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Abstract: The induced moment exponential distribution is introduced with a flexible probability density function that can decrease,
while its hazard rate exhibits increasing patterns. These properties make it suitable for survival analysis, reliability, and uncertainty
modeling. Several distributional characteristics are derived, including moments, moment generating function, probability-weighted
moments, and measures of skewness and kurtosis. Parameter estimation is addressed using maximum likelihood, maximum product
of spacings, and Bayesian methods. To evaluate the efficacy of these estimating approaches across varying sample sizes, Monte Carlo
simulations are performed. The efficacy of each estimator is evaluated through comparisons of average relative bias and mean squared
error, highlighting their suitability for the samples used. Three applications utilizing real-world datasets related to physics and reliability
data demonstrate the significance of the new model in relation to several established competitive models. This empirical investigation
further supports the utility and adaptability of the induced moment exponential model in capturing the intricacies of distinct datasets,
hence delivering significant insights for practitioners in numerous domains.
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1 Introduction

One of the primary challenges in contemporary research is modeling real-world data. This requires the application of
appropriate statistical distributions that accurately represent the data's underlying structure. These distributions allow
researchers to estimate key demographic features and extract important functions from the sampled data. In addition to
its distribution, the data's failure rate or hazard rate function (HRF) behavior is sometimes referred to as its shape.
Numerous statistical distributions, each with its own characteristics and applications, have been developed. Among
these, the exponential family of distributions is the most widely used one-parameter family for modeling lifetime data.
Furthermore, the first lifespan model for which inference techniques were widely used was the one-parameter
exponential distribution (ED), established in the reliability studies and life-testing literature; refer to Barlow and
Proschan [1]. According to Marshall and Olkin [2], extended exponential distributions that are obtained by adding one or
more parameters are the most widely utilized families of life distributions. The ED's memory-less nature and steady
failure rate are two factors contributing to its significance. Since it is rare to see any system or object with a
time-independent hazard rate, the applicability of ED is restricted to a constant hazard rate. As a result, numerous ED
generalizations that are inappropriate for the real-world issue have been put forth in previous studies.
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By giving well-known exponential distributions linear weights, Dara and Ahmad [3] created the moment exponential
distribution. The length-biased distribution is another name for the moment exponential distribution. Thus, the length
biased distribution is a particular instance of the weighted distribution, which is a more generic form. There are several
uses for the length biased distribution notion in the biomedical field, including disease survival and family history. In
addition to certain fundamental theorems for weighted distributions and length bias as particular cases, Patil and Ord [4]
provided a list of the most popular weight function types that are helpful in scientific and statistical literature. The length-
biased form of a mixture of discrete distributions is a mixture of the length-biased versions of these distributions, according
to the researchers' findings. Patil and Rao [5] provide a table for a few fundamental distributions, including the lognormal,
gamma, Pareto, and beta distributions, along with their length-biased versions. A novel class of weighted exponential
distribution was examined by Gupta and Kundu [6]. This distribution has uses in a variety of domains, including species
abundance research, social and behavioral sciences, and ecology. By establishing a connection between the initial random
variable X and its length-biased variant Y, Khatree [7] provided a helpful conclusion. Additionally, Elgazar et al. [§]
introduced the truncated version of the moment exponential distribution.

A random variable X follows a moment exponential distribution, if its probability density function (PDF), cumulative
distribution function (CDF), and expectation are expressed as follows:

f(x;0) = %e%7x>0,6 >0, )
X =
F(x,@):l—(l—&—g)ee,x>079>0, )
and
E(X) = 26. 3)

This distribution combines mathematical simplicity with the flexibility to model lifetime data characterized by an
increasing hazard rate. Consequently, it serves as a practical alternative to classical models such as the exponential,
gamma, and Weibull distributions in applications involving reliability analysis and biological or clinical studies. Moreover,
several of its statistical properties, including the moments, survival function, and moment generating function can be
obtained in closed forms, which facilitates efficient parameter estimation and statistical inference, see [9, 10, 11].

The idea of weighted distributions is one way to create new distributions. The analysis of weighted distributions is
useful in distribution theory because it helps to better understand normal probability distributions and provides methods
for extending them to represent lifetime data by adding a parameter, which adds flexibility to their properties. When
clustered sampling, heterogeneity, and extraneous variation within the dataset are modeled, weighted distributions are
produced. In order to combat determination biases, the concept of weighted distributions was first put up by [12] and then
codified by [4] in a thorough theory that addresses problems in which observations are made in a non-experimental, non-
replicated, and non-random manner. If a researcher uses a certain stochastic model to record observations in nature, the
distribution of those observations will differ from the original distribution unless every observation has an equal chance
of being recorded.

The Induced Moment Exponential Distribution (IMED) is constructed based on the weighted distribution framework.
Generally, if X is a random variable with probability density function (PDF), the PDF of the weighted distribution, denoted

by f(x), is defined as:
w(x)f(x)

T Eow() f()dx

where w(x) > 0 is a non-negative weight function. For the IMED, we employ the moment inducing mechanism by setting
the weight function as w(x) = x”. In the specific case where = 1, this simplifies to the length-biased (or size-biased)
exponential distribution. By incorporating the rth moment, the resulting IMED provides additional flexibility in the shape
of the density and hazard functions compared to the baseline exponential distribution.

Weight functions are situation-specific and have been proposed by a number of scholars. For example, a few properties
of bivariate weighted distributions were examined in [13]. [14] introduced the length-biased weighted new Quasi Lindley
distribution. The weighted Nwikpe distribution was suggested by [15]. [16] proposed the weighted Zeghdoudi distribution.
The Suja distribution ought to be weighted, per [17]. A review of weighted distributions was given by [18]. [19] introduced
the weighted generalized Quasi Lindley distribution. The induced distribution is a variation of the weighted distribution
that Singh and Das [20] study. It is distinguished by the following PDF:

i) = .

Jw(x)

x>0, 4

where E(X) is the expectation of the underlying random variable X and F(x) is the cumulative distribution function
(or CDF). Using the idea of an induced distribution, Singh and Das [20] suggested the induced Garima distribution as a
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variation of the Garima distribution. A variation of the induced model of the Ailamujia distribution was recently introduced
by Abdelwahab et al. [21].

To demonstrate the practical relevance of the proposed model, two real datasets are analyzed. Analyzing these
datasets not only highlights the flexibility of the proposed distribution in modeling skewed and heavy-tailed data but also
underscores its potential applicability in material science, reliability engineering, and survival analysis.

The limitations of the classical exponential distribution, particularly its constant hazard rate, have driven the
development of more flexible models such as weighted and length-biased distributions. Among these, the induced
moment exponential distribution (IMED) provides greater adaptability, with the ability to capture decreasing, skewed,
and heavy-tailed behaviors, as well as diverse hazard rate shapes. These features make the IMED especially relevant for
survival analysis, biomedical studies, reliability, and uncertainty modeling. However, its statistical properties and
estimation procedures remain underexplored, motivating a comprehensive study to establish its theoretical foundations,
assess estimation techniques, and demonstrate its applicability to real-world data.

This paper is organized into seven interconnected sections. Section 2 introduces the formulation of the proposed
distribution. Section 3 explores its fundamental statistical properties, supported where appropriate by graphical
illustrations and numerical tables. Section 4 presents three estimation approaches, namely maximum likelihood (ML),
maximum product of spacings (MPS), and Bayesian estimation (BE). Section 5 reports the findings of a comprehensive
simulation study. Section 6 demonstrates the practical utility and flexibility of the distribution through the analysis of two
real datasets. Finally, Section 7 concludes the paper with a summary of the main results and possible directions for future
research.

2 Induced Moment Exponential Distribution

In this part, we propose a novel enhancement of the moment exponential distribution by taking into account the idea of
induced distribution, which is defined in Eq. (4). The PDF and CDF of the IMED may be found by replacing Eqgs. (2) and
(3) in (4) as follows:

1 _x
f(x;6)=ﬁ(9+x)e o, x>0,6>0, (5)
and
F(x-e):l—(1+i)e—% x>0, 6>0 6)
’ 260 ’ ’ '

Figure 1 shows the forms of the PDF and CDF for the IMED. The possible formats of the IMED's PDF for specific
parameter values of 0 are shown in this Figure. The PDF's plot makes it evident that it displays a declining, right-skewed,
and reversed J-shaped pattern. Additionally, the IMED's CDF plot shows a rising function for every parameter value that
was selected. Additionally, Figure 2 provides the 3D plots of the PDF and CDF of the IMED.

The survival function (SF) and hazard rate function (HRF), as determined by PDF (5) and CDF (6), are provided by:

S(x;0)=1—F(x;0) = (1-1—%)[%’

and

h(x;6) f(x;0) _ 0+x .
s(x;0)  6(20+x)

The behavior of the SF and HREF is illustrated in Figure 3 using a variety of values for 6. The IMED's HRF exhibit
slightly increasing form, while the shape of the SF function exhibit decreasing pattern. To support these plots, the 3D plots
of the SF and HRF are shown in Figure 4.

In this subsection, we derive the Cumulative Hazard Rate Function (CHRF) and the Reverse Hazard Rate Function
(RHREF) for the IMED

H(x:0) = —In[S(x;6)] = —In ((1 + %) e—%)

and
f(x:60) (0+x)e b .
F(x0) 262 {1— (1—1—%)@’%}

T(x;0) =
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Fig. 1: The plots of PDF and CDF for the IMED at different values of the parameter 6.
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Fig. 2: 3D plots of the PDF and CDF for the IMED at different values of the parameter 6.

3 Basic Properties

Some significant statistical characteristics of the IMED are derived in this section.

3.1 Moments and Related Measures

Distributional moments of the IMED, a crucial part of any statistical investigation, are obtained in this subsection. By
using moments to determine skewness and kurtosis coefficients, one can examine some of the most significant features
and characteristics of a distribution. The function that generates moments is derived. The following is the result of f, if X
possesses the PDF in Eq. (5):
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Fig. 3: The plots of SF and HRF for the IMED at different values of the parameter 6.
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Fig. 4: 3D plots of the SF and HRF for the IMED.

o0 1 o X 1 o X °° X
[ZL,:/O X f(x;0)dx = 2—92/0 x'(0+x)e 0dx = 702 [9/0 x’e_ﬁdx—}-/o X tem8dx ] .

To evaluate the integral, let u = %, which implies x = Ou and dx =0du. As x —0,u— 0 and as x —oo,u— co. The

integral becomes:
9}“ o o
TS 5 [/ u’e_“du—|—/ ur“e_“du] .
0 0

Using the definition of the gamma function y(r) = [;° u"~'e~“du. Thus, the [1, is given by:
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r

By = %[y(r+1)+y(r+2)]. )

Also, by entering » = 1,2, 3,4, into Eq. (7), the first four moments of the IMED may be obtained. The following can
be used to determine the variance and the first four moments' respective relations:

.6 _ 36
fu=3r2)+rB)]= -
62 )
fo = —[y(3)+7(4)] =467,
A N
b=> [v(4)+v(5)] = 1567,
4 4
fu = —[¥(5) +¥(6)] = 7267,
and
902 7
_4092_ 2% _ 12
var =40 ) 49 .

The initial four moments, variance (62), standard deviation (SD), and index of dispersion (ID) are numerically
represented for various values of the parameter 8 in Table 1. All moment measures, variance, standard deviation, and
index of dispersion rise, as the parameter increases. Additionally, we can observe that the IMED is right skewed, and that
the distribution is greatly leptokurtic.

Table 1: Moments and some measures of the IMED.

6 W 3 Ha o’ SD ID

05 075 1 1.875 4.5 0.4375 0.6614 0.5833
1.5 225 9 50.625 364.5 39375 19843 1.75

25 375 25 234375 28125 109375 33072 29167
35 525 49 643.125 10804.5 21.4375 4.6301 4.0833
45 675 81 1366.875 295245 354375 59529 525

5.5 825 121 2495.625 658845 529375 7.2758 6.4167
6.5 9.75 169 4119375 1285245 73.9375 8.5987 7.5833
7.5 11.25 225 6328.125 2278125 98.4375 99216 8.75

8.5 12.75 289 9211.875 375844.5 126.4375 11.2444 9.9167
9.5 14.25 361 12860.625 586444.5 157.9375 12.5673 11.083

3.2 Moment generating function
The moment-generating function (MGF) is a key tool in probability theory, as it provides moments, facilitates the study
of sums of random variables, and uniquely determines the distribution. The MGF of the IMED, based on the PDF (5) in
Eq. (8), is given by:
00 1 oo
M,(t) =E (%) :/0 & f(x;0)dx = ﬁ/o (6 —|—x)e_($_')x. (8)

Then, the MGF of the IMED is given as:
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YR N 1 _2—6r oL ©
S 2|1-6r (1—-60)%] 2(1—61)% 0

3.3 Quantile function

A frequently used statistical method for identifying key percentiles and assessing a distribution's statistical characteristics
is the quantile function (QF). The inverse of the distribution's CDF yields the quantile function. Similar to the CDF, the QF
offers a thorough analysis of the distribution's statistical properties. Therefore, understanding every facet of it is essential.
The quantile function of X is defined as Qx (p) = Fx~!(p), where p € [0,1], as it is important to remember that the CDF
described in Eq. (6) is continuous and strictly rising. The QF is determined as follows:

4o-)e b =1-p,
(143 P
By substituting z = 7, then x = z0, hence we can get:

(—2-2)e ¥ ==2(1-p)e?,

Hence, the solution of z is given by:

—[Woi [-2(1 = p)e?] +2],
where, W (.) is the Lambert function. Then the quantile function of the IMED is given as follows:
x=—6[W_[-2(1 —p)efz] +2].

Specifically, by substituting p = 0.25, 0.5, and 0.75, we obtain the first, second (median), and third quantiles.
Furthermore, predicated on the quantiles, Bowley's skewness (ws), and Moor's kurtosis (@), are provided respectively
by the following relations:

W5 =

0(0.75) —20(0.5) + Q0(0.25)
0(0.75) — 0(0.25) ’
and

~ 0(0.875) — 0(0.625) — 0(0.375) 4+ 0(0.125)
- 0(0.75) — 0(0.25) '

3.4 Order statistics

There are several uses for order statistics in reliability analysis and statistical estimation. In the context of the IMED, we
present the fundamentals of order statistics. Using the PDF and CDF given in Eqgs. (5) and (6), respectively. Let
X1,X5,...X, be independent and identically distributed random variables taken from the IME distribution. Next, the
following formula is used to calculate the density of the j"order statistic:

n!

Froy =y () (Fx (0) 7 (1=Fx ()",
OG- n—j)!
for j=1,...,n. The PDF of the j" order statistic for the IMED is determined as follows:
x X x]n—J
=Gty e @0 1= (g ) < ((tegg) e
=it e @+ - (1435)- 2)
thus, the PDF of the largest order statistic X(,,) is expressed as follows:

Sxw= {292 (6+x)e 5} [1_ (1+29> eig}ﬂ*l |

and, the PDF of the smallest order statistic X(y) is determined as follows:

Fry= [292 (BF2)e g} [(“ﬁe)ggril'

n! =1
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4 Classical Estimation

Currently under investigation are various non-Bayesian estimate techniques for the parameter 6.

4.1 Notation and Preliminaries

In this section, we present various estimation techniques for the unknown parameter 8 of the IMED. For the sake of clarity
and consistency throughout the manuscript, the following notations are adopted: Let X;,X>,...,X, be a random sample
of size n drawn from the IMED. We denote the Maximum Likelihood Estirr}ator (MLE) as éML, the Maximum Product
of Spacings Estimator (MPS) as 0ysps, and the Bayesian Estimator (BE) as 0. Additionally, the log-likelihood function
is represented by £(0), and the observed Fisher information is denoted by 1(6). All statistical properties and simulation
results in subsequent tables and figures will adhere to these specified notations (see [22,23,24,25,26,27,28]).

4.2 Maximum likelihood estimation

Let x1,x2,...,x, represent a random sample from a random variable w that adheres to the IMED. The parameter 6 is
estimated using the maximum likelihood (MLE) approach by maximizing the next equation:

n 1 x5

L(6]x) :H<262(9+xi)€ 9) . (10)
i=1

The log- likelihood function is given by

(=log(L) = —nlog(292) + Z log (0+x;)— Z %
i=1 i=1

i=

The MLEs of the parameter 6 , are derived by maximizing the function ¢. We can verify this by calculating the first
derivatives of the function 1 and equating the outcomes to zero, which will provide the estimates of the IMED as below:

ol —n & 1 " x;
360 X6t T Lo D

i=1

By setting the Eq. (11) to zero, we can obtain the estimates of the parameter 6. To determine the ML estimates of the
parameter, we utilize computational tools by solving Eq. (11) where its derivative is set to zero. Since it is not feasible to
derive exact confidence intervals for this parameter, we rely on approximate methods. As a necessary step, we compute
the second-order partial derivatives, which are essential for constructing the Fisher information matrix. This matrix is then
used to approximate the confidence intervals.

R4

where,

2% n

30 "0 Ligiay
The (1-y) 100% confidence interval for the parameter 6 and can be shown as below:

(6r,60) = éizl_%m,

where,  is ML estimators of 0,z,_ 7 is the percent of the standard normal distribution, and var (é) is the asymptotic
variance of ML computed utilizing the inverse for the information matrix.
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4.3 Maximum product of spacings method

Cheng and Amin [29] and Ranneby [30] separately created the MPS approach, which provides an alternative to ML
estimate. The researchers looked at a number of MPS estimator properties, showing that MPS offers reliable and
asymptotically efficient estimates in scenarios where ML estimators might struggle. This is especially noticeable when
the probability function is unbounded, as in the case of mixed distributions and heavy-tailed distributions with unknown
size and location parameters as described by [31]. Therefore, the MPS strategy preserves nearly all of the ML method's
features in large datasets while mitigating some of its intrinsic constraints [32]. For more details see [33,34,35].
According to the IMED, a random sample's uniform intervals are defined as follows:

D,(G) :F(x,-;n|9)fF(xl-,1;n\9)7 = 1,2,....,}’1,

where, F (x0.,|0) = 0 and F (x,+1.4|0) = 1. Obviously Z;’Ll D;(6) = 1. Consequently, the following are the MPS
estimators for the unknown parameter:

In contrast, by improving the function

The MPS estimators for the parameters 8 are obtained by employing numerical methods to solve the non-linear
equation agéo) = 0, necessitating a numerical solution. The established asymptotic equivalence between the ML and the
MPS approach, as indicated by [29], is the basis for the asymptotic confidence intervals for the parameters and that are
obtained from the MPS estimation. Thus, the parameter using MPS have a (1-y) 100% confidence interval developed as

follows:

Bups £ gy var (éMPS) )

where, éMps is the MPS estimators of 6, 7, _ 7 is the percent of the standard normal distribution, and var (éMPS) is the
asymptotic variance, computed utilizing the inverse for the information matrix.

4.4 Bayesian estimation

This sub section covers the difficulty of developing Bayes estimators (BE) for the parameter 0 of the IMED . In Bayesian
inference, it is assumed that the unknown parameters are random variables with a joint prior PDF. The prior PDF may
be computed utilizing antecedent information and experience. In the absence of prior knowledge, non-informative priors
may be employed for Bayesian inference. We assume that 6 is independent gamma random variable with prior PDF as
follows:

7(0) < 8 Lexp(—b0), 0 > 0,a > 0,b > 0,

where, a and b are designated hyper parameters intended to represent the prior distribution of the unknown parameter.
Therefore, we suggest that you use independent gamma priors for the parameter 6 of the IMED, as the gamma distribution
is extremely flexible. The posterior density function of the parameter 0 is derived by multiplying the likelihood function
by the prior according to Bayes' theorem, and it is described as follows:

v (6l o FOLLO)

Jy m()L(6)d6" (12)

Hence, it can be expressed as follows:
m

1 X
7 (61) = 0 exp(—b0) [ ] o0 (0 +x) e
i=1

To enhance the practicality and significance of Bayesian statistical inference, it is essential to account for both
symmetric and asymmetric loss functions. According to [36], a loss function is a real-valued function that encompasses
all feasible parameters and estimates. Employing an asymmetric loss function augments the flexibility and applicability
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of Bayesian inference in scenarios where the consequences of overestimation and underestimating diverge. These
functions guarantee that the inference process stays resilient and pertinent across diverse parameter estimators. Examine
the squared error loss (SEL) function, defined as:

L(6-8)=(6-0),

This loss function is symmetric, meaning that it equally penalizes both overestimation and underestimation. For any
function of 6, the Bayesian estimation g(6) under the SEL function is expressed as:

éps(0|x) = Eg|<(g(0))

and

_ Jo 8(0)m(6)L(6|x)d6
Eo (5(9)) = 0]5’" 7(0)L(0]x)d8

The ratio of various integrals in Eq. (13) remains ambiguous. The MCMC approach is utilized to generate samples
from the joint posterior density function as specified in Eq. (12). The MCMC methodology is specifically executed by
the Gibbs sampling method within the Metropolis-Hastings (M-H) framework. The Bayesian estimation of the parameter
0 for the IMED is analytically unmanageable due to the model's complexity. Obtaining closed-form solutions is
challenging under the parameters of the IMED. To address this difficulty, we recommend use the MCMC method, a
robust computational technique for estimating posterior distributions in the absence of analytical solutions; refer to Eq.
(13). The MCMC approach produces a series of samples that estimate the posterior distribution of model parameters by
simulating a Markov chain that converges to the desired distribution. These samples can be utilized to estimate posterior
statistics, such as the mean, which functions as Bayesian estimates for 8. The histograms of the posterior samples were
analyzed to evaluate convergence and the characteristics of the posterior distributions, as illustrated in Figure 5.

13)

DENSITY

f TR ]

T T T T T

o 2000 “A4O0O0 SO000 SO000 2.0 25 = O 3 5 “ O
Iteration =

Fig. 5: Plots of trace and histogram for 8 = 2.5 and n = 50.

5 Simulation Study

The effectiveness of the estimation techniques described in Section 4 is evaluated in this section. The IME model was
used to create simulated datasets, and the estimating techniques discussed were used to determine the unknown values.
Over the point estimation of the parameter 6, two different metrics were used to evaluate the correlation performance:
relative bias (RBIAS), and mean square errors (MSEs). Also, average widths (AWs) and coverage probabilities (CPs) are
used to gauge how well 95% confidence interval’s function The following describes how to use the inversion approach to
gather random samples from the IMED:

The IMED yields random samples X1, X>,....X, with sizes n = 50, 100, 150, and 200. We look at the values of the
parameter 6 = 1.5, 2, 2.5, 3, 3.5 and 4. These values and sample sizes variables are used to evaluate the IME model's
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estimates. The parameter values were chosen to cover a range of behaviors observed in real-world applications, such as
reliability and survival studies, based on values commonly used in similar research. Sample sizes ranging from 50 to 200
were selected to evaluate the impact of sample size on estimation accuracy, with larger samples providing more reliable
results and smaller samples reflecting typical practical scenarios. In each simulation iteration, we produce 500 bootstrap
samples and gather 8000 observations for the Markov chain Monte Carlo (MCMC) process. The initial 1000 observations
were utilized as burn-in to mitigate the effects of the initial distribution. Furthermore, throughout the thinning procedure,
every fifth observation is chosen to diminish reliance and improve the robustness of the study. For different parameter
values, the estimations' relative biases and MSEs are computed. Tables 2 to 7 display the outcomes of the simulation
analysis. All simulation results were obtained using R language scripts. The following is a summary of the accuracy and
basic results from these tables:

—The minimal values of RBIAS and MSEs which are tracked for its parameter, show that the IMED is stable.

—As the sample size increases, the MSEs for all estimation methods decreases.

—With higher sample sizes, the RBIAS typically decreases, indicating that estimators become less biased.

—-MPS estimates demonstrate comparatively low MSEs and stable CPs, establishing it as a dependable option across
various sample sizes.

—MLE exhibits competitive MSEs and RBIAS for the MPSE method.

—Bayesian estimation yields favorable MSEs and elevated CPs, frequently surpassing alternative methods in sustaining
high coverage.

—The AWs of the confidence intervals diminishes as the sample size escalates across all estimation methods, signifying
enhanced precision in estimations with larger datasets.

The CPs approximate the nominal level, indicating that the confidence intervals generated by these approaches
effectively encompass the genuine parameter values.

Table 2: Point and interval estimation results for 6 = 1.5.

Point Estimation Interval Estimation
n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 1.5065 0.0318 0.0065 1.1814 1.9211 0.7397 0.956
BE 1.5363 0.0340 0.0363 1.1788 1.9226 0.7438 0.956
MPS  1.5604 0.0378 0.0604 1.2462 2.0272 0.7810 0.934
1000 MLE 14919 0.0172 0.0081 1.2561 1.7719 0.5158 0.960
BE 1.5067 0.0174 0.0067 1.2564 1.7711 0.5147 0.960
MPS  1.5234 0.0184 0.0234 1.3001 1.8304 0.5303 0.938
150 MLE 1.4995 0.0109 0.0005 1.3031 1.7256 0.4225 0.960
BE 1.5091 0.0111 0.0091 1.3039 1.7228 0.4189 0.964
MPS  1.5223 0.0117 0.0223 1.3359 1.7670 0.4311 0.938
200 MLE 1.5052 0.0081 0.0052 1.3329 1.6999 0.3671 0.966
BE 1.5128 0.0083 0.0128 1.3347 1.6984 0.3638 0.964
MPS  1.5232 0.0088 0.0232 1.3600 1.7314 0.3714 0.942

To provide a concise overview of the comprehensive simulation results presented in the preceding tables, Table 8
summarizes the performance trends of the Maximum Likelihood (ML), Maximum Product of Spacings (MPS), and
Bayesian (BE) estimation methods. The comparison is based on the Mean Squared Error (MSE) and Relative Bias
(RBIAS ) across various sample sizes (7).

Overall, the simulation study reveals that the MSE for all estimators decreases as the sample size n increases,
confirming the consistency property. Specifically, the Bayesian estimator (BE) exhibits the smallest MSE in most cases,
particularly for small samples, whereas the MPS estimator shows a slight advantage over the MLE in terms of relative
bias.

6 Applications on Real Datasets

This section illustrates the significance of the IMED through two applications utilizing real datasets. The model's
effectiveness, demonstrated through data plots, is likely more compelling, as these graphical representations highlight the
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Table 3: Point and interval estimation results for 6 = 2.

Point Estimation Interval Estimation

n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 2.0087 0.0566 0.0087 1.5752 2.5614 0.9863 0.956
BE 2.0451 0.0598 0.0451 1.5705 2.5574 0.9870 0.958
MPS  2.0805 0.0672 0.0805 1.6616 2.7029 1.0413 0.934
100 MLE 1.9892 0.0305 0.0108 1.6748 2.3626 0.6878 0.960
BE 2.0074 0.0308 0.0074 1.6735 2.3586 0.6851 0.956
MPS  2.0313 0.0327 0.0313 1.7335 2.4406 0.7071 0.938
150 MLE 1.9994 0.0194 0.0006 1.7374 2.3008 0.5634 0.960
BE  2.0112 0.0197 0.0112 1.7379 2.2965 0.5586 0.966
MPS  2.0297 0.0209 0.0297 1.7812 2.3560 0.5748 0.938
200 MLE 2.0070 0.0143 0.0070 1.7771 2.2666 0.4894 0.966
BE  2.0163 0.0147 0.0163 1.7786 2.2632 0.4846 0.966
MPS  2.0309 0.0156 0.0309 1.8134 2.3086 0.4952 0.942

Table 4: Point and interval estimation results for 6 = 2.5.

Point Estimation Interval Estimation

n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 25108 0.0884 0.0108 1.9690 3.2018 1.2328 0.956
BE  2.5522 0.0924 0.0522 1.9609 3.1914 1.2305 0.956
MPS  2.6007 0.1050 0.1007 2.0770 3.3786 1.3016 0.934
100  MLE 2.4865 0.0477 0.0135 2.0935 2.9532 0.8597 0.960
BE  2.5073 0.0481 0.0073 2.0901 2.9454 0.8553 0.956
MPS 25391 0.0512 0.0391 2.1668 3.0507 0.8839 0.938
150 MLE 2.4992 0.0303 0.0008 2.1718 2.8760 0.7042 0.960
BE  2.5127 0.0306 0.0127 2.1714 2.8680 0.6966 0.962
MPS  2.5371 0.0326 0.0371 2.2265 2.9450 0.7185 0.938
200 MLE 25087 0.0224 0.0087 2.2214 2.8332 0.6118 0.966
BE  2.5195 0.0229 0.0195 2.2229 2.8282 0.6053 0.964
MPS  2.5385 0.0243 0.0385 2.2667 2.8856 0.6189 0.942

Table 5: Point and interval estimation results for 6 = 3.

Point Estimation Interval Estimation

n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 3.0130 0.1273 0.0130 2.3628 3.8422 1.4794 0.956
BE  3.0575 0.1316 0.0575 2.3492 3.8202 1.4710 0.958
MPS  3.1208 0.1512 0.1208 2.4923 4.0543 1.5620 0.934
100 MLE 2.9838 0.0686 0.0162 2.5122 3.5438 1.0317 0.960
BE  3.0065 0.0689 0.0065 2.5067 3.5319 1.0252 0.962
MPS  3.0469 0.0737 0.0469 2.6002 3.6608 1.0606 0.938
150 MLE 2.9991 0.0436 0.0009 2.6061 3.4512 0.8451 0.960
BE  3.0137 0.0440 0.0137 2.6039 3.4391 0.8351 0.964
MPS  3.0446 0.0470 0.0446 2.6717 3.5340 0.8622 0.938
200 MLE 3.0105 0.0322 0.0105 2.6657 3.3998 0.7341 0.966
BE  3.0220 0.0328 0.0220 2.6650 3.3913 0.7263 0.968
MPS  3.0463 0.0350 0.0463 2.7200 3.4627 0.7427 0.942
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Table 6: Point and interval estimation results for 6 = 3.5.

Point Estimation Interval Estimation

n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 3.5152 0.1732 0.0152 2.7565 4.4825 1.7260 0.956
BE  3.5610 0.1772 0.0610 2.7407 4.4499 1.7091 0.960
MPS  3.6410 0.2058 0.1410 2.9077 4.7300 1.8223 0.934
1000 MLE 3.4810 0.0934 0.0190 2.9309 4.1345 1.2036 0.960
BE  3.5047 0.0934 0.0047 2.9234 4.1173 1.1939 0.960
MPS  3.5547 0.1003 0.0547 3.0336 4.2710 1.2374 0.938
150 MLE 3.4989 0.0593 0.0011 3.0405 4.0264 0.9859 0.960
BE  3.5141 0.0597 0.0141 3.0378 4.0113 0.9735 0.964
MPS  3.5520 0.0640 0.0520 3.1170 4.1229 1.0059 0.938
200 MLE 3.5122 0.0439 0.0122 3.1100 3.9665 0.8565 0.966
BE  3.5242 0.0445 0.0242 3.1086 3.9552 0.8465 0.964
MPS  3.5540 0.0477 0.0540 3.1733 4.0399 0.8665 0.942

Table 7: Point and interval estimation results for 6 = 4.

Point Estimation Interval Estimation
n  Methods Mean MSEs RBIAS Lower Upper AWs CPs

50 MLE 4.0173 0.2263 0.0173 3.1503 5.1229 1.9726 0.956
BE  4.0635 0.2292 0.0635 3.1305 5.0792 1.9487 0.958
MPS  4.1611 0.2688 0.1611 3.3231 5.4057 2.0826 0.934
100 MLE 3.9783 0.1220 0.0217 3.3496 4.7251 1.3756 0.960
BE  4.0022 0.1217 0.0022 3.3389 4.7005 1.3616 0.960
MPS  4.0625 0.1310 0.0625 3.4670 4.8811 1.4142 0.938
150 MLE 3.9987 0.0775 0.0013 3.4748 4.6016 1.1268 0.960
BE  4.0140 0.0776 0.0140 3.4710 4.5822 1.1112 0.964
MPS  4.0594 0.0836 0.0594 3.5623 4.7119 1.1496 0.938
200 MLE 4.0140 0.0573 0.0140 3.5543 4.5331 0.9788 0.966
BE  4.0264 0.0580 0.0264 3.5530 4.5194 0.9664 0.966
MPS  4.0617 0.0623 0.0617 3.6267 4.6170 0.9903 0.942

Table 8: Summary of estimators performance trends.

Sample Size (n) Best Performer (Lowest MSE) Key Observation

Small (n=30) Bayesian (BE) BE shows superior performance due to informative priors.
Moderate (n=100) MPS / BE MPS starts competing closely with BE as information increases.
Large (n=300) All (MLE, MPS, BE) All estimators converge; MSE approaches zero for all methods.

IMED enhanced ability to conform to the data relative to competing models. The practical importance is demonstrated
by the examination of physics data on the tensile strength of polyester fibers, and failure times (in hours) of 50
components , which highlight the IMED superiority compared to other distributions. The proposed IMED will be
relevant across various fields, including medical sciences, and reliability research. The comprehensive overview of the
datasets is encapsulated in the subsequent points:

—The first data set comprised 30 measurements of the tensile strength of polyester fibers, as discussed in [37]. This
dataset is used to demonstrate the application of the IMED in modeling material properties. The information is
presented in this data set as follows: 0.023, 0.032, 0.054, 0.069, 0.081, 0.094, 0.105, 0.127, 0.148, 0.169, 0.188,
0.216, 0.255, 0.277, 0.311, 0.361, 0.376, 0.395, 0.432, 0.463, 0.481, 0.519, 0.529, 0.567, 0.642, 0.674, 0.752, 0.823,
0.887, 0.926.
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—The second dataset is leptokurtic two-dimensional and moderately right-skewed, as indicated by [38], and presents
the failure times (in hours) of 50 Components (FTC). This dataset is used to illustrate the IMED's application in
reliability and survival analysis. The data is summarized as follows: 0.008, 0.017, 0.058, 0.061, 0.084, 0.090, 0.134,
0.238, 0.245, 0.353, 0.374, 0.480, 0.495, 0.535, 0.564, 0.681, 0.686, 0.688, 0.921, 0.959, 1.022, 1.092, 1.260, 1.284,
1.295, 1.373, 1.395, 1.414, 1.760, 1.858, 1.892, 1.921, 1.926, 1.933, 2.135, 2.169, 2.301, 2.320, 2.405, 2.506, 2.598,
2.808, 2.971, 3.087, 3.492, 3.669, 3.926, 4.446, 5.119, 8.596.

Table 9 mainly analyzes the two datasets. Figures 6 and 7 provide graphical representations of the datasets via
Quantile—Quantile (QQ) plots, violin plots, box plots, histograms, kernel density estimates, and total time on test (TTT)
plots. The findings indicate that the initial dataset exhibit right skewness, with the majority of values falling below 0.5.
Outliers exist, and the QQ plot verifies non-normality. The TTT plot additionally indicates a declining failure rate, in
accordance with reliability data. For instance, the second dataset exhibit significant right skewness, with the majority of
observations concentrated at lower levels. Outliers are evident in the box and violin plots, and the QQ plot demonstrates
significant divergence from normality. The TTT plot demonstrates a failure rate that is approximately constant to
marginally increasing.

Table 9: Some descriptive statistics for the two datasets.

Frequency

10

Dataset n Mean Median Variance Skewness Kurtosis Range Min Max
I 30 0.3659 0.336  0.0721  0.5464  2.2294 0.903 0.023 0.926
I 50 1.6729 1.334 25495 19165 84351 8588 0.008 8.596
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Fig. 6: Graphical representation of the first dataset.

This comparison research rigorously evaluates the IMED in relation to other competing models, including the moment
exponential (ME), exponential (Ex), extended inverse exponential (EIEx), inverse power Ailamujia (IPA), and inverse
power logistic exponential (IPLE) distributions. Parameter estimation and goodness-of-fit evaluations were performed
with the maximum likelihood approach in the R programming environment. Parameter estimates and their standard errors
are shown in Tables 10 and 11.

Model selection was predicated on various statistical criteria, encompassing the Akaike information criterion (W),
Bayesian information criterion (W5), corrected Akaike information criterion (W3), Hannan—Quinn information criterion
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Fig. 7: Graphical representation of the second dataset.

(W4), Kolmogorov—Smirnov distance (W5) with corresponding P-value (Wg), and the Cramér—von Mises statistic (W7).
Tables 12 and 13 demonstrate that the IMED surpasses all competitors, attaining the lowest values for Wi, W, W3, Wy,
Ws, W7, as well as the highest value for Wg. Figures 8 and 9 illustrate the estimated CDF alongside the empirical CDF,
the estimated PDF represented by a histogram of the data as an asymmetric ship, and probability-probability (P-P) plots
for the competitive models. These figures confirm that the datasets align with the newly proposed model.

Table 10: MLEs and standard errors of the parameters for the first dataset.

Models Est.of & SE() Est.of A SE(A) Est of o SE(&)

IME 0.2409 0.0384 - - - -
ME 0.1829 0.0236 - - - -
Ex 2.7336  0.4991 - -
EIEx 0.1801 0.1339 0.0608 0.0406 - -
IPLE 9.852  3.5256 0.0339 0.0414 0.6332 0.0365
IPA 0.6317 0.1395 0.6614 0.0839 - -

Table 11: MLEs and standard errors of the parameters for the second dataset.

Models Est.of & SE(@) Est.of A SE(1) Est. of & SE(&)

IME 1.1277  0.1403 - - - -
ME 0.8365 0.0837 - - - -
Ex 0.5979 0.0845 - - - -
EIEx 0.0027 0.0005 0.0044 0.0008 - -
IPLE 14.239 4.2368 0.0065 0.0031 0.6934 0.0009
IPA 1.5196 0.1709 0.4075 0.0381 - -
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Fig. 9: Fitted plots of PDF, CDF and P-P plots for the second dataset.
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Table 12: Results of goodness-of-fit of the IMED for the first dataset.

Models W] Wz W3 W4 W5 W6 W7

IME -0.3266 1.0746 -0.1838 0.1216 0.109 0.831 0.050
ME 0.8714 22726 1.0142 1.3196 0.119 0.737 0.102
Ex 1.6708 3.0721 1.8137 2.1191 0.127 0.669 0.100
EIEx 1.2579 4.0603 1.7023 2.1544 0.125 0.687 0.071
IPLE  50.494 54.698 51.418 51.839 0.120 0.734 0.080
IPA 11.757 14.559 12217 12.654 0.148 0.479 0.166

Table 13: Results of goodness-of-fit of the IMED for the second dataset.

Models wi w, W3 Wy Ws We Wq

IME 151.265 152.238 151.359 152.112 0.081 0.874 0.054
ME 178.612 180.524 178.696 179.340 0.161 0.135 0.268
Ex 153.455 155.367 153.538 154.183 0.091 0.769 0.068
EIEx  155.388 159.212 155.644 156.844 0.090 0.770 0.069
IPLE  238.833 244.569 239.355 241.017 0.114 0.493 0.162
IPA 187.774 191.598 188.029 189.231 0.174 0.085 0.559

7 Conclusion

In this study, we introduced and investigated the moment exponential distribution as a flexible lifetime model capable of
capturing a wide variety of distributional shapes. Theoretical properties including moments, quantiles, measures of
skewness and kurtosis, and several types of moments were derived, providing a solid foundation for its statistical
characterization. Various estimation methods were explored, with particular focus on maximum likelihood, maximum
product of spacings, and Bayesian approaches. Simulation studies highlighted the efficiency and robustness of the
proposed estimators under different sample sizes and censoring schemes. Furthermore, the analysis of two real datasets
demonstrated the practical applicability of the distribution in modeling skewed, heavy-tailed, and reliability-related data.
Overall, the findings suggest that the moment exponential distribution is a promising alternative to traditional lifetime
models, offering greater flexibility in hazard rate behavior and improved performance of estimation techniques. Future
work may consider extending the distribution to regression frameworks, exploring multivariate generalizations, and
applying it to broader domains such as biomedical sciences, engineering reliability, and risk management.
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