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Abstract: In this paper, we give a smoothing approximation to the lower order exact penalty functions for inequality-constrained
optimization problems. Error estimations are obtained among the optimal objective function values of the smoothed penalty problem,
of the nonsmooth penalty problem and of the original optimization problem. An algorithm based on the smoothed penalty function
is presented, which is shown to be globally convergent under some mild conditions. Numerical examples are given to illustrate the
effectiveness of the present smoothing method.
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1. Introduction smoothing of thd; exact penalty function attracts much
attention ([7-11]).

Consider the following optimization problen®}: In recent years, the following lower order exact penalty
function

minimize  f(x)
subjectto g;(x) <0,i=1,---,m,z € R",

pan(@) = f(@)+q) g (@) ve(0,1), (2
=1

wheref : R — Randg; : R* — R,i =1,---,mare  pagspeenintroduced and investigated ([12, 13]). Itis shown
continuously differentiable. , ~in[13] that the second-order sufficiency condition implies
In Zangwill [1], an exact penalty function was defined |5cal exact penalty property for the lower order penalty
as follows: function with any positive penalty parameter. The smooth-
m ing of the -order penalty function, i.g(z)+q¢ 37", g/ (2)?
wq(z) = f(z) + ngj(z)7 (1)  has been investigated in[13,14]. The first-order differen-
i—1 tiable smoothing of the lower order penalty function (2)

has been discussed in [15]. In this paper, we aim to smooth
whereg; (z) = max(0, g;(x)),i = 1,---,m, whichis  of (2).
the l; exact penalty function for problemP). Let I = The rest of this paper is organized as follows. In Sect.
{1, - -,m}. After Zangwill's development, extensive re- 2, a second-order differentiable smoothing approximation
search of exact penalty function methods has been carrietb the lower order exact penalty function (2) is introduced,
out in the literature ([2-6])/; exact penalty function has and some fundamental properties of the smoothing func-
many nice properties. However, (1) is not a smooth func-tion are discussed. In Sect. 3, we propose an algorithm to
tion and causes some numerical instability problems in itscompute an approximate global solution 1) (based on
implementation when the value of the penalty parameteiour smooth penalty function. Some numerical examples
q becomes larger. In practice, we only need to obtain arare given in Sect. 4 to illustrate the effectiveness of the
approximately optimal solution to problen®). Thus the  present method.
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2. A second-order differentiable smoothing then

lower order exact penalty function -
penaty @) = F@) +aY pulg@). 6
We say the paifz*, \*) satisfies the second-order suffi- =1
ciency condition, if (see [16], p.169) For anye > 0, let
V. L(z",\") =0, 0, if u <0,
* . v2 ) .
gl(w ) SO,ZEI, pE,’U(u): E%mu( +2), Zf OSU<€, (6)
A >04€el, 3 u”—&-%ﬂau”*l— vizsv, if e <u.
Agi(x*) =04 €1, _ o ' . _
yTVQL(x*, M)y >0, forall y € V(z*), ‘!}%IS easy to see that is twice continuously differentiable on

_ moy Assume thatf andg;,i € I are twice continuously
wherel(z, ) = f(z) + 20i=1 Aigi(), and differentiable. Let

o i VTgi(x*)y =0,i € A(z)
V xr = % * . * ) s
(z") {y € |VTgi(33 )y < 0,i € B(z*) } Paen(®) = (@) +0 pelgi(@)). (7)
=1

A(z") = {i € I|gi(z™) = 0,A] > 0},
Theny, . () is twice continuously differentiable dR”.

B(z™) = {i € I|gi(z") = 0, \] = 0}, Consider the following smoothed optimization proble$iF):
Assumption 1f (x) satisfies the coercive condition: (SP) gIcIéi)I(l Pgen().
lim f(x)=+o0.
llll—oc Proposition 1.For anyx € X ande > 0, we have that
Under Assumption 1, we know that there exists a box 3u+2

X such thatG(P) C X, whereG(P) is a set of global 0 < pgu(x) — pgen(x) < mage”. (8)
solution to problem P). As far as the global solutions are
concerned, problemH)is equivalent to the following op-

timization problemp”’):

(v+1)(v+2)
Proof Note that

minimize  f(x)

subjectto gi(xz) <0,i=1,---m,z € X, Pu(9i(%)) — pew(gi(z)) =
07 gl(x) < 07
. v __ 1 v? () (v+2)
i.eG(P) = G(P'),whereG(P’) is the set of global so- (0 §)[91(553]v s%u(v+1)(v+2)gl(l)
lutions of problem P’). For anyv € (0, 1), consider the (£ o) 0<gi(w) <k,
following lower order penalty proble(@O P),,: (0<) — U}rlsgi(x)”*1 + ,UiQa”

_ 3
- (1)+1)1()1;+2)€’U7 €< gl(x)v

minimize  pg.(x) = f(x) + qZ(gj'(z))”
i=1 so for any; € I, we have

subject to z € X.
0 < 0g,0(7) — g,e.0(7)

We have the following global exact penalization property: = ¢ Z(p” (9i(x)) — Pew(gi(x)))

Lemma 1(Corollary 2.3 in [13]) Suppose that the S6{( P) i:13v )
is a finite set, and Assumption 1 holds, furthermore, for < ﬁmqav.
any z* € G(P), there exists a\ € R7 such that the (v+1)(v+2)

air (z*, \*) satisfies the second-order sufficiency condi- " . .
Eon ((2'1)_ T)hen, for any giveme (0, 1), there exists% > Proposition 2Letz; , € X be a global solutl_on of prob-
0, such that whem > ¢*, G(P) = G((LOP),), where lem(LOP), andz, ., € X be a global solution of prob-

G((LOP),) is the set of global solutions of probléiO P),. fgmgﬂfor someg > 0,v € (0,1) ande > 0. Then we
Letp,(u) = (max(0,u))?, that s,
po(u) = (max(0, u)) Do o< 304 2 )
{ 0, if u<o, = Parifae) = Paeiase) = 0w+ )"
/U/U

Pol) =1 o if uso. “) ©)
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Proof By Proposition 1, we have that By proposition 2, we have that
0 < 94(t5,) = e (@) < Dau(@h) = Paen(@aen) O Panl(®in) = Prca(@aco)

< ) = pne = ) 0 mae) ~ aca)

3v+2
< . - v
S+t
. qva (9i(Zg.e0))
Corollary 1.Letx* € X be a global solution of problem
(P)andz,. . € X be aglobal solution of problerfS P) 31; +9
for givenv ande. Then there existg* > 0 such that for < mmCIE”-
anyq > ¢*, it holds that
which implies
0< < Sut? v m v x v
< (@) = ¢ge0(Tgew) < mmg& . 4 i1 Pew(9i(Tgen)) < f(xq,v) — fZqen)

(10) < X0 pen(9i(Tgen)) + st 2igymae”.

Then it follows that

ProofBy Lemma 1, we know that* is a global solution - F@E) = figew)
— q g,V

of problem(LOP),. Then it follows from Proposition 2
that ! _svk2

e+ T erner "

whereg*is defined in lemma 1.

. B 3v+2 v
0< Pq,v (xqﬂ)) — Pq,ev (xq,a,v) < mmqa . < %mqs
Remarkt is easy to see that whenis sufficiently large,
z; , is a global solution to probleri?’), that is,z; , is
feasible to probleniP’). Itis also easy to see that for given
m e > 0, when is sufficiently largez,. ., is ane-feasible
+0) pu(9i(z") = @gen(Tgen) solution to problen(P’). Therefore, it follows from (10)

i that whery is sufficiently large,

Note that

fl@™) - ‘Pqﬁ,v(jq,s,v) = (f(="))

= v fL'*U - v(Zgev), * 7 3
Pq, ( q, ) Pq.e, ( q.€, ) 0< f _f(xq@w) < ?mqe

sinced> " . py(gs(x*)) = 0, we complete the proof.
2i=1 Po(9:i(7) P P wheref* is the optimal value of proble(®’).

Definition 1.For ¢ > 0, a pointz € X is said to bes-
feasible solution to problertP’), if
3. Algorithm
gi(x) <e forany i€l. (11)
We propose the following algorithm to solve problém).
Theorem 2Letz} , € X be a global solution of problem Step 1.Givenz%ey > 0,90 > 0,0 < 1 < 1 and
(LOP), andZ,.., € X be a global solution to problem & > 1, letk = Okand gotoStep2.
(SP). Furthermore, let?, be a feasible solution to prob- Step sez” as the starting point to solve problem
lem (P’) and z, ., be ane-feasible solution to problem (SP,) min Canrenw(T)-
(P"), then we have that
Let 2} be the optimal solution obtained.
Step 3f Ifis e-feasible to probleniP’), then stop and
the algorithm has generated an approximate global solu-
tionz; of problem(P’). Otherwise, lety,+1 = Ny, ep4+1 =

0< Fla) = fagen) < —gmas’. (12)

Proofltis clear thaty " | p,(9i(Z4.0)) = 0 and nex, z® = z;and then go to step 2.
T ) < —_— " .
;pq o(9i(Zqe0)) < ; wrDw+2) 4. Numerical examples
2

B ———E In this section, we give several numerical examples to show

(v+1)(v+2) the effective of the presented algorithm. The numerical re-
< 1 v sults have been recorded in the tables following each ex-

< me .

(v+1)(v+2) ample.
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Example 1. (The Rosen-Suzki problem in [4,14]) with objective valuef* = —44.2338. In [14], the obtained
approximate global solution is (0.169234,0.835656,2.008690-

mm; mZZf ) ) ) 0.964901) with corresponding objective function value -
=@y + 23 + 223 + 2y — 5r1 — Swg — 21wz + Tay 44.233582.
subject to E le 2.[10])
xample 2
g1(2) = 223 + 13 P
+23 4+ 231 + 22+ 14 —5 <0 minimize  f(x) = 10xe + 223 + x4 + 325 + 46
) 92(x) = o} 4+ x5 + 23 g1(z) =21 + 22 —10 =0,
+$4+J)1—$2+l2‘3—1‘42—8§0 go(z) = —x1 + 23 + 24 + 25 = 0,
) 93(293):951+2352 g3(x) = —x2 — 23 + 25 + 26 = 0,
+x5+ 22—z —x4 —10 <0 ga(x) = 1021 — 223 + x4 — 225 — 16 < 0,
The corresponding probleas P) is as follows: _ gs(w) = a1 + 4wz + 25 — 10 <0,
) subject to 0<z <12,
. 5 0< a9 < 18,
(SP) minggeo(@) = f(2)+aY_ peo(oi()), 0< 25 <5,
i=1 0 <y < 12a
whereX can be taken gs-100, 100]*,and we take) = 1, 0<z <1,
o) 0 < zg L 16.
Pe.v(9i(2)) We takev = 1, the corresponding smoothed penalty func-

' 3
0, if gi(x) <0, tion problem(S P) can be constructed as
5 .
= @[91(296)] i 80 < gilz) <e, Pe.n(gi(z))
[9:(x)]* + 3elgi(@)] > — 3e2, if e < gilw),
In this example, we take = 10~%, N = 2, andn = 0.5 0, if gi(z) <0,
in Step 1. = 281512 [gz(x)]§7 ) Z.f 0< gl(x) <¢g,
l9:(2)]® + Jelgi(x)] ™ — Fes, if € < gi(a),
Numerical results for Examplel Letz0 — (0,0,---,0),e = 105,20 = 0.1, po = 1000, 7 =
Lk - 0.01, N = 2. We use the algorithm to solve the example.
1 |(0000) - After the third iteration we can get the approximate global
2 | (1.7936 18747 4.6440 — 2.7916) solution (1.806,8.194,0.498,0.308,1.000,7.692) with cor-
3 | (1.16321.2944 3.8558 — 2~0281)T responding objective function valyé = 117.010 , which
4 | (0.18880.7348 2.1767 — 1.2519) is much better than that obtained in [10].
13 | (0.1694 0.8355 2.0087 — 0.9648)7
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