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Abstract: In this paper we study new notions of stochastic comparisons and agssgslhased on the moment generating function
order of past lives. We show that the mg-pl order is preservedrua@®olutions and mixtures. We introduced some examples of
interested in reliability theory.
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1 Introduction and Motivation

Notions of positive aging play an important role in relidgtiltheory, survival analysis, economics applications,
many different areas of applied probability and statistctuarial science and other fields. Therefore , an a abeedzn
classes of distributions describing have been considerdtkiliterature, see e.8arlow and Proschan [1], Lai and Xie
[2] , Muller and Stoyan [3] and Shaked, and J.G. Shanthikumar [4] For an overview. Throughout, the terms "increasing”
and " decreasing” mean "non-decreasing” and "non-increggiespectively. All expectations and integrals are ircigly
assumed to exist whenever they are written. XetndY be two non-negative random variables, representing ecgripm
lives with distributionsF andG, and denote their survival functions fy=1—-F andG = 1- G, respectively. The
moment generating function & andG is given by the following

W (t) :./Owetxf(x)dxand%(t) :/Ometyf(y)dy

also, define . .
By (t) = / F () dx and dy (t) — / &VG(y)dy.
0 0
Let
X =[X—=tX>t], te{x:F(x)<1},
denote a random variable whose distribution is the sameeasaihditional distribution oK —t given thatX > t. When
X is the lifetime of a deviceX; can be regarded as the residual lifetime of the device atttimggen that the device has
survived up to time:. and
Xp = (t=X[t=X)

be the past (inactivity) time at tinte= {x: Fx(x) < 1}(see , for instance, Block et ab][ Li and Lu [6] , Ahmad et al .]
and Nanda et alg], and references therein. The corresponding survivaltfans of X; andX«, can be represented as

R(X) =P >Xx)=P(X—t|X>t)

F(x+t1)
Ft) -
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F(t)(X) = P(Xm > X) = P(t —X | t> X)

F(t—x)
F(t)
The mean residual lifetime (also known as the mean remalife)g MRL) deals with the residual lifetime oX. In fact

the MRL measures the expected value of the remaining lilefm-t given thatX has survival at leagtunits of time.
The mean residual life is defined formally as

px (1) = E(X —t]X > 1)

JTF(x)dx
F(t

Clearly, ux (0) = u = E(X).

Another measure of interest is the mean past lifet{iéL) However , it is reasonable to presume that in many
realistic situations the random variable is not necesseglated to the future but can also refer to the past. Foaimst
consider a system whose state is observed only at certasgigaed inspection times. If at time t the system is ingakct
for the first time and it is found to be "down” , then the failuedies on the past, i.e., on which instant in inter{@ft) it
has failed sometime before the timdt thus seems natural to study a notion that is dual to thdueklife, in the sense
that it refers to past lifetime and not future ( see Di Cregoesnd Longobardig]. The mean past lifetime (‘also known
as mean inactivity time)MPL) is thus

JoF (x)dx
H=Et-X|t>X)="2—-7—.

m(6) =Bt -X [t=X) = 2
The following de. . . nition is well known ,cMuller and Soyan [3].
Definition 1.1.

Let X andY be two non-negative random variables. The random varildesaid to be smaller thanin the moment

generating function order, denoted by

X <mgt Y If Y& (t) < W (t) forallt > 0.
Clearly from the relation betweé#k (t) and ®x (t) we have ( c.f. Karl and Muller][0]) showed that

X <mgt Y if ®x(t) < Py (t) forallt > 0.

Applications, properties and interpretations of the mongenerating function order can be found in Karl and Mulfedj
Zhang and Li 1], Li [ 12]. Actually, an equivalent condition fang — rl order is given in Wang and M4 §]. Following
this idea we introduce next a new aging classes followingéas the moment generating function of past lives order.

Definition 1.2.
let X andY be two non-negative random variablégs said to be smaller thavi in the moment generating function
order of past lifetime , denoted by

X <mg-p Y if Xg) <mg Yy forall te R 1)
Thus we have the following implications:

In this paper, we present some preservation propertieseahntiment generating function ordering of past lives (mg-pl)
order . In Section 2, we introduced two characterizatiorts rr@w aging classes using the moment generating function
order of residual lives. Some preservation results uncderatiability operation of convolution and mixtures areatdissed.
Finally, we described some examples of applications ingei@ng situations where the random variables are comparab
according to the moment generating function of past lifetonder .
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2 Definitions , Notation and Characterizations.
In this section we present definitions, notation and bagipgnties used throughout the paper. If

Xp = t=X[t=X)

be the past (inactivity) time at timtec {x: Fx(X) < 1}, given that the system or the unit, has survived up to timeet t
we get the following

t g d
%,(9= |, gy 5O @
and
telG(u)d
(DY(I)(S): 0 estélg)u,s>0 ©)

observe that by definition of g order, it holdsX <pg_p Y , i.€e.
Xty <mg Yy if and only if @ (s) < @ (s) forallt € R, s>0. 4)

A necessary and sufficient condition for thigy_ order is given in the following proposition.

Proposition 2.1:
Let X andY be two continuous non-negative random variables. Then

t
Jo&'F (u)du is decreasing i for s > 0.

X <mg_p Y ifand only if “o¥—————
ma-p JE e2G(u)du

Proof:

Let us observe that
By (5) = teYF(u)du  J5e¥F(u)du
® o €F({) 2 feF(u)du

®)

therefore givers > 0, by definitions(4) and(5) , we have
Xy < mgpY ifand only if (Dxm (s) < ‘Dv(t) (s)
5 €VF (u)du t eUG(u)du
o [t = Jo &G
St Jo€F(u)du — Jo

/s €4F (u)du
/5 e4G(u)du

is decreasing ih for s> 0.
In the following , we propose new aging classes following pinevious procedures for the moment generating function
order of past lives.

Definition 2.1.

The random variabl&X is said to have decreasing (increasing) past lives in the enbigenerating function order ,
denoted by

X € DPLg(IPLg) if Xt) <mg (mg>)X(y) for 0<ty <t.
Proposition 2.2.
DenoteW(t) = /3 €F (u)du thenX € DPLg(IPLyyg) if and only if Y(t) is logconcave (logconvex) in.

Proof:
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thus

5 €MF (u)du ( )fg,lewl:(u)du
SF(t)  — 7 ehF(h)
SFL >) eM1F (tp)

JoeHF(wdu ~ 77 [iLeXF(u)du

< Y(t) is logconcave (logconvex) in
Definition 2.2.

A probability vectorA = (A1,A2,...,An)) with A; > 0 fori = 1,2,....nis said to be smaller than the probability vector
U= (M1, Mz, .-, Hn) in the sense of discrete likelihood ratio order, denoted by, (4, if and

%S%,fcralllgigjgn.
Definition 2.3.
A functiong(x), —o < X < oo, is said to be dolya function of order 2(PF,) if
(i) g(x) > 0 for —e0 < x < 0, and

gx1—y1) 9(x1—Y2)
(ii)

>0forall —oo < X1 < X2 < 0 and—oo < y; < Yy < 00, Or equivalently,
gx2—y1) 9(X2—VYz2)

(iii) log [g(x)] is concave orf— oo, ).
The equivalence ofi) and {ii) is shown in Exercise 12, page 79,Barlow andProschan [1].

3 Preservation Properties

In this section we will develop preservation propertiesemgbme reliability operations such as convolution and unég
based on the moment generating function of past lives oflder.following theorem shows that tlieng — pl) order is
preserved under convolution.

Theorem 3.1.
Let X1, X2 andY be three non-negative random variables, whérg independent of boti; andX; , and lety have
density functiorh. If X; <pg_p X2 and h is logconcave thexy +Y <pg_p X2+ .

Proof:
From Proposition 2.1, it is enough to show that for aft @ < tp, andx > 0,we have the following

I 5 e*P (X1 < x+ u)h(ty — u)dudx _Jo Je2 €*P(X1 < X+ U)h(tz — u)dudx
I8 [ eP(Xe < x4 u)h(ty — u)dudx ~ [5 fo2e*P (X < x+ u)h(tp — u)dudx

(6)

SinceY is non-negative theh(t — u) = 0 whent < u, hence the above inequality is equivalent to

Is Jo €%Fx, (x+u)h(ty — u)dudx - Jo Jo* €%Fx, (x+ u)h(tz — u)dudx
Jo Jo P, (x+u)h(ty —u)dudx — [y Jo" €*Fx, (x+ u)h(t — u)dudx

for all 0 <t; < tp,0r equivalently

Jo Jo € Fx, (x+u)h(tz —u)dudx  [3° fo €Fx, (X+ u)h(t2 — u)dudx

()

>0 ®)

Io o €%Fx, (x+u)h(ty —u)dudx [ [ €%Fx, (x+ u)h(ty — u)dudx
by the well known basic composition formula (Karlit4]), the left side of 3.3 is equal to

h(t —u1) h(t2 —up) fg) e'SXsz (X4 ug)dx fgo eSXFxl (X4 ug)dx
/ dupdus.
U <uz

h(ti1 —u1) h(ty —up) fa”e“sz(x+ up)dx f(;ceS(Fxl(X—F up)dx
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The conclusion now follows if we note that the first determiing non- positive sincé is log- concave , and that the
second determinant is non- positive sinGe<pg_p X2 . This completes the proof.

Corollary 3.1

If X1 <mg—pl Y2 @andXz <ig_pi Y2 WhereX; is independent ok, andY; is independent of2, then the following statements
hold:

(@) If X1 andY, have log- concave densities, th¥n+Xo <mg_pl Y1+ Y2.

(b) If X2 andY; have log- concave densities, th¥n+Xo <mpg_pl Y1+ Y2.

Proof.

The following chain of inequalities, which establisd),(follows by Theorem 3.1:
X1+X2 <mg—pl X1+ Y2 <mg—pl Y1+ Y2.

The proof of ) is similar.

Theorem 3.2.

If X1, Xp, ... andYy, Ya, ... are sequences of independent random variablesX{yithy_ Y; andX;, Y; have log- concave
densities for all, then

n n
Xi<mgp > Yi, (i=12..).
2, X Smat X
Proof

Using the induction technique we prove the theorem. Cletirgyresult is true fon = 1. Assume that the result is true for
p=n-1,ie.,
n-1

;xu Srrgfpl niLYl (9)

Note that each of the two sides of (9) has a log-concave gefssie, e.g.Karlin, [14], page128). Appealing tGorollary
3.1, the result follows.

Suppose thak; ,i = 1,2,....n be a collection of independent random variables. Suppaae-tlandF; are the life
distribution and survival function of; respectively. Led = (A1,Az,...,An) andu = (U, U, ..., Un) be two probability
vectors. Let nowX andY be two random variables having the distributions functiBnss defined by and

F(x) = i)\i Fi(x) andG(x) = iuiGi (x). (20)

The following theorem gives conditions under whiXtandY are comparable with respgehg — pl) order. Actually , this
is a closure under mixture property of the moment generdtingtion of past lives order.
Theorem 3.3.

Let X3, X2, .., X be a collection of independent random variables with cparding life distributiond=, F, ..., F,
such thatXy <mg—p X2 <mg—pl ---.- <mg—pl Xn and letA = (A1,Az,...,An) andp = (Ug, ko, ..., 4n) such thatt <g y .
Let X andY have survival functior , andG defined in(10). ThenX <mg_p Y.

Proof:
Because of Proposition 2.1 , we need to establish that

n n
f5°ewzluil:.(x+u)du fc?eSJZlME(HU)dU
1= S 1=
Joe T AR(xHudu 2% S AR(y+u)dy
i=1 i=1

forall0<y<x. (11)

Multiblying by the denominators and canceling out equahteit can shown thatl1) is equivalent to

3 3 /Owes“F.(er u)du/()weS’Fj(y+v)dv
2 2K .
i #]

n n 00 00
< -)\-/ F(y+u du/ eVF; (x+Vv)dv
>~ i;;j_ul ] o I(y ) 0 J( )

i #]
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or

i il |:IJiAj /Omes“F.(x+ u)du/om e¥Fj(y+v)dv
i=1j=

i<j

+ Ui /(;mesqu(U+X)du/OooewFl(V+y)dV}

< i;gl |:I.li)”’/o es"F.(ery)dv/0 eX'Fj(u+x)du

i <j
+ UjAi /()meSVFj(V+X)dV-/()OOe&JFi(U+y)dU:| :
Now, for each fixed paifi, j) withi < j we have
[ui}\j/O eVF (v+y)dv/0 e¥'Fj(x+u)du
+ A /0 eS’Fj(ery)dV/o ewFu(UJFY)dU}
g [ R [y
+ HjA /(;weij(UﬂLX)dU/:es'Fi (V+Y)dv}
= (HiAj— pjA;) {/0 es"F.(Ver)on/0 eVFj (x+ u)dx

— A /OmewH(UH)dX/Ow eF; (V+y>dy}

which is non- negative because both terms are non- negatigedumption. This completes the proof.

To demonstrate the usefulness of the above results in rezongrimg — pl) order random variables, we consider the
following examples.

Example 3.1.

Let Xgdenote the convolution af exponential distributions with parameters, ..., a, respectively. Assume without loss
of generality thato; < ... < an. Since exponential densities are log-concave, Theorenm$Bes thatXy <mg pl Yg

whenevem; > G fori=1,....n.
Example 3.2.

Let X ~ Exp (ai), i =1,...,nbe independent random variables. XeandY beA andu mixtures ofX;’s. An application
of Theorem 3.3, immediatelf <mg_p Y for every two probability vecto and such thair <qi(f3 .

Another application of Theorem 3.3 is contained in follogvexample.
Example 3.3.
Let Xy andXg be as given in Example 3.1. For06 < ¢ < 1 andf + ¢ = 1, we have

OXa + X <mg—pl PXa + 6Xp.
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