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Abstract: A stochastic stabilization problem for a class of discrete-time switched liegurlar system is considered in this paper. By
using the Bernoulli variable, a kind of stochastic controller is develophithwensures the discrete-time switched linear singular system
stochastically stable. Based on a linear matrix inequality technology, aisoffexistence condition for such new controller is proposed,
which bridges the gain-scheduled and gain-common controller desigrodse Finally, an example is provided to demonstrate the
effectiveness of the proposed approach.

Keywords: stochastic stabilization, discrete-time switched linear singular systems, five¢gax inequalities

1 Introduction systems due to their theoretical and practical significant.
However, to the best of the authors’ knowledge, few
Switched systems belong to a special class of hybridresults exist for the class of discrete-time SLS systems.
control systems, which consist of a finite number of There are two reasons that account for this situation. One
subsystems and a logical rule that orchestrates switchings singular systems are difficult to tackle since stability,
between these subsystems. And singular systems (alsegularity and causality should be considered at the same
referred to as descriptor systems, implicit systemstime [16]; the other is switching between several
generalized state-space systems, differential-algebraidiscrete-time singular systems makes the problem more
systems) have comprehensive practical background, greaomplicated. Ref. [19] and [21] studied the reachable and
progress have been made in the theory and itobservability problems respectively. Moreover, Ref. [16,
applications since 1970s. Both of them have attractedl7, 20, 22-25] studied the stability problem. Ref. [11, 18,
much attention in recent years because of their ability to22] gave methods to design controllers for SLS systems
capture the dynamical behaviour of many naturaland the controllers designed there are all gain-scheduled
phenomenal]]-[ 6]. The stabilization problem is one of the controllers (where different controllers are designed for
most important control problems. It consists of designingeach operating point and controllers are switched when
a controller which guarantees that the closed-loop systenthe operating condition change).
will be stable and has some desired specifications. This It is very known that for discrete-time SLS systems,
problem has attracted a lot of researchers and manyhe traditional controller design methods are generally
results have been reported in the literature either for theclassified into two categories: a gain-common (GC)
deterministic systems and the stochastic offe$10]. controller and a gain-scheduled (GS) controller. A GC
On the other hand, switched linear singular (SLS)controller is to design a common gain for each subsystem
systems are an important class of switched systemsand a GS controller is to design different controllers for
which arises from, for example, electrical networks andeach subsystem. But as we know criteria obtained through
economic systems [11-14, 21, 22]. This kind of systems isthe GS controllers are less conservative than the ones
switching among a set of singular systems. In recentobtained by the GC controller because it's difficult to find
years, more and more attention has been paid to SL$he common gain to satisfy the different subsystems.
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However in many practical applications, such as networkprocess and is described as

control systems, the signal is transmitted through an

unreliable network and suffers induced time-delay and (k) = { 1 ifthe subsystem is activated successfully
packet drop. Based on this fact, it is claimed that the GS 0 otherwise

controller is very ideal, which has the application scope 3)
limited. As a result, it is seen that both of them are two Then, we have

extreme design methods. Motivated by the above

investigations, we will consider the stabilization prahke Pr{a(k) =1} =¢(a(t)) =a (4)
for discrete-time SLS systems via a stochastic approach, Pr{a(k) =0} =1-a

which will make a bridge between them.

In this paper, the stabilization problem of Moreover, it can be readily verified that

discrete-time SLS systems via exploiting a stochastic B o

controller is studied, where the resulting closed-loop é(@-ak))=1-a ()
system is stochastically stable. For discrete-time SLS e((a(k)—a))=0 (6)
systems, it is known that the switching property and e((1—a(k)?) = (1—a)? 7)

singular derivative matrix will lead to a strong coupling
between the switching Lyapunov matrix and common remark 1
controller, which make the controller design complicated. |, this paper, Bernoulli variable (k) is introduced to

In order to deal with such problems, sufficient condition gypress the activated probability of the subsystem of
for the existence of a kind of stochastic controller (SC) is giscrete-time  SLS systems available to controller

obtained as strict linear matrix inequalities (LMIS). operation. It is the first time that (k) is used for the

Compared with traditionally GS and GC controllers, the gtapilization problem in discrete time SLS systems.

accessible probability of mode is taken into considerationCOmrary to other papers such as in [29,30] whef&)

in the presented design method, whose advantages a(g,g used, the problem is more complicated for

also illustrated by an example. , _ discrete-time SLS systems, because the model in this
Notation: R" denotes the n-dimensional Euclidean naner has multiple subsystems. In addition, contror (

space, an®®™"" is the set of allnx n real matricese(-) s |ess conservative than GC, which also has more

is the expectation operator with respect to somegpjication scope than GS and whose superiorities are
probability measure.N(X) denotes the right zero justrated by a numerical example.

subspace of X for a given vector or matix.We use'*’
as an ellipsis for the terms induced by symmetry in Remark 2 . - .
Compared with the traditional controller design

symmetric block matrices anddiag{---} in a :
block-diagonal matrix, aneM)* 2 M+ M. methods, controller (2) is more advan_tageous. Because
’ the GC controller design method finds a common
controller for all subsystems, the solvable solution set is
. smaller than the one generated ). When the mode is
2 Problem Formulation accessible with some probability and there is no solution
_ ) ) . to a GC controller, we may still get an effective controller
Consider a class of discrete-time SLS systems describeg form (2). In this sense, it is said that the GC controller
as design method is an overdesign and is more conservative.
Eix(k+1) = Ax(k) + Bii (k) @) Applying controller @) to system {) results in the
wherei : {0,1,---} - A = {1,2,---,N} is the switching following discrete-time closed-loop switched singular
law; x(k) € R is the state vector;(k) € R™is the control ~ system of the form
input. MatrixE; € R™" may be singular, which is assumed ~ -
to berank(E;) =r < n. A andB; are known matrices of Eix(k+1) = Ax(k) + (a (k) — a)Ax(k) (8)
compatible dimensions.

For discrete-time SLS systems, the traditional where
controller design methods are generally classified into A = {A+Bi[(1— a(k)K+aKi]}
two categories: A pw 9)
A = BiKi
Ui (K) = Kix(t), ui (k) = Kx(t) let
where both of them are two extreme design methods. In A ={A+Bi[(1-a)K+akKi]} (10)
this paper, a stochastic controller is developed as follows pefinition 1. The set of finite or countable time and active
u(k) = a (K)Kix(K) + (1 — a (k) )Kx(K) ) subsets is called a switching sequence, thétis,io),

(Te,i1),- -+, (Ts,is) fandTp < Ty < -+ < Ts < o,i € (1,2,
whereK; andK are controller gains to be determined and ***-N),j =1,2,---,n.
a(k) is an indicator function satisfying the Bernoulli Definition 2.Consider the systen®)
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1)Foragiven € A\, the pair(Ei,A,-) is said to be regular
if there exists a constant scake C such thatdet (sE —
A) #0.
The discrete-time SLS syster8)(is said to be regular if
every pair(E;,A),i € A is regular. .

2)For a giveni € A, the pair (Ej,A) is said to be
causal if there exists a constant scagat C such that
deg(det(sE — Ay)) = rank(E).
The discrete-time SLS syster)(is said to be causal if
every pair(E;,Aj),i € A is causal.
Definition 3. Consider the systen8)

1) Discrete-time SLS system8)( is said to be
stochastically stable if there exist symmetric matrices
V; > 0 and correspondent switching law, such that

e(AVi(Eix(K))) =Vi[Eix(k+1)] — Vi[Eix(k)] < O
2) Discrete-time SLS (8) is said to be stochastically

admissible if it is regular, causal and stochastically Istab
Assumption1[22]. For anyi € A, N(E;) is the same.

3 Stochastically Stabilization Analysis and
Design

Theorem 1.

Suppose Assumption 1 holds, then the resulting
closed-loop system (8) via given controller (2) is
stochastically admissible for arbitrary switching laws if
there exist symmetric matriceég > 0 , such that the
following coupled inequalities hold for alle A .

ETVIE >0
AVIA —E[ViE

(11)
(12)

Proof:

which implies tha#\l, is nonsingular. Then, for eagle A

, pair (Ei, Aj) is regular and causal.

Because inequality (12) holds, the following inequality is
satisfied

£(AVi) = {x" (WA ViAx(K)

+ (1 —a)x" (K)ATViBiKx(K)

+ ax" (K)ATViBiK;x(k)

+ (1—a)x" (KKTBTVAx(K)
+(1—a)*" (kKT B ViBiKx(K)
+a(1-a)x" (KKTBTVBiKx(k)
+ax" (KK B ViAX(K)
+a(1—a)x" (KK BMViBKx(k)
+ a" (KK BVBiK;x(k)

—x" (K ETViEix(k) < 0

)
)
)

(17)

That is
AV, = X" (k+1DETVIEx(k+1)
—x" (KETVIEix(K)
_ {XT(k){A-T +[(1—-a(k)KT +akIB}
+(a(k) —a)xT (KK BT

{A +Bi[(1—a(k)K+aKix(k)}
+(a (k) — a)BiKix(k)
—x"(K)ETVIEix(k) < 0
Then system (8) via given controller (2) is stochastically
admissible.

Remark 3
Via giving controller (2) before hand, theorem 2 gives
a sufficient condition for stabilization of discrete-time

" }vi (18)

. . T 3 3 -
First, we show that discrete-time SLS (8) is regular andSLS System (8). Becausg is singular, andg; VIE; is
causal. It is known by reference [22] that there always existP0Sitive semi-definite. Then the inequality (12) can only

nonsingular matrice®!; andN, such that

MiEN = “)8} MiAN = m; Qﬂ
~Tyina—1 \:/il\:/iz

From (11), we hav®i; > 0 .Similarly, by pre-multiplying
and post-multiplying (12) b\T andN , respectively, one
concludes that

be transformed to a non-strict LMI inequality, therefore
we can’'t obtain the controller. So we apply congruent
transformation method to get solve the problem.

Theorem 2.

Suppose Assumption 1 holds, then the resulting
closed-loop system (8) via given controller (2) is
stochastically admissible for arbitrary switching laws if
there exist matrixG and symmetric matriceg¢ > 0, such
that the following LMIs hold for ali € A.

ETVE >0 (19)
* * )
« ALV A+ H +HT} <0 (14)  following
(AG)" —(1—a)(BY)"
where I —a®Y) - P b
H= AiZViZAi4+ EAi4Vi4Ai4 (15) AG-— (17 a)BiY Z(G)* ﬁ ﬁ o
/. T -
wherex denotes the terms that are not used in (15). Taking —aBYi -G A
into account (14) ansli; > 0, it is obtained 0 G+l Vi—2 - ¢
G+l 0 0 —-E'ViE-2
H+HT <0 (16) (20)
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Then the desired controller gain of form (2) is given as

Ki=-YG1K=-YG! (21)

Proof:

Taking into account (21), it is obtained by (20) that

[ {AG+Bi[(1-a)(-YG 1) +a(-Y,G )G}
+GT{A+Bi[(1-a)(-YG)
+a(-YGH]}T -GT -G}
{A+Bi[(1-a)(-YG™Y)
+a(-YG H}G-GT
0

where
sioo 4000
—1A.
y GOA?g Z,—|0Go00
0 ol 0010
- 000l
10000
01000
2. 00100
= lo0o00I0
0000l
G000O
So we get

ATVIA —ETVIE <0 (27)

L G+ Then it implies that Theorem 1 holds, which means that
4 4 4 closed-loop system (8) via controller (2) is stochastjcall
_26l26T ¢ 4 - admissible.
G+l V-2l 4 (22)  corollary 1 . _
0 0 —ETVE -2 Suppose Assump'uon. 1 holds, then respltmg
— T AT closed-loop system (8) via an GG@i(k) = Kx(t) is
AG+G'A *TG -G # . f stochastically admissible for arbitrary switching laws if
_ AG-G —2G-2G" there exist matrixG and symmetric matricég > 0, such
0 G+lI  Vi—-2 that the following LMIs hold for ali € A .
e+ ° ° E'VE >0 (28)
ﬁ i 1= =
!
< O 23 * * *
L @) e -@Yy @ ¢ :
~ETVIE -2l AG-BY-G' —(2G)* 1 i
0 G+l Vi—-2 1
G+l 0 0 —E'VE-2
Let
<0 (29)
AG+ g_TAT _G"_G 4 ¢ ¢ Then a desired controller gain of form (2) is given as
AG-GT -2G-2G" ¢ ¢ vl
0 G+l V-2 ¢ K=-YG (30)
8 8 8 _Ol Corollary 2
G 0 o 0 Suppose Assumption 1 holds, then resulting
+ closed-loop system (8) via an G&(k) = Kix(t) is
f il stochastically admissible for arbitrary switching laws if
g # there exist matrixG and symmetric matriceg¢ > 0, such
il i that the following LMIs hold for ali € A .
f 4 (24)
) 4 EViEi > 0 (31)
0 —E'VE -2l
Gy @y (o b :
L AG-BY -G —(26)" 1 f
then, it is concluded that 0 G+l Vi—2l ;
G+l 0 0 —E'VE-2
Q1(k) = 2] 2] 28 Q4(k) 232,21 < O (25) <0 (32)
o 'A*iTViAiV—'KlEiT VIEi AiTYi 8 0 (26 Then a desired controller gain of form (2) is given as
0 0 —I Ki=-YG* (33)
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Remark 4 By theorem 1 in reference [29], it is known that there exist
It is noticed that the criteria obtained in this paper are

related to the stochastically stabilization problem of , _ | 0.5536 —0.0541) | = | 0.5269 —0.0476

discrete-time SLS systems. However, because of system + | —0.0541 05039 |’'2~ | —0.0476 05913

derivative matrix E; satisfying rank(E;) = r < n, the )

results of normal switching systems can also be obtaineguch that the closed-loop system is stable.

easily via similar methods. From this example, it is concluded that the operation

mode signal of the desired controller can suffer 20% loss.

4 Numerical Examples _
5 Conclusion
Example: Consider a discrete-time SLS system of form

(1) with In this paper, we have investigated the stochastically
0.5 0.6 106 18 2 stabilization problem for a class of discrgte—time SLS

Ei= [ 1 1'2} B = {1 1'2] AL = {0 '15 1} systems. Instead of a GC Lyapunov function method, a

' ) ' new kind of design method referred to be a CS controller

A, — 1 2 B —-105 B, -10 is proposed, which bridges the following two extreme
2= 104151|° 1 2 01 cases: GS and GC controller design methods. Sufficient
Bv Corollary 1. it is known that there is no solution to a criteria for CS controller are given in terms of strict LMIs.
y yi . 2.2 Finally, the utility of the developed theories are illust
GC. It means that one cannot design a stabilizing

controller without any mode information. On the other by a numerical example.
hand, by Corollary 2, it is obtained that
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Then, one has the controller gains of form (2) as
—0.7832-1.7636 —0.0338-1.7996
Ki= Ko =
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