2. Let λ0 ∈ Λ such
thatλ0 > λ1 andλ0 > λ2. Then, for everyλ > λ0 we have
xλ ∈a (G,A) andxλ ∈a (H,A), which is a contradiction.

Proposition 3.16Let (X ,τ ,A) be a soft topological space,
(F,A) ∈ SS(X,A), and a ∈ A. If there exists a net
S = {xλ ,λ ∈ Λ} of X such thatxλ ∈a (F,A), for every
λ ∈ Λ , andx ∈ s-lim(S), thenx ∈a Cl(F,A).

Proof. Let S = {xλ ,λ ∈ Λ} be a net ofX such that
xλ ∈a (F,A), for every λ ∈ Λ . By Proposition 2.14, it
suffices to prove thatx ∈ cl(F,a). Let (G,A) be an
arbitrary a-soft open neighborhood ofx. Since
x ∈ s-lim(S), there existsλ0 ∈ Λ such thatxλ ∈a (G,A)
for everyλ > λ0. Thus,xλ0

∈ F(a)∩G(a) and, therefore,
(F,A)⊓ (G,A) 6= 000A. This means thatx ∈ cl(F,a).

Proposition 3.17Let (X ,τX ,A) and(Y,τY ,A) be two soft
spaces,x ∈ X , ande a map ofA onto B. If the map f :
X → Y is soft e-continuous at the pointx, then for every
net S = {xλ ,λ ∈ Λ} of X which soft converges tox in
(X ,τX ,A) we have that the net{ f (xλ ),λ ∈ Λ} of Y soft
converges tof (x) in (Y,τY ,B).

Proof. Let f : X → Y be a softe-continuous map atx and
S = {xλ ,λ ∈ Λ} a net ofX which soft converges tox in
(X ,τX ,A). We prove that the net{ f (xλ ),λ ∈ Λ} of Y soft
converges tof (x) in (Y,τY ,B). Let b ∈ B and (G,B) be
a b-soft open neighborhood off (x) in (Y,τY ,B). Let a ∈
e−1({b}). Since f is softe-continuous at the pointx, there
exists ana-soft open neighborhood(F,A) of x in (X ,τX ,A)
such thatΦ f e(F,A)⊑ (G,B). Also, sinceS soft converges
to x, there existsλ0 ∈ Λ such thatxλ ∈a (F,A) for every
λ > λ0.

Let λ > λ0. Then,xλ ∈ F(a) and, therefore,

f (xλ ) ∈ f (F(a)) ⊆
⋃

{ f (F(p)) : p ∈ e−1({b})}

⊆ G(b).

Thus, f (xλ ) ∈b (G,B). This means that the net

{ f (xλ ),λ ∈ Λ}

of Y soft converges tof (x) in (Y,τY ,B).

4 Cartesian product of two soft topological
spaces

Definition 4.1 (see [23]) Let (F,A) ∈ SS(X ,A) and
(G,B) ∈ SS(Y,B). The Cartesian product of (F,A) and
(G,B) is the soft set

(H,A×B) ∈ SS(X ×Y,A×B),

where the mapH : A×B → P(X ×Y ) defined as follows:

H(a,b) = F(a)×G(b), for every(a,b) ∈ A×B.

Symbolically, we write(H,A×B) = (F,A)⊗ (G,B) and
H = F ×G.

Definition 4.2 (see [23]) Let (X ,τ1,A1) and(Y,τ2,A2) be
two soft topological spaces. The soft topological space
(X ×Y,τ ,A1 × A2), whereτ is the collection of all soft
unions of elements of

{(F,A1)⊗ (G,A2) : (F,A1) ∈ τ1,(G,A2) ∈ τ2},

is called soft product topological space overX × Y .
Symbolically, we writeτ = τ1× τ2.

Proposition 4.3Let (X ,τ1,A1) and(Y,τ2,A2) be two soft
topological spaces,e1 : A1×A2 → A1, where

e1(a1,a2) = a1,

for every(a1,a2) ∈ A1×A2, ande2 : A1×A2 → A2, where

e2(a1,a2) = a2,

for every(a1,a2)∈A1×A2. The mapspr1 : X×Y →X and
pr2 : X ×Y →Y , wherepr1(x,y) = x andpr2(x,y) = y, for
every (x,y) ∈ X ×Y , are softe1-continuous and softe2-
continuous, respectively.

Proof. We prove that the mappr1 is soft e1-continuous.
By Proposition 2.18 it suffices to prove that
Φ−1

pr1e1
(G,A1) ∈ τ1 × τ2, for every (G,A1) ∈ τ1. Let

(G,A1) ∈ τ1. Then,Φ−1
pr1e1

(G,A1) is the soft set

(F,A1×A2) ∈ SS(X ×Y,A1×A2)

such that

F(a1,a2) = pr−1
1 (G(e1(a1,a2)))

= pr−1
1 (G(a1)) = G(a1)×Y,

for every(a1,a2) ∈ A1×A2. Thus,

Φ−1
pr1e1

(G,A1) = (F,A1×A2) = (G,A1)×1A2.

Since(G,A1) ∈ τ1 and1A2 ∈ τ2, we have

Φ−1
pr1e1

(G,A1) ∈ τ1× τ2.

This means that the mappr1 is softe1-continuous.
Similarly, we can prove that the mappr2 is soft e2-

continuous.

Proposition 4.4 Let (X ,τ1,A1), (Y,τ2,A2) be two soft
topological spaces, (F,A1) ∈ SS(X ,A1), and
(G,A2) ∈ SS(Y,A2). Then,

Cl((F,A1)⊗ (G,A2)) = Cl(F,A1)⊗Cl(G,A2).

Proof. By Proposition 2.14 we have:
(1) Cl(F,A1) = (RF,A1,A1), where the mapRF,A1 : A1 →
P(X) defined as follows:RF,A1(a1) = cl(F,a1), for every
a1 ∈ A1.
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(2) Cl(G,A2) = (RG,A2,A2), where the mapRG,A2 : A2 →
P(Y ) defined as follows:RG,A2(a2) = cl(G,a2), for every
a2 ∈ A2.
(3) Cl((F,A1)⊗ (G,A2)) = (R,A1×A2), where the map

R : A1×A2 → P(X ×Y )

defined as follows:

R(a1,a2) = cl(F ×G,(a1,a2)),

for every(a1,a2) ∈ A1×A2. We observe that

cl(F ×G,(a1,a2)) = cl(F,a1)×cl(G,a2).

Thus, for every (a1,a2) ∈ A1 × A2 we have
R(a1,a2) = RF,A1(a1) × RG,A2(a2). This means that
Cl((F,A1)⊗ (G,A2)) = Cl(F,A1)⊗Cl(G,A2).

Notation 4.5Let (X ,τ1,A1), (Y,τ2,A2), and(Z,τ3,A3) be
three soft topological spaces.
(1) If x ∈ X , y ∈ Y , and f : X ×Y → Z, then by fx we
denote the map ofY into Z defined byfx(y) = f (x,y) for
everyy ∈ Y . Also, by f y we denote the map ofX into Z
defined byf y(x) = f (x,y) for everyx ∈ X .
(2) If a1 ∈A1, a2 ∈A2, ande : A1×A2 →A3, then byea1 we
denote the map ofA2 into A3 defined byea1(a2)= e(a1,a2)
for everya2 ∈ A2. Also, by ea2 we denote the map ofA1
into A3 defined byea2(a1) = e(a1,a2) for everya1 ∈ A1.

Proposition 4.6Let (X ,τ1,A1), (Y,τ2,A2), and(Z,τ3,A3)
be three soft topological spaces,e : A1×A2 → A3, and f :
X ×Y → Z a softe-continuous map. Then, the following
statements are true:
(1) For everyx ∈ X anda1 ∈ A1 the mapfx : Y → Z is soft
ea1-continuous.
(2) For everyy ∈Y anda2 ∈ A2 the mapf y : X → Z is soft
ea2-continuous.

Proof. We prove only the statement (1). Lety∈Y , a2 ∈ A2,
and(G,A3) be anea1(a2)-soft open neighborhood offx(y)
in (Z,τ3,A3). It suffices to prove that there exists ana2-soft
open neighborhood(G2,A2) of y in (Y,τ2,A2) such that

Φ fxea1
(G2,A2)⊑ (G,A3).

Since the mapf : X ×Y → Z is soft e-continuous at the
point (x,y), by Proposition 2.19 and Definition 4.2, there
exist an a1-soft open neighborhood(G1,A1) of x in
(X ,τ1,A1) and ana2-soft open neighborhood(G2,A2) of
y in (Y,τ2,A2) such that

Φ f e((G1,A1)⊗ (G2,A2))⊑ (G,A3).

Let
Φ fxea1

(G2,A2) = (H,A3)

and
Φ f e((G1,A1)⊗ (G2,A2)) = (H ′,A3).

Then, for everya3 ∈ A3 we have

H(a3) =











⋃

{ fx(G2(b)) : b ∈ e−1
a1
({a3})},

if e−1
a1
({a3}) 6= /0,

/0, if e−1
a1
({a3}) = /0

and

H ′(a3)=











⋃

{ f (G1(a)×G2(b)) : (a,b) ∈ e−1({a3})},

if e−1({a3}) 6= /0,

/0, if e−1({a3}) = /0.

Let a3 ∈ A3. We prove that

H(a3)⊆ G(a3).

If e−1
a1
({a3}) = /0, thenH(a3) = /0 ⊆ G(a3). We suppose

that e−1
a1
({a3}) 6= /0 and b ∈ e−1

a1
({a3}). Then,

(a1,b) ∈ e−1({a3}). It suffices to prove that

fx(G2(b))⊆ G(a3).

Indeed, we have

fx(G2(b)) = { f (x,y) : y ∈ G2(b)},

x ∈ G1(a1), and f (G1(a1)× G2(b)) ⊆ H ′(a3) ⊆ G(a3).
Therefore, for everyy ∈ G2(b) we have

f (x,y) ∈ f (G1(a1)×G2(b))⊆ G(a3).

This means that

H(a3) =
⋃

{ fx(G2(b)) : b ∈ e−1
a1
({a3})} ⊆ G(a3),

for everya3 ∈ A3. Thus,

Φ fxea1
(G2,A2) = (H,A3)⊑ (G,A3).

5 Soft θ -topology: θ -open,θ -closed soft sets
and soft θ -continuity

Definition 5.1 Let (X ,τ ,A) be a soft topological space
and a ∈ A. A point x ∈ X is said to be ana-θ -interior
point of (F,A) ∈ SS(X ,A) if there exists ana-soft open
neighborhood(G,A) of x such that Cl(G,A)⊑ (F,A). The
set of all a-θ -interior points of (F,A) is denoted by
intθ (F,a).

We observe that intθ (F, p)⊆ F(p), for everyp ∈ A.

Definition 5.2Let (X ,τ ,A) be a soft topological space and
(F,A)∈SS(X ,A). Theθ -interior Intθ (F,A) of (F,A) is the
soft set(RF,A,A), where the mapRF,A : A →P(X) defined
as follows:RF,A(p) = intθ (F, p), for everyp ∈ A.

We observe that Intθ (F,A)⊑ (F,A).
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Definition 5.3 (1) Let (Fi,A) ∈ SS(X ,A), i ∈ I. Then, by
∩{Fi : i ∈ I} and∪{Fi : i ∈ I} we denote the maps fromA
to P(X) for which

∩{Fi : i ∈ I}(p) = ∩{Fi(p) : i ∈ I}

and
∪{Fi : i ∈ I}(p) = ∪{Fi(p) : i ∈ I},

for everyp ∈ A.
(2) Let (F,A) ∈ SS(X ,A). Then byFc we denote the map
from A to P(X) for which Fc(p) = X \F(p), for every
p ∈ A. Obviously,(F,A)c = (Fc,A).

Remark. We observe that for the soft sets

(∩{Fi : i ∈ I},A) and (∪{Fi : i ∈ I},A)

of Definition 5.3(1) we have the following properties:
(i) (∩{Fi : i ∈ I},A) = ⊓{(Fi,A) : i ∈ I}.
(ii) (∪{Fi : i ∈ I},A) = ⊔{(Fi,A) : i ∈ I}.
(iii) If (G,A) ∈ SS(X ,A), then

(∩{Fi : i ∈ I},A)⊔ (G,A) = (∩{Fi ∪G : i ∈ I},A).

(iv) If (G,A) ∈ SS(X ,A), then

(∪{Fi : i ∈ I},A)⊓ (G,A) = (∪{Fi ∩G : i ∈ I},A).

Proposition 5.4The following statements are true:
(1) If (F1,A),(F2,A) ∈ SS(X ,A) andp ∈ A, then

intθ (F1, p)∩ intθ (F2, p) = intθ (F1∩F2, p).

(2) If (Fi,A) ∈ SS(X ,A), i ∈ I andp ∈ A, then

∪{intθ (Fi, p) : i ∈ I} ⊆ intθ (∪{Fi : i ∈ I}, p).

Proof. (1) We prove that

intθ (F1, p)∩ intθ (F2, p)⊆ intθ (F1∩F2, p).

Let x ∈ intθ (F1, p)∩ intθ (F2, p). Then, there exist twop-
soft open neighborhoods(G1,A) and(G2,A) of x such that
Cl(G1,A) ⊑ (F1,A) and Cl(G2,A) ⊑ (F2,A). The soft set
(G1,A)⊓ (G2,A) is a p-soft open neighborhood ofx and

Cl((G1,A)⊓ (G2,A)) ⊑ Cl(G1,A)⊓Cl(G2,A)

⊑ (F1,A)⊓ (F2,A)

= (F1∩F2,A).

Thus,x ∈ intθ (F1∩F2, p).
Conversely, we prove that

intθ (F1∩F2, p)⊆ intθ (F1, p)∩ intθ (F2, p).

Let x ∈ intθ (F1 ∩F2, p). Then, there exists ap-soft open
neighborhood(G,A) of x such that

Cl(G,A)⊑ (F1∩F2,A).

Therefore, Cl(G,A) ⊑ (F1,A) and Cl(G,A) ⊑ (F2,A).
Thus,x ∈ intθ (F1, p)∩ intθ (F2, p).

(2) Letx∈∪{intθ (Fi, p) : i∈ I}. Then, there existsi∈ I
such thatx ∈ intθ (Fi, p). Therefore, there exists ap-soft
open neighborhood(Gi,A) of x such that

Cl(Gi,A)⊑ (Fi,A)⊑ (∪{Fi : i ∈ I},A).

Thus,x ∈ intθ (∪{Fi : i ∈ I}, p).

Corollary 5.5 The following statements are true:
(1) Intθ (F1,A)⊓ Intθ (F2,A) = Intθ (F1∩F2,A).
(2)⊔{Intθ (Fi,A) : i ∈ I} ⊑ Intθ (∪{Fi : i ∈ I},A).

Definition 5.6 A soft set (F,A) is said to beθ -open if
Intθ (F,A) = (F,A).

We observe that a soft set(F,A) is θ -open if and only
if intθ (F, p) = F(p), for everyp ∈ A.

Proposition 5.7 The family τθ of all θ -open soft sets
defines a soft topology onX .

Proof. (1) We have 000A,111A ∈ τθ . Indeed, we observe that
Intθ (000A) = 000A and Intθ (111A) = 111A.

(2) Let (G,A),(H,A) ∈ τθ . We prove that
(G,A) ⊓ (H,A) ∈ τθ . It suffices to prove that
(G ∩ H,A) ∈ τθ . Indeed, Intθ (G,A) = (G,A) and
Intθ (H,A) = (H,A). By Corollary 5.5(1) we have

(G∩H,A) = (G,A)⊓ (H,A)

= Intθ (G,A)⊓ Intθ (H,A)

= Intθ (G∩H,A).

(3) Let (Gi,A) ∈ τθ for every i ∈ I. We prove that
⊔{(Gi,A) : i ∈ I} ∈ τθ . It suffices to prove that
(∪{Gi : i ∈ I},A) ∈ τθ , that is

Intθ (∪{Gi : i ∈ I},A) = (∪{Gi : i ∈ I},A).

Indeed, for everyi ∈ I we have Intθ (Gi,A) = (Gi,A). By
Corollary 5.5(2) we have

(∪{Gi : i ∈ I},A) = ⊔{(Gi,A) : i ∈ I}

= ⊔{Intθ (Gi,A) : i ∈ I}

⊑ Intθ (∪{Gi : i ∈ I},A).

Also,

Intθ (∪{Gi : i ∈ I},A)⊑ (∪{Gi : i ∈ I},A).

Therefore, Intθ (∪{Gi : i ∈ I},A) = (∪{Gi : i ∈ I},A).

Proposition 5.8The following statements are true:
(1) τθ ⊆ τ.
(2) τ ⊇ τθ ⊇ (τθ )θ ⊇ ((τθ )θ )θ ⊇ . . .
(3) Intθ (F,A) ∈ τ, for every(F,A) ∈ SS(X ,A).
(4) Intθ (F,A) = ⊔{(G,A) ∈ τ : Cl(G,A) ⊑ (F,A)}, for
every(F,A) ∈ SS(X ,A).

Proof. (1) Let (G,A) ∈ τθ . Then, Intθ (G,A) = (G,A). We
prove that(G,A) ∈ τ. By Proposition 2.11 it suffices to
prove that for everya ∈ A and x ∈ G(a) there exists an
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a-soft open neighborhood(G(a,x),A) of x in (X ,τ ,A) such
that (G(a,x),A) ⊑ (G,A). Let a ∈ A and x ∈ G(a). Then,
x ∈ intθ (G,a). Therefore, there exists ana-soft open
neighborhood (G(a,x),A) of x such that
Cl(G(a,x),A)⊑ (G,A). Thus,(G(a,x),A)⊑ (G,A).

(2) Follows by (1) and Proposition 5.7.
(3) Let(F,A)∈SS(X ,A). We prove that Intθ (F,A)∈ τ.

By Proposition 2.11 it suffices to prove that for everya∈ A
andx∈ intθ (F,a) there exists ana-soft open neighborhood
(G(a,x),A) of x in (X ,τ ,A) such that

(G(a,x),A)⊑ Intθ (F,A).

Let a ∈ A andx ∈ intθ (F,a). Then, there exists ana-soft
open neighborhood(G(a,x),A) of x such that

Cl(G(a,x),A)⊑ (F,A).

Obviously,G(a,x)(p) ⊆ intθ (F, p), for every p ∈ A. Thus,
(G(a,x),A)⊑ Intθ (F,A).

(4) Follows by (3) and Definitions 5.1 and 5.2

Remark. In general, Intθ (F,A) /∈ τθ .

Example 5.9(1) Let(X ,τ ,A) be the soft topological space
of Example 3.7(2). Then,τθ = {000A,111A} 6= τ.

(2) Let (X ,τ ,A) be the soft topological space of
Example 3.9. We consider the soft set(F,A) over X
defined as follows:

F(p) =

{

{x,z}, if a = 0,
{x,y}, if a = 1.

Then, Intθ (F,A) = (G,A) ∈ τ. Since(G,A) 6= (F,A), we
have Intθ (F,A) /∈ τθ .

Definition 5.10 Let (X ,τ ,A) be a soft topological space
anda ∈ A. A point x ∈ X is said to be ana-θ -cluster point
of (F,A) ∈ SS(X ,A) if for everya-soft open neighborhood
(G,A) of x we have(F,A)⊓Cl(G,A) 6= 000A. The set of all
a-θ -cluster points of(F,A) is denoted by clθ (F,a).

We observe thatF(p)⊆ clθ (F, p), for everyp ∈ A.

Definition 5.11 Let (X ,τ ,A) be a soft topological space
and(F,A) ∈ SS(X ,A). Theθ -closure of (F,A) is the soft
set Clθ (F,A) = (RF,A,A), where the mapRF,A : A →P(X)
defined as follows:RF,A(p) = clθ (F, p), for everyp ∈ A.

We observe that (F,A) ⊑ Clθ (F,A) and
Cl(F,A)⊑ Clθ (F,A).

Definition 5.12 A soft set(F,A) is said to beθ -closed if
Clθ (F,A) = (F,A). The family of allθ -closed soft sets is
denoted byτc

θ .
We observe that a soft set(F,A) is θ -closed if and only

if clθ (F, p) = F(p), for everyp ∈ A.

The proof of the following proposition is
straightforward verification of the Proposition 5.7 and
Propositions 2.10 and 2.12 of [9].

Proposition 5.13Let (X ,τ ,A) be a soft topological space.
The familyτc

θ has the following properties:
(1) 000A,111A ∈ τc

θ .
(2) If (Q,A),(R,A) ∈ τc

θ , then(Q,A)⊔ (R,A) ∈ τc
θ .

(3) If (Qi,A) ∈ τc
θ for everyi ∈ I, then

⊓{(Qi,A) : i ∈ I} ∈ τc
θ .

Proposition 5.14The following statements are true:
(1) If (F1,A),(F2,A) ∈ SS(X ,A) andp ∈ A, then

clθ (F1, p)∪clθ (F2, p) = clθ (F1∪F2, p).

(2) If (Fi,A) ∈ SS(X ,A), i ∈ I andp ∈ A, then

clθ (∩{Fi : i ∈ I}, p)⊆ ∩{clθ (Fi, p) : i ∈ I}.

Proof. (1) We prove that

clθ (F1, p)∪clθ (F2, p)⊆ clθ (F1∪F2, p).

Let x ∈ clθ (F1, p)∪clθ (F2, p) and(G,A) be ap-soft open
neighborhood of x. We must prove that
(F1 ∪ F2,A) ⊓ Cl(G,A) 6= 000A. Without loss of generality
we suppose that x ∈ clθ (F1, p). Then,
(F1,A)⊓Cl(G,A) 6= 000A. Therefore,

(F1∪F2,A)⊓Cl(G,A) 6= 000A.

Thus,x ∈ clθ (F1∪F2, p).
Conversely, we prove that

clθ (F1∪F2, p)⊆ clθ (F1, p)∪clθ (F2, p).

Let x ∈ clθ (F1 ∪ F2, p) and (G,A) be a p-soft open
neighborhood ofx. Then,

(F1∪F2,A)⊓Cl(G,A) 6= 000A.

Therefore,
(F1,A)⊓Cl(G,A) 6= 000A

or
(F2,A)⊓Cl(G,A) 6= 000A.

Thus,x ∈ clθ (F1, p)∪clθ (F2, p).
(2) Let x ∈ clθ (∩{Fi : i ∈ I}, p) and(G,A) be ap-soft

open neighborhood of x. Then,
(∩{Fi : i ∈ I},A) ⊓ Cl(G,A) 6= 000A. Therefore,
(Fi,A) ⊓ Cl(G,A) 6= 000A, for every i ∈ I. Thus,
x ∈ ∩{clθ (Fi, p) : i ∈ I}.

Corollary 5.15 The following statements are true:
(1) Clθ (F1,A)⊔Clθ (F2,A) = Clθ (F1∪F2,A).
(2) Clθ (∩{Fi : i ∈ I},A)⊑ ⊓{Clθ (Fi,A) : i ∈ I}.

Proposition 5.16Let (X ,τ ,A) be a soft space,p ∈ A, and
(F,A) ∈ SS(X ,A). Then, clθ (Fc, p) = X \ intθ (F, p).

Proof. We prove that clθ (Fc, p) ⊆ X \ intθ (F, p). Let
x ∈ clθ (Fc, p). Then, for everyp-soft open neighborhood
(G,A) of x we have(F,A)c ⊓Cl(G,A) 6= 000A. We suppose
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that x ∈ intθ (F, p). Then, there exists ap-soft open
neighborhood(G,A) of x such that Cl(G,A) ⊑ (F,A).
Therefore, (F,A)c ⊓ Cl(G,A) = 000A, which is a
contradiction. Thus,x ∈ X \ intθ (F, p).

Conversely, we prove thatX \ intθ (F, p) ⊆ clθ (Fc, p).
Let x ∈ X \ intθ (F, p) and (G,A) be a p-soft open
neighborhood ofx. We must prove that

(F,A)c ⊓Cl(G,A) 6= 000A.

Sincex /∈ intθ (F, p), the relation Cl(G,A) ⊑ (F,A) is not
true. Therefore, there existsp1 ∈ A such that

cl(G, p1)* F(p1).

This means that(X \F(p1))∩cl(G, p1) 6= /0 and, therefore,

(F,A)c ⊓Cl(G,A) 6= 000A.

Thus,x ∈ clθ (Fc, p).

Corollary 5.17 Let (X ,τ ,A) be a soft topological space
and(F,A) ∈ SS(X ,A). Then, the following statements are
true:
(1) Clθ ((F,A)c) = Clθ (Fc,A) = (Intθ (F,A))c.
(2) The soft set(F,A) is θ -open if and only if the soft set
(F,A)c is θ -closed.

By Proposition 5.8 and Corollary 5.17 we have the
following proposition.

Proposition 5.18The following statements are true:
(1) τc

θ ⊆ τc.
(2) τc ⊇ τc

θ ⊇ (τc
θ )

c
θ ⊇ ((τc

θ )
c
θ )

c
θ ⊇ . . .

(3) Clθ (F,A) ∈ τc, for every(F,A) ∈ SS(X ,A).

Remark. In general, Clθ (F,A) /∈ τc
θ .

Example 5.19Let (X ,τ ,A) be the soft topological space of
Example 3.9. We consider the soft set(F,A) overX defined
as follows:

F(a) =

{

{x}, if a = 0,
{y}, if a = 1.

Then, Clθ (F,A) = (G,A) ∈ τc. Since(G,A) 6= (F,A), we
have Clθ (F,A) /∈ τc

θ .

Definition 5.20 Let (X ,τ ,A) be a soft topological space
and (F,A) ∈ SS(X ,A). The θ -boundary of (F,A) is the
soft set Bdθ (F,A) = (RF,A,A), where the map
RF,A : A → P(X) defined as follows:
RF,A(p) = clθ (F, p)∩clθ (Fc, p), for everyp ∈ A.

Proposition 5.21Let (X ,τ ,A) be a soft topological space
and(F,A) ∈ SS(X ,A). Then, the following statements are
true:
(1) Bdθ (F,A) = Clθ (F,A)⊓Clθ (Fc,A).
(2) Bdθ (F,A) ∈ τc.
(3) Bdθ (F,A) = Clθ (F,A)⊓ (Intθ (F,A))c.
(4) Clθ (F,A) = Intθ (F,A)⊔Bdθ (F,A).
(5) Bdθ (F,A) = Bdθ (Fc,A).

Proof. (1) Is straightforward verification of the Definition
5.20.
(2) Follows by relation (1) and Propositions 5.13 and
5.18(3).
(3) Follows by relation (1) and Corollary 5.17(1).
(4) We have
Intθ (F,A)⊔Bdθ (F,A) =
Intθ (F,A)⊔ (Clθ (F,A)⊓Clθ (Fc,A)) =
(Intθ (F,A)⊔Clθ (F,A))⊓ (Intθ (F,A)⊔Clθ (Fc,A)) =
Clθ (F,A)⊓ ((Clθ (Fc,A))c ⊔Clθ (Fc,A)) =
Clθ (F,A)⊓111A = Clθ (F,A).
(5) Is straightforward verification of the Definition 5.20.

Definition 5.22 Let (X ,τ ,A) be a soft topological space,
a ∈ A, andx ∈ X . We say that a soft set(F,A) is ana-θ -
soft open neighborhood of x in (X ,τ ,A) if x ∈ F(a) and
(F,A) ∈ τθ .

Proposition 5.23Let (X ,τ ,A) be a soft topological space.
Then,(G,A) ∈ τθ if and only if for everyp ∈ A andx ∈
G(p) there exists ap-θ -soft open neighborhood(G(p,x),A)
of x in (X ,τ ,A) such that(G(p,x),A)⊑ (G,A).

Proof. Let (G,A) ∈ τθ . Then, for every p ∈ A and
x ∈ G(p) we consider the soft set(G(p,x),A), where
G(p,x) = G. Obviously, (G(p,x),A) is a p-θ -soft open
neighborhood ofx.

Conversely, we suppose that for everyp ∈ A andx ∈
G(p) there exists ap-θ -soft open neighborhood(G(p,x),A)
of x in (X ,τ ,A) such that(G(p,x),A) ⊑ (G,A). We prove
that(G,A) ∈ τθ . We consider the set

I = {(p,x) : p ∈ A, x ∈ G(p)}.

Then,
(G,A) = ⊔{(G(p,x),A) : (p,x) ∈ I}.

Also, for everyp ∈ A andx ∈ G(p) we have

Intθ (G(p,x),A) = (G(p,x),A).

Thus, by Corollary 5.5(2) we have

(G,A) = ⊔{(G(p,x),A) : (p,x) ∈ I}

= ⊔{Intθ (G(p,x),A) : (p,x) ∈ I}

⊑ Intθ (∪{G(p,x) : (p,x) ∈ I},A) = Intθ (G,A).

Also, Intθ (G,A) ⊑ (G,A). This means that Intθ (G,A) =
(G,A) and, therefore,(G,A) ∈ τθ .

Proposition 5.24Let (X ,τ ,A) be a soft topological space.
Then,(G,A) ∈ τθ if and only if for everyp ∈ A andx ∈
G(p) there exists ap-soft open neighborhood(G(p,x),A)
of x such that Cl(G(p,x),A)⊑ (G,A).

Proof. Let (G,A) ∈ τθ , p ∈ A, and x ∈ G(p). Then,
(G,A) = Intθ (G,A) and, therefore,

x ∈ G(p) = intθ (G, p).

Thus, there exists ap-soft open neighborhood(G(p,x),A)
of x such that Cl(G(p,x),A)⊑ (G,A).
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Conversely, we suppose that for everyp ∈ A and
x ∈ G(p) there exists a p-soft open neighborhood
(G(p,x),A) of x such that Cl(G(p,x),A) ⊑ (G,A). We prove
that (G,A) ∈ τθ . It suffices to prove that
Intθ (G,A) = (G,A) or equivalently, intθ (G, p) = G(p),
for every p ∈ A. Let p ∈ A and x ∈ G(p). Then,
Cl(G(p,x),A) ⊑ (G,A) and, therefore,x ∈ intθ (G, p).
Thus, G(p) ⊆ intθ (G, p). Also, intθ (G, p) ⊆ G(p). This
means that intθ (G, p) = G(p).

Definition 5.25 Let (X ,τX ,A) and (Y,τY ,B) be two soft
topological spaces,x ∈ X , ande : A → B. A map f : X →Y
is calledsoft e-θ -continuous at the point x if for every a ∈
A and everye(a)-soft open neighborhood(G,B) of f (x) in
(Y,τY ,B) there exists ana-soft open neighborhood(F,A)
of x in (X ,τX ,A) such that

Φ f e(Cl(F,A))⊑ Cl(G,B).

If the map f is softe-θ -continuous at any pointx ∈ X ,
then we say that the mapf is soft e-θ -continuous.

Proposition 5.26Let (X ,τX ,A) and(Y,τY ,B) be two soft
topological spaces ande : A → B. If a map f : X → Y is
soft e-continuous, thenf is softe-θ -continuous.

Proof. Let x ∈ X , a ∈ A, and(G,B) be ane(a)-soft open
neighborhood of f (x) in (Y,τY ,B). Since the map
f : X → Y is soft e-continuous atx, there exists ana-soft
open neighborhood(F,A) of x in (X ,τX ,A) such that

Φ f e(F,A)⊑ (G,B).

By Proposition 2.18 we have

Φ f e(Cl(F,A))⊑ Cl(Φ f e(F,A)).

Thus,
Φ f e(Cl(F,A))⊑ Cl(G,B)

and, therefore, the mapf is soft e-θ -continuous at the
point x.

Example 5.27Let X = {1,2, . . .}, A = {0,1,2},

τ1 = {(Gn,A) : n ∈ {1,2, . . .}}∪{000A,111A},

whereGn(p) = {n,n+1, . . .}, for everyp ∈ A, and

τ2 = {000A,111A}.

Then, the triplets (X ,τ1,A) and (X ,τ2,A) are soft
topological spaces. We consider the map
f : (X ,τ1,A) → (X ,τ2,A) such that f (x) = 3, for every
x ∈ X and the mape : A → A such thate(a) = a, for every
a ∈ A. Since (τ1)θ = {000A,111A}, the map f is soft
e-θ -continuous. But the mapf is not softe-continuous.

Proposition 5.28Let (X ,τX ,A) and(Y,τY ,B) be two soft
spaces,x ∈ X , e : A → B, and f : X → Y . If for every a ∈
A and everye(a)-soft open neighborhood(G,B) of f (x)
in (Y,τY ,B) there exists ana-θ -soft open neighborhood

(F,A) of x in (X ,τX ,A) such thatΦ f e(F,A) ⊑ Cl(G,B),
then f is softe-θ -continuous atx.

Proof. Let a ∈ A and (G,B) be an e(a)-soft open
neighborhood off (x). Then, there exists ana-θ -soft open
neighborhood (F,A) of x in (X ,τX ,A) such that
Φ f e(F,A) ⊑ Cl(G,B). By Proposition 5.24 there exists an
a-soft open neighborhood(F(a,x),A) of x such that
Cl(F(a,x),A)⊑ (F,A). Thus, by Proposition 2.8,

Φ f e(Cl(F(a,x),A))⊑ Φ f e(F,A)⊑ Cl(G,B)

and, therefore, the mapf is soft e-θ -continuous at the
point x.

Proposition 5.29Let (X ,τX ,A) and(Y,τY ,B) be two soft
topological spaces,e : A → B, and f : X → Y . If
Φ−1

f e (Cl(G,B)) ∈ (τX )θ , for every(G,B) ∈ τY , then f is
soft e-θ -continuous.

Proof. Let x ∈ X . By Proposition 5.28 it suffices to prove
that for every a ∈ A and every e(a)-soft open
neighborhood(G,B) of f (x) in (Y,τY ,B) there exists an
a-θ -soft open neighborhood(F,A) of x in (X ,τX ,A) such
that Φ f e(F,A) ⊑ Cl(G,B). Let a ∈ A and (G,B) be an
e(a)-soft open neighborhood off (x) in (Y,τY ,B). Then,
f (x) ∈ G(e(a)) or

x ∈ f−1(G(e(a)))⊆ f−1(cl(G,e(a))).

We set(F,A) = Φ−1
f e (Cl(G,B)). This means thatF(p) =

f−1(cl(G,e(p))), for everyp ∈ A. Thus,

x ∈ f−1(cl(G,e(a))) = F(a).

Since(F,A)∈ (τX )θ , the soft set(F,A) is ana-θ -soft open
neighborhood ofx in (X ,τX ,A). By Proposition 2.8,

Φ f e(F,A) = Φ f e(Φ−1
f e (Cl(G,B))⊑ Cl(G,B).

Therefore, the mapf : X →Y is softe-θ -continuous at the
point x.

Corollary 5.30 Let (X ,τX ,A) and (Y,τY ,B) be two soft
topological spaces,e : A → B, and f : X → Y . If
Φ−1

f e (Q,B) ∈ (τX )
c
θ , for every(Q,B) ∈ τc

Y , then f is soft
e-θ -continuous.

Proof. By Proposition 5.29 it suffices to prove that

Φ−1
f e (Cl(G,B)) ∈ (τX )θ ,

for every(G,B) ∈ τY . Let (G,B) ∈ τY . Then,(G,B)c ∈ τc
Y .

By Proposition 2.8 we have

Φ−1
f e ((G,B)c) = (Φ−1

f e (G,B))c.

SinceΦ−1
f e ((G,B)c)∈ (τX )

c
θ , we haveΦ−1

f e (G,B)∈ (τX )θ .

Proposition 5.31 If the map f : X → Y is soft
e-θ -continuous, then

Φ f e(Clθ (F,A))⊑ Clθ (Φ f e(F,A))
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for every(F,A) ∈ SS(X ,A).

Proof. Let Φ f e(Clθ (F,A)) = (Q,B) ∈ SS(Y,B), where

Q(pY ) =











⋃

{ f (clθ (F, p)) : p ∈ e−1({pY})},

if e−1({pY}) 6= /0,

/0, if e−1({pY}) = /0,

for every pY ∈ B and Φ f e(F,A) = (Q′,B) ∈ SS(Y,B),
where

Q′(pY ) =











⋃

{ f (F(p)) : p ∈ e−1({pY})},

if e−1({pY}) 6= /0,

/0, if e−1({pY}) = /0,

for every pY ∈ B. It suffices to prove that
(Q,B) ⊑ Clθ (Q′,B) or equivalentlyQ(pY ) ⊆ clθ (Q′, pY ),
for every pY ∈ B. Let pY ∈ B. If e−1({pY}) = /0, then
Q(pY ) = clθ (Q′, pY ) = /0. We suppose that
e−1({pY}) 6= /0. Let y ∈ Q(pY ). Then, there exists
p ∈ e−1({pY}) such thaty ∈ f (clθ (F, p)). Let y = f (x),
wherex ∈ clθ (F, p). We prove thaty ∈ clθ (Q′, pY ). Let
(G,B) be apY -soft open neighborhood ofy. It suffices to
prove that(Q′,B)⊓Cl(G,B) 6= 000B. SincepY = e(p) and
the map f is soft e-θ -continuous at the pointx, there
exists a p-soft open neighborhood(H,A) of x in
(X ,τX ,A) such that

Φ f e(Cl(H,A))⊑ Cl(G,B). (1)

Since x ∈ clθ (F, p), we have (F,A) ⊓ Cl(H,A) 6= 000A.
Therefore, by Proposition 2.8 we have

000B 6= Φ f e((F,A)⊓Cl(H,A))

⊑ Φ f e(F,A)⊓Φ f e(Cl(H,A))

= (Q′,B)⊓Φ f e(Cl(H,A)).

Thus, (Q′,B) ⊓ Φ f e(Cl(H,A)) 6= 000B and, therefore, by
relation (1) we have(Q′,B)⊓Cl(G,B) 6= 000B.

Corollary 5.32 If the map f : X → Y is soft
e-θ -continuous, then

Clθ (Φ−1
f e (G,B))⊑ Φ−1

f e (Clθ (G,B)),

for every(G,B) ∈ SS(Y,B).

Proof. By Proposition 5.31 and Proposition 2.8 we have

Φ f e(Clθ (Φ−1
f e (G,B))) ⊑ Clθ (Φ f e(Φ−1

f e (G,B)))

⊑ Clθ (G,B).

Therefore,

Clθ (Φ−1
f e (G,B)) ⊑ Φ−1

f e (Φ f e(Clθ (Φ−1
f e (G,B))))

⊑ Φ−1
f e (Clθ (G,B)).

Proposition 5.33 If the map f : X → Y is soft
e-θ -continuous, then

Φ−1
f e (G,B)⊑ Intθ (Φ−1

f e (Clθ (G,B))),

for every(G,B) ∈ τY .

Proof. Let Φ−1
f e (G,B) = (F,A) ∈ SS(X ,A), where

F(p) = f−1(G(e(p))), for everyp ∈ A

andΦ−1
f e (Clθ (G,B)) = (F ′,A) ∈ SS(X ,A), where

F ′(p) = f−1(clθ (G,e(p))), for everyp ∈ A.

We prove that
(F,A)⊑ Intθ (F

′,A)

or equivalentlyF(p) ⊆ intθ (F ′, p), for every p ∈ A. Let
p ∈ A and x ∈ F(p). It suffices to prove that
x ∈ intθ (F ′, p). We havef (x) ∈ G(e(p)). Since the mapf
is soft e-θ -continuous at the pointx, there exists ap-soft
open neighborhood(H,A) of x in (X ,τX ,A) such that

Φ f e(Cl(H,A))⊑ Cl(G,B). (2)

We prove that Cl(H,A) ⊑ (F ′,A). Indeed, by relation (2)
and Proposition 2.8 we have

Cl(H,A) ⊑ Φ−1
f e (Φ f e(Cl(H,A)))⊑ Φ−1

f e (Cl(G,B))

⊑ Φ−1
f e (Clθ (G,B)) = (F ′,A).

6 Questions

1. Is the converse of Propositions 3.11, 3.16, 3.17, and 5.33
true?

2. Let (X ,τ,A) be a soft topological space. Under what
conditions does the equalityτθ = τ hold?

3. Let (X ,τ,A) be a soft topological space. Under what
conditions does the sequenceτ ,τθ ,(τθ )θ ,((τθ )θ )θ , . . . is
eventually constant?

4. Find a soft topological space(X ,τ ,A) such that

τ % τθ % (τθ )θ % ((τθ )θ )θ % . . . .

7 Conclusion

The classical mathematical theories have their difficulties
which are pointed out in [18] for the solution complicated
problems in engineering and environment. To overcome
these difficulties, Molodtsov [18] introduced the concept
of soft set as a new mathematical tool. Furthermore, D.
Pei and D. Miao [22] showed that soft sets are a class of
special information systems.

Topology is an important area of mathematics with
many applications in the domains of computer science
and physical sciences. Soft topology is a relatively new
and promising domain which can lead to the development
of new mathematical models and innovative approaches
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that will significantly contribute to the solution of
complex problems in natural sciences.

In [9] for the soft set theory: new definitions,
examples, new classes of soft sets, and properties for
mappings between different classes of soft sets are
introduced and studied. Moreover, the theory of soft
topological spaces is investigated.

This paper continues the study of the theory of soft
topological spaces. In section 2 we give known basic
notions and results concerning the theory of soft sets and
soft topological spaces. In section 3 we present separation
axioms and we investigate the notion of convergence. In
section 4 the Cartesian product of two soft topological
spaces is studied. In section 5 we introduce and study
notions concerning the softθ -open sets, the softθ -closed
sets, and the softθ -continuity. Finally, in section 6 we
give some questions on soft topological spaces.
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