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Abstract: The substitution between products is a common phenomenon in supply chain management when customers find their
favorite product unavailable. Product substitution can improve the availability of different products and thus improve the customer
service level, especially when the high-end product substitutes for the low-end product. In this paper, we construct profit model of
downward substitution strategy and apply the optimal theory to compute the optimal order quantity and the maximal profit under this
strategy in the first place, and then some relationships between product wholesale price, sale price, net salvage value and optimal
order quantity are investigated. By analyzing the relationship between these different factors, we can obtain the compact of substitution
strategy on product sale, which can provide management insight to real sale activity.
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1 Introduction

With the economic competition is more and more fierce,
each enterprise must provide customers with better
service to obtain more market share. But in actual sale
process, the phenomenon of stock-outs often occur due to
insufficient inventory supply, so the customers mainly
have two actions: giving up buying the faithful type of
products or choose other products to substitute to meet
their demand (Anupindi and Data, 1998). When one
product is sold out, we can use the other ones to substitute
for it or provide customers with the same products after
restocking. Product substitution is an effective method to
satisfy various demands as well as improve customer
services. Recently, research on substitution inventory has
been a hot issue. Generally speaking, only high-end
product can substitute for low-end product, i.e. downward
substitution. As following, we will discuss multi-product
inventory strategy under downward substitution. Dong
and Xu (2002) and Braglia and Zavanella (2003) studied
the inventory management of substitution, and they
constructed relative inventory model to analyze the final
customer demand under downward substitution. Kuk
(2004) and Hassini (2005) constructed multi-product and

multi-echelon inventory model for substitution products
by considering inventory cost, purchase cost and shortage
cost from sale person’s perspective, but the paper didn’t
provide the specific algorithm to get the optimal order
quantity. Dong and Xu (2007) and Khouja and Goyal
(2008) researched price and delivery strategies under
oligarch market and constructed relative strategy model
for the demand sensitive to price and time, although they
put out an algorithm for optimal solution, they didn’t
make some analysis and comparison for their solutions.
Deniz and Karaesmen (2010) set model for substituted
perishable products in a discrete-time supply chain, and
the demand for substituted products were assumed to be
independent of different ages. Huang and Zhao (2010)
presented an inventory model allowing for free and full
substitution among multiple products and provided the
necessary and sufficient optimality conditions in a
single-period newsboy framework. To complete the
research problem, the main work of this paper is as
following: under the assumption of downward
substitution, we will construct profit model with
substitution and apply the optimal theory to compute the
optimal order quantity in the first place, and then we will
analyze some relationships among optimal order quantity,
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product wholesale price, sale price, net salvage value,
average demand and the demand variation. By analyzing
the relationship between these different factors, we can
know the compact of substitution strategy on products
sale, which can provide theory guidance to real sale
activity.

2 Model development

i(i = 1,2): the product index. Di ≥ 0: the stochastic
demand of product i. f (·) denote the joint distribution
density of (D1,D2), fi(·),Fi(·) denotes the density
function and the distribution function of Di respectively.
pi: the unit sale price of product i. ci: the unit wholesale
price of product Di. πi: the unit shortage cost of product
Di. si: the unit salvage of product Di. hi: the unit inventory
holding cost of product Di. Qi: the order quantity of
product Di. vi: the surplus value after deducting inventory
cost from unit salvage value vi = si −hi, and ri = pi +πi.

We only consider two products demand of same kind
but with different quality, i.e. the high-end product can
substitute for the low-end one to meet the demand of the
latter one. The relative assumptions are as following:

(1) There are two products, i.e. product 1 and product
2, and product 1 is assumed to have higher quality than
the other one, so we can substitute product 2 with product
1 to satisfy the demand for product 2 when product 1 have
enough inventory but product 2 are stock-out. An
additional explanation is necessary here: the sum of unit
price of product 2 and its unit salvage value isn’t lower
than the salvage value of product 1, i.e. r2 = p2 +π2 ≥ v1,
which indicates we can get profits by substituting product
2 with product 1.

(2) The sale price of product 1 equal to the price of
product 2 when we substitute product 2 with product 1.

(3) The sum of sale price and the loss of stock out isn’t
less than its sale price, the unit sale price of each product
isn’t less than its wholesale price, and unit wholesale price
isn’t lower than its unit salvage value, i.e. ri ≥ pi ≥ ci ≥
vi > 0, i = 1,2.

(4) p1 ≥ p2, π1 ≥ π2, c1 ≥ c2, v1 ≥ v2, which means
the unit sale price of product 1 is higher than product 2, the
loss from shortage of product 1 is higher than product 2,
the unit wholesale price of product 1 is higher than product
2, and the salvage value of product 1 is higher than product
2.

From the above assumptions, once the product 2 is
stock-out, the substitution strategy will be adopted.
P(Q1,Q2) denote the total expected revenue of product 1
and product 2, so we can get expect profit of seller as
following: P(Q1,Q2) =

E
{

p1 min(D1,Q1)+ p2 min
[
D2,(Q2,Q1 −D1)

+] −c1Q1

−c2Q2 + v1 max [0,min(Q1 −D1,Q1 +Q2 −D1 −D2)]

+v2 max(0,Q2 −D2)−π1 max(0,D1 −Q1)−

π2 max [0,min(D2 −Q2,D1 +D2 −Q1 −Q2)]}

By taking the denotations into above formula, we can
get the following equation and some conclusions.

P(Q1,Q2) = p1

[∫ Q1

0
x f1(x)dx+

∫ ∞

Q1

Q1 f1(x)dx
]

+p2

[∫ Q1

0

∫ Q1+Q2−x

0
(y f (x,y)dy+∫ ∞

Q1+Q2−x
(Q1 +Q2 − x) f (x,y)dy)dx

+p2

[∫ Q1

0
(
∫ Q1+Q2−x

0
y f (x,y)dy+∫ ∞

Q1+Q2−x
(Q1 +Q2 − x) f (x,y)dy)dx

∫ ∞

Q1

(∫ Q2

0
y f (x,y)dy+

∫ ∞

Q2

Q2 f (x,y)dy
)

dx
]

−c1Q1 − c2Q2 + v1

[∫ Q2

0

∫ Q1

0
(Q1 − x) f (x,y)dxdy

+
∫ ∞

Q2

∫ Q1+Q2−y

0
(Q1 +Q2 − x− y) f (x,y)dxdy

+v2

∫ Q2

0
(Q2 − y) f2(y)dy−π1

∫ ∞

Q1

(x−Q1) f1(x)dx
]

−π2

[∫ Q1

0

∫ ∞

Q1+Q2−x
(x+ y−Q1 −Q2) f (x,y)dydx

+
∫ ∞

Q1

∫ ∞

Q2

(y−Q2) f (x,y)dydx
]

= p1

∫ ∞

0
x f1(x)dx−r1

∫ ∞

Q1

(x−Q1) f1(x)dx+ p2

∫ ∞

0
y f2(y)dy

−r2

[∫ Q1

0

∫ ∞

Q1+Q2

(x+ y−Q1 −Q2) f (x,y)dydx+∫ ∞

Q1

∫ ∞

Q2

dydx+
∫ ∞

Q2

∫ ∞

Q2

(y−Q2) f (x,y)dydx]

−c1Q1 − c2Q2 + v1

[∫ Q2

0

∫ Q1

0
(Q1 − x) f (x,y)dxdy

+
∫ Q1+Q2

Q2

∫ Q1+Q2−y

0
(Q1 +Q2 − x− y) f (x,y)dx dy]

+v2

∫ Q2

0
(Q2 − y) f2(y)dy

Proposition 1 Object function P(Q1,Q2) is strictly
conjointly concave and continuous in (Q1,Q2), so there
exists the optimal order quantity to get the maximal
revenue.
Proof. From above assumption, we know

c⃝ 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 7, No. 2L, 481-486 (2013) / www.naturalspublishing.com/Journals.asp 483

r1 ≥ r2 ≥ v1 ≥ v2,c1 ≥ c2, and f (x,y) ≥ 0, f1(x) ≥ 0,
f2(y)≥ 0 the first order and second order conditions are:

a(Q1,Q2) =
∂ 2P

∂Q1
2 =−(r1 − r2) f1(Q1)−

(r2−v1)
∫ Q2

0
f (Q1,y)dy−(r2−r1)

∫ Q1

0
f (x,Q1 +Q2 − x)dx

b(Q1,Q2)=
∂ 2P

∂Q1∂Q2
=(v1−r2)

∫ Q1

0
f (x,Q1 +Q2 − x)dx

c(Q1,Q2)=
∂ 2P

∂Q2∂Q1
=(v1−r2)

∫ Q1

0
f (x,Q1 +Q2 − x)dx

d(Q1,Q2) =
∂ 2P
∂Q2

2
=−(r2 − v2) f2(Q2)−

(r2 − v1)
∫ Q1

0
f (x,Q1 +Q2 − x)dx

+(r2 − v1)
∫ Q1

0
f (x,Q2)dx

so a−b =

−r1 f1(Q1)+ r2

∫ ∞

Q2

f (Q1,y)+ v1

∫ Q2

0
f (Q1,y)dy

≤−r1 f1(Q1)+ r1

∫ ∞

Q2

f (Q1,y)+ r1

∫ Q2

0
f (Q1,y)dy

=−r1 f1(Q1)+ r1

∫ ∞

0
f (Q1,y)dy < 0

d−b=−r2

∫ ∞

Q1

f (x,Q2)dy−v1

∫ Q1

0
f (x,Q2)dx+v2 f2(Q2)

<−v2

∫ ∞

Q1

f (x,Q2)dx− v2

∫ Q1

0
f (x,Q2)dx+ v2 f2(Q2)

=−v2

∫ ∞

0
f (x,Q2)dx+ v2 f2(Q2)< 0

Besides, from formulas, we can get c = ∂ 2P
∂Q2∂Q1

= (v1 − r2)
∫ Q1

0
f (x,Q1 +Q2 − x)dx = b < 0

and a < b = c < 0, d < b = c < 0. Therefore ad > bc, and
ad −bc > 0.

∂ 2P
∂Q1

2 · ∂ 2P
∂Q2

2
− ∂ 2P

∂Q1∂Q2
· ∂ 2P

∂Q2∂Q1
> 0

Base on the judge principle of binary function we
know the object function P(Q1,Q2) is strictly concave.

3 Solution and analysis of model

The idea of the paralleled semi-extension rule based
algorithm is as follows. Firstly, the algorithm decomposes
the maximum terms space of the clause set into several
partial maximum terms spaces, which convert the SAT
problem of the clause set into the SAT problem of the
partial maximum terms spaces. If there is a certain partial
maximum terms space that is satisfied, then the clause set
is satisfied. If all the partial maximum terms spaces are
unsatisfied, then the clause set is unmet. In this section,
we will analyze the model and solve the optimal order
quantity of each product, and then, we will analyze and
prove the relationships among wholesale price, retail
price, salvage value, average demand of each product and
optimal order quantity.

Due to the function P(Q1,Q2) is concave, optimal
order quantity can be computed out by following
equations.

∂P
∂Q1

=−(r1 − r2)
∫ Q1

0 f1(x)dx− (r2 − v1)∫ Q1
0

∫ Q1+Q2−x
0 f (x,y)dydx+(r1 − c1) = 0

∂P
∂Q2

=−(r2 − v2)
∫ Q2

0 f2(x)dx− (r2 − v1)∫ Q1
0

∫ Q1+Q2−x
Q2

f (x,y)dydx+(r2 − c2)

If G(Q1,Q2) =
∫ Q1

0
∫ Q1+Q2−x

0 f (x,y)dydx, and then
F1(Q∗

1)+
r2−v1
r1−r2

G(Q∗
1,Q

∗
2) =

r1−c1
r1−r2

, and

F2(Q∗
2)+

r2 − v1

r1 − v2
[G(Q∗

1,Q
∗
2)−F(Q∗

1,Q
∗
2)] =

r2 − c2

r2 − v2

Q∗
1 and Q∗

2 denote the optimal order quantity of each
product respectively, Fi(Q∗

i )(i = 1,2) denote the
probability of using product i to satisfy customer demand
when the available quantity of seller are Q∗

i , and it also
stands for the service level to customers with product i,
we can denote it as:

F1(Q∗
1) =

∫ Q∗
1

0
f1(x)dx,F2(Q∗

2) =
∫ Q∗

2

0
f2(x)dx

G(Q∗
1,Q

∗
2) is the probability of product 1 substituting for

product 2 when the former have surplus inventory and can
substitute the latter, which can improve the service level
for product 2 , so we call it as substitution service level.
G(Q∗

1,Q
∗
2)− F(Q∗

1,Q
∗
2) is the probability of product 1

substitute product 2 when the latter one stock out, it
eliminates the probability of product with surplus
inventory which can substitute product 2 to satisfy the
demand for product 2, so it stands for the real substitution
service level. F(Q∗

1,Q
∗
2) =

∫ Q∗
1

0
∫ Q∗

2
0 f (x,y)dydx means the

substitution strategy is not necessary for the seller, all
demands for two products can be satisfied.
F2(Q∗

2)+G(Q∗
1,Q

∗
2)−F(Q∗

1,Q
∗
2) is the probability that all

demand of product 2 can be satisfied, and it includes the
probability of using product 1 substitute for product 2.
Finally, we can get optimal order quantity of product 1
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and product 2.
Property 1 The optimal order quantity of either one
product is negatively correlated with its unit wholesale
price, but positively correlated with unit wholesale price
of another product, ∂Q∗

1
∂c1

< 0, ∂Q∗
2

∂c1
> 0, ∂Q∗

1
∂c2

> 0, ∂Q∗
2

∂c2
< 0.

Proof. Differentiating equation (1) with respect to c1,
where a∗, b∗, c∗, d∗ is the value of a = ∂ 2P

∂Q1
2 ,

b(Q1,Q2) = ∂ 2P
∂Q1∂Q2

, c = ∂ 2P
∂Q2∂Q1

, d(Q1,Q2) = ∂ 2P
∂Q2

2
at

Q∗
1,Q

∗
2). It is easy to get ∂Q∗

1
∂c1

= d∗
a∗d∗−b∗c∗ < 0 and

∂Q∗
2

∂c1
= −c∗

a∗d∗−b∗c∗ > 0. Similarly, we can get:
∂Q∗

1
∂c2

= −b∗
a∗d∗−b∗c∗ > 0 and ∂Q∗

2
∂c2

= a∗
a∗d∗−b∗c∗ < 0.

Property 1 is coincident with real situation. When the unit
purchase price of one product increases, the seller should
purchase fewer quantity but purchase more quantity of
another product.
Property 2 Optimal order quantity of either one product
is positively correlated with its unit sale price, and the
optimal order quantity of product 2 is negatively
correlated with product 1,

∂Q∗
1

∂ p1
> 0,

∂Q∗
2

∂ p2
> 0,

∂Q∗
2

∂ p1
< 0

Proof. For r1 = p1 −π1, and equation (1), we know that if
we want to obtain the relationships between the optimal
order quantity of one product and its sale price, we can
get it from r1 = p1 − π1, i.e. ∂Q∗

1
∂ p1

=
∂Q∗

1
∂ r1

,
∂Q∗

1
∂ p2

=
∂Q∗

1
∂ r2

.
Differentiating the two equations of (1) with r1, and then
∂Q∗

1
∂ p1

=
d∗(−1+F(Q∗

1))
a∗d∗−b∗c∗ > 0, ∂Q∗

2
∂ p1

=
−c∗(−1+F(Q∗

1))
a∗d∗−b∗c∗ < 0.

For the same reason process, we can get
∂Q∗

2
∂ p2

=
∂Q∗

2
∂ r2

> 0. So the sellers should purchase more
products when its sale price increases. But when the sale
price of both products increase, seller should purchase
more quantity of product1 but less quantity of product 2,
which is the optimal strategy.
Property 3 The optimal order quantity of one product is
positively correlated with its unit net salvage value, while
the optimal order quantity of product 1 is negatively
correlated with unit net salvage value of product 2,
∂Q∗

1
∂v1

> 0, ∂Q∗
2

∂v2
> 0, ∂Q∗

1
∂v2

< 0.
Proof. Differentiating equation (1) with respect to v1, and
for a∗ < b∗ = c∗,d∗ < b∗ = c∗ < 0, we can get
∂Q∗

1
∂v2

=
b∗F2(Q∗

2)
a∗d∗−b∗c∗ < 0, ∂Q∗

2
∂v2

=
−a∗F2(Q∗

2)
a∗d∗−b∗c∗ > 0.

From the above, we know ∂Q∗
1

∂v1
> 0, ∂Q∗

2
∂v2

> 0,
∂Q∗

1
∂v2

< 0, which indicates that we should increase order
quantity of either one product when its unit net salvage
value increase, and we should decrease the order quantity
of product 2 and decrease the order quantity of product 1
when the net salvage value of product 2 increase. So far,
we have researched some relationship between purchase
price, sale price, net salvage value and optimal order

quantity, leading to three important conclusions. Now, if
we assume the demand of two products observe joint
norm distribution function. µ1,µ2 denote the respective
average demand of product 1 and 2, σ1,σ2 denote the
variance, σ1 > 0,σ2 > 0, |r| < 1. Since we can substitute
product 2 with product 1 when the former one stock out,
so the demand of two products are not independent, i.e.
r ̸= 0, and then we can get some different conclusions, as
following.
Property 4 The optimal order quantity of one product is
positively correlated with its average demand but
independent with the average demand of another product,
i.e.

∂Q∗
1

∂ µ1
> 0,

∂Q∗
2

∂ µ1
= 0,

∂Q∗
1

∂ µ2
= 0,

∂Q∗
2

∂ µ2
> 0

Proof. Differentiating equation (1) with respect to µ1, it is
easy to get

∂Q∗
1

∂ µ1
= 1,

∂Q∗
2

∂ µ1
= 0,

∂Q∗
1

∂ µ2
= 0,

∂Q∗
2

∂ µ2
= 1

Property 5 The optimal order quantity of product 1 is
positively correlated with the demand variance of product
2, and the optimal order quantity of product 2 is
negatively correlated with demand variance of product
1, ∂Q∗

2
∂σ1

< 0, ∂Q∗
1

∂σ2
> 0.

Proof. Differentiating equation (1) with respect to σ1, and
for v1 ≥ v2,

∂Q∗
1

∂σ2
>

(r2 − v1)

a∗d∗−b∗c∗

∫ Q∗
1

0

Q∗
1 − x
σ2

f (x,Q∗
1 +Q∗

2 − x)dx

×
[
(r2 − v1)

(
f2(Q∗

2)−
∫ Q∗

1

0
f (x,Q∗

2)dx
)]

>
(r2 − v1)

a∗d∗−b∗c∗

∫ Q∗
1

0

Q∗
1 − x
σ2

f (x,Q∗
1 +Q∗

2 − x)dx×[
(r2 − v1)

(
f2(Q∗

2)−
∫ ∞

0
f (x,Q∗

2)dx
)]

= 0

so ∂Q∗
2

∂σ1
< 0, ∂Q∗

1
∂σ2

> 0.

4 Models comparability

Discussion about optimal order quantity We will compare
our model with the newsboy model. In equation (1), Let
r2 = v1 (r2 = p2 +π2,v1 = s1 − h1), the equation (1) can
be F1(Q∗

1) =
r1−c1
r1−r2

and F2(Q∗
2) =

r2−c2
r2−v2

.
This equation could be derived from the news-boy

model. The assumption r2 = v1 indicates the seller don’t
take the substitution strategy to satisfy customer demand.
It’s clear that newsboy model is the special case of this
model. We will make further analysis for the model

c⃝ 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 7, No. 2L, 481-486 (2013) / www.naturalspublishing.com/Journals.asp 485

before and after taking substitution strategy. The analysis
in the above tells us that the model would be newsboy
model if sellers don’t take substitution strategy. Now we
denote (Q∗

1,Q
∗
2) as the optimal order quantity of two

products after taking substitution strategy and denote
(Q∗′

1 , Q∗′
2 ) as the optimal order quantity of two products

when sellers give up taking substitution strategy, and
when taking r2 = v1 into equation (1), we can get:
F1(Q∗′

1 ) =
r1−c1
r1−v1

, F1(Q∗
2) =

r2−c2
r2−v2

.
When r2 = v1 and p2 = v1 −π2, the substitute strategy is
the same strategy that sellers don’t take it, because the
profit in each condition is equal. Here, we don’t have to
take substitution strategy. We will discuss the variation of
optimal order quantity and expect total revenue in order to
make the theory more realistic and complete.
For G(Q1,Q2) =

∫ Q1
0

∫ Q1+Q2−x
0 f (x,y)dydx and

f (x,y)≥ 0, we can obtain

G(Q1,Q2) =
∫ Q1

0

∫ Q1+Q2−x

0
f (x,y)dydx

≤
∫ Q1

0

∫ ∞

0
f (x,y)dydx = F(Q1)

G(Q1,Q2) =
∫ Q1

0

∫ Q1+Q2−x

0
f (x,y)dydx

≥
∫ Q1

0

∫ Q2

0
f (x,y)dydx = F(Q1,Q2)

Clearly, G(Q1,Q2) ≤ F(Q1), G(Q1,Q2) ≥ F(Q1,Q2),
and then 0 < r1−c1

r1−v1
≤ F1(Q∗

1) < 1. Similarly, we can get

F1(Q∗′
1 )≤ F1(Q∗

1),F2(Q∗
2)≤ F2(Q∗′

2 ), Q∗
2 ≤ Q∗′

2 .
From above equations, we can know that sellers could
purchase more product 1 and fewer product 2 when the
substitution strategy is adopted. In fact, when the
high-end product can substitute for the low-end product
to meet the emergency demand, the high-end product
should be ordered in more quantity, but less quantity of
low-end product.
Discussion about total revenue P

′
(Q1,Q2), and (Q∗′

1 ,Q
∗′
2 )

denote the total revenue and the optimal order quantity
respectively when the substitution strategy is not adopted.
From above definitions, we can obtain
P(Q∗

1,Q
∗
2)≥ P(Q∗′

1 ,
Q∗′

2 ). For r2 = p2 −π2 ≥ v1 and

P(Q∗′
1 ,Q

∗′
2 )−P

′
(Q∗′

1 ,Q
∗′
2 ) = (r2 − v1)×[∫ Q∗′

1

0

∫ Q∗′
1 +Q∗′

2 −x

Q∗
2

(y−Q∗
2) f (x,y)dydx+

∫ Q∗
2

Q∗
1+Q∗

2−x
(Q∗

1 − x) f (x,y)dydx]

then we can know P(Q∗′
1 ,Q

∗′
2 ) ≥ P

′
(Q∗′

1 ,Q
∗′
2 ), which

indicates that substitution strategy can improve total

revenue of seller.
(1)Discussion about service level
G(Q∗

1,Q
∗
2) − F(Q∗

1,Q
∗
2) denote the real service level,

which is the probability of using product 1 to substitute
for product 2 to satisfy the demand for product 2 once
product 2 stock out. The probability have deducted the
probability of product 2 which can satisfy the customers’
demand for them though product 1 have surplus inventory
and can substitute product 2. So
F2(Q∗

2) + G(Q∗
1,Q

∗
2) − F(Q∗

1,Q
∗
2) ≥ F2(Q∗

2). When the
product 1 can substitute for the product 2 to meet demand
of product 2, and if the seller take the substation strategy,
then the service level can be improved, especially when
the product 2 stock out.

5 Conclusion

In this paper, we studied some optimal inventory
problems of two downward substituted products in single
period with stochastic demands. We developed some
mathematic models of maximal revenue when the seller
adopted substitution strategy and proofed the relative
propositions. By studying the relationships between
wholesale price, sale price, net salvage value and optimal
order quantity, we obtained some useful conclusions
which indicate that the substitution strategy can improve
total revenue and service level and it played an important
role in the whole operation systems. At the same time, we
pointed out that the model would be newsboy model if
sellers didn’t take substitution strategy. Besides, some
analysis for the mathematic models showed that the
optimal order quantity of high-end product was positively
correlated with the demand variance of low-end one, but
the optimal order quantity of low-end product was
negatively correlated with demand variance of high-end
product. Furthermore, the optimal order quantity of one
product was positively correlated with its average demand
but independent with the average demand of another
product. So in the real sale campaign,when one product
stock out, if sellers substitute this kind of product with
another higher-end product, they can get more profits and
obtain more customers.
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