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Abstract: This paper introduces a new six-compartment fuzzy fractional-order epidemic model that describes the spread and
mitigation of math-phobia in student populations. The susceptible Ş(t), mathphobic M(t), not interested N(t),
intervention-aware A (t), interested ℓ(t), and recovered R(t) compartments capture key behavioural transitions influenced by
psychological, social, and educational factors. Caputo-type fuzzy fractional differential equations are used to derive these dynamics,
considering memory effects and epistemic uncertainty in the transmission and recovery rates. By applying fixed-point theory, we
prove the existence and uniqueness of the solution under fuzzy initial conditions, hence guaranteeing mathematical coherence of the
model. The idea is that an optimal control framework is incorporated in the design of time-dependent strategies such as workshops for
anxiety reduction, pedagogy that is engaging, motivational counselling, and cognitive restructuring that aim at reducing math-phobia
and apathy while improving interest and resilience. The system is solved via a fuzzy Laplace–Adomian decomposition scheme, and
numerical simulations illustrate that combined interventions have a significant decrease in the math-phobic and apathetic populations
with an increase in the proportion of interested and recovered individuals. The results provide a quantitative backbone for
evidence-based educational policies in dealing with math anxiety in learning environments.

Keywords: Fuzzy fractional differential equations, Caputo derivative, Optimal control, Math-phobia Five-compartment model,
Adomian decomposition, Fuzzy Laplace transform, educational intervention.

1 Introduction

Mathematics anxiety, generally known as mathphobia, is a psychological condition in which one feels overwhelming
fear, tension, and avoidance behaviours concerning mathematics. It has become so evident in people of all ages and
levels of education; this has diminshed away performance and confidence in individuals in mathematics-related tasks.
Previous studies estimate that a strong percentage of students suffer from different mathphobia levels, which influences
their academic and professional courses (Ashcraft & Moore, 2009). Mathphobia is typically manifested in diminished
problem-solving ability, negative attitude towards quantitative subjects, and increased cognitive interference associated
with mathematical reasoning (Maloney & Beilock, 2012; Hembree, 1990).

While mathphobia has not been identified as a clinical disorder, it does share characteristics with other anxiety
disorders, such as avoidance behaviour, physiological stress responses, and impaired cognitive function associated with
Dowker et al. (2016). Such attempts to understand and alleviate mathphobia have been made with the help of
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psychological testing, pedagogical interventions, and, increasingly in recent times, advanced mathematical modeling in
order to describe its dynamic course.

Fuzzy fractional derivatives have developed as an influential tool to model complex, uncertain, and time-dependent
phenomena like mathphobia. Fuzzy logic provides the facility for accommodating imprecise, ambiguous, and varied
anxiety experienced by the individuals, which represents real-world behavioural uncertainty. Fractional calculus, with its
memory effects and temporal dependence, enriches our understanding of the role that past experiences and interventions
play in current math anxiety levels. Combination of fuzzy logic with fractional calculus therefore forms a comprehensive
framework within which mathphobia dynamics can be analysed and specific intervention strategies can be designed.

A new fuzzy fractional derivative model for describing the progress of mathphobia is presented in this study,
introducing optimal control methods to devise effective management approaches. This research develops the precision of
modeling and mitigating the impact of mathphobia on learners by combining the nuanced representation capability of
fuzzy fractional derivatives with the adaptability of optimal control. More broadly, psychological stressors and well-
being are important determinants of students’ educational experiences, engagement, and academic development. School-
related stress may create barriers to active participation and successful learning, highlighting the need for supportive and

psychologically informed educational interventions (Wider et al., 2023).

Literature Review

Research on mathphobia has evolved from purely psychological and educational domains to include quantitative and
computational modeling, thereby allowing for a much finer-grain understanding of dynamics of anxiety and the impact
of interventions. In the foundational studies, the prevalence and cognitive effects of math anxiety were explored by
Ashcraft & Ridley (2005) and Hembree (1990), with early treatment approaches based on behavioral theories focused on
desensitization and cognitive-behavioral therapy (Beilock & Maloney, 2015; Dowker et al., 2016).

Fractional order mathematical models have been crucial for the correct representation of phenomena that involve
memory and hereditary effects. This is because fractional derivatives explicitly represent the effects of previous states on
the current behavior of a system, which is very crucial in chronic and recurrent psychological conditions like mathphobia.
This provides higher fidelity in modeling compared to traditional integer-order models (Maayah & Arqub, 2023; Kongson
et al., 2021). Such models have carved success through epidemiology and psychology by capturing persistence, relapse,
and gradual recovery phases.

Along with this, in the context of psychological measurements, fuzzy mathematical models address uncertainty and
imprecision by treating each variable as a fuzzy set with degrees of membership rather than precise values. Such
methodology goes side by side with the nature of mathphobia because in reality it has a spectrum-like manifestation
across individuals and contexts (Liang et al., 2021; Van Hoa, 2019). Integrating such frameworks into FFDEs may
establish a powerful tool to model nonlinear, uncertain, and history-dependent processes related to psychological and
educational systems (Arshad, 2024; Qayyum et al., 2024).

Recent analyses have employed compartmental and structural equation models to characterize the different stages
of psychological anxiety and some possible mitigation pathways (Abi et al., 2023; Mitropoulou et al., 2022; Sheinov &
Dziavitsyn, 2021). Other works, such as Juhari et al. (2024) and Alemneh & Alemu (2021), illustrate the use of optimal
control theory combined with fractional models in the optimization of intervention timing, intensity, and resources for
higher efficacy and cost-effectiveness. Sheinov & Dziavitsyn (2021) present the development of a fractional behavioral
model that involves cognitive, emotional, and social factors of addiction, offering insights transferable to mathphobia
dynamics.

In this respect, the fuzzy fractional Caputo derivative provides a privileged mathematical framework in developing
models of real systems that are driven by incomplete or imprecise information with a dependency on the history. The
nonlinearities, imprecision, and noise in data can be better understood and addressed using the fuzzy fractional Caputo
model compared to its classical/integer-order counterparts in behavioral studies (Liang et al., 2021; Van Hoa, 2019).

Complementary to these models, optimal control theory provides the decision-making frameworks needed to optimize
the timing of interventions, their intensities, and resource allocation. Such works have been developed by Juhari et al.
(2024), Alemneh & Alemu (2021). Combined fuzzy fractional and optimal control-based models represent states-of-the-
art tools to devise adaptive, data-driven policies toward the reduction of mathphobia.

Whereas there has been some progress with regard to fractional modeling in psychology and education, applications
to mathphobia specifically remain limited, but promising. This study tries to fill the gap by presenting a fuzzy fractional
mathematical model with optimal control for enhanced analysis and better management of mathphobia.
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Novelty and Objectives

In this paper, a new fuzzy fractional derivative model for mathphobia is presented, utilizing the Caputo fractional operator
and fuzzy logic to enhance the descriptive accuracy regarding the development of anxiety over time. An optimal control
approach is integrated into the model in order to identify strategies of intervention that are both effective and adaptive,
which alter trajectories of anxiety. This two-pronged approach goes much further toward understanding the dynamics
underlying mathphobia by incorporating behavioral uncertainty, long-term dependencies, and real-time control measures-
a comprehensive methodology hardly explored so far in the literature.

The organization is as follows: The second section gives some necessary mathematical preliminaries, including fuzzy
sets, fractional calculus, and the Atangana–Baleanu–Caputo fractional derivative. In the third section, the paper develops
the fuzzy fractional model relevant to mathphobia, outlining the methods of incorporating fuzzy operators and parameters
that might describe anxiety dynamics. Section four discusses the mathematical analysis, focusing on stability and the
existence of solutions of the proposed model. Section five describes the numerical approaches used, with an emphasis
on the use of fuzzy fractional Laplace transforms for solving and simulating the system. Numerical results are presented
in section six, where an interpretation of these results is made within the context of intervention strategies and how they
might best be used to manage math anxiety. Finally, the seventh section concludes the paper, summarizing key findings
and suggesting avenues for future research. This structure allows a comprehensive investigation into the topic, starting
from theoretical foundations to practical implications.

2 Model Construction

The proposed fuzzy fractional Caputo model divides the student population into six compartments: susceptible Ş(t),
mathphobic M(t), not interested N(t), intervention-aware A (t), interested ℓ(t), and recovered R(t). New students enter
the system at rate Λ . Susceptible students can develop mathphobia due to academic stress or peer influence at rate β1, or
become disinterested at rate β2. Positive educational exposure enables susceptible students to become interested at
rate θ . Mathphobic students might reduce anxiety and transition to the not interested group at rate α or enter the
intervention-aware category if they join anxiety reduction programs, at rate δ1. Similarly, not interested students can
move into intervention-aware at rate δ2. Recoveries from mathphobia, disinterest, interest, and intervention groups occur
at rates γ1,γ2,γ3, and γ4, respectively. The natural dropout rate µ affects all compartments. These dynamics are captured
using the fuzzy fractional Caputo derivative operator of order ϑ , denoted here as 0FFCDϑ

t .
The system of fuzzy fractional differential equations is given by:

0FFCDϑ
t Ş = Λ̃ − β̃1 ŞM− β̃2 ŞN

−
(

Θ̃ + µ̃

)
Ş

0FFCDϑ
t M = β̃1 ŞM

−
(

ϒ̃1 + α̃ + δ̃1 + µ̃

)
M

0FFCDϑ
t N = β̃2 ŞN + α̃M

−
(

ϒ̃2 + δ̃2 + µ̃

)
N

0FFCDϑ
t A = δ̃1M+ δ̃2N

−
(

ϒ̃3 + µ̃

)
A

0FFCDϑ
t ℓ= Θ̃ Ş−

(
ϒ̃4 + µ̃

)
ℓ

0FFCDϑ
t R = ϒ̃1M+ϒ̃2N +ϒ̃3A

+ϒ̃4ℓ− µ̃ R

(1)

The initial conditions for the model are defined as:

Ş(0) = Ş0,M(0) = M0,N(0) = N0,A (0) = A0, ℓ(0) = ℓ0,R(0) = R0,

where these values represent the initial state of students in each compartment at time zero.
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Table 1: Parameter description table.

Parameter Description
Λ Recruitment rate of new students entering

the system
β1 Rate at which susceptible students develop

mathphobia
β2 Rate at which susceptible students become

not interested
θ Rate of susceptible students gaining interest

via positive exposure
α Rate at which mathphobic students become

not interested
δ1 Rate at which mathphobic students join

intervention programs
δ1 Rate at which not interested students join

intervention programs
γ1 Recovery rate from mathphobia to

recovered
γ2 Recovery rate from not interested to

recovered
γ3 Recovery rate from interested to recovered
γ4 Recovery rate from intervention-aware to

recovered
µ Natural dropout rate (graduation, transfer,

etc.)
ϑ Order of fuzzy fractional Caputo derivative

3 Mathematical analysis of model

3.1 Positivity and Boundedness of the Crisp Model

The positivity and boundedness of the proposed model are crucial aspects for which theorems, along with proofs, are
provided as follows:

Theorem 1. The solution trajectories of the crisp model (1) are all positive at any time instant in R6
+.

Proof. From the system (4), we get
0FFCDϑ

t Ş(t)|Ş=0 = Λ , 0FFCDϑ
t M(t)|ℓ=0 = 0, 0FFCDϑ

t N(t)|ℓ=0 = α̃M,

0FFCDϑ
t A (t)|A =0 = δ̃1M+ δ̃2N, 0FFCDϑ

t ℓ(t)|ℓ=0 = Θ̃ Ş, 0FFCDϑ
t R(t)|R=0 = ϒ̃1M+ϒ̃2N +ϒ̃3A +ϒ̃4ℓ.

All the above-mentioned rates are nonnegative, and so are the solution trajectories in the non-negative of R6
+.

Theorem 2. The solution of crisp ŞMNA ℓR model (1) is uniformly bounded.
Proof.
Let N(t) = Ş(t)+M(t)+N(t)+A (t)+ ℓ(t)+R(t), then we obtain
0FFCDϑ

t N(t)+µN = Λ

Integrating both sides of above equation and using initial conditions for infections outbreak we get

eµtN =
Λeµt

µ
+

(
N0 −

Λ

µ

)

N =
Λ

µ
+

(
N0 −

Λ

µ

)
e−µt

as t → ∞, we obtain

Ş(t) + M (t) + N(t) +A (t) + ℓ(t) + R(t)≤ Λ

µ

N(t)≤ Λ

µ
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0 ≤ N(t) ≤ Λ

µ

Hence, all the solution trajectories of system (1) are bounded in the spanned output space.

3.2 Existence and Uniqueness Results

This section describes the existence and distinctiveness of the solution to the following fuzzy fractional model. Here, this
study looked into a set of fuzzy fractional-order differential equations in the sense of Atangan-Baleanu Caputo, which
depicts an epidemic model of childhood sickness with initial data uncertainty. For 0 < ϑ ≤ 1,

0FFCDϑ
t Ş(t) = Λ̃ − β̃1 ŞM− β̃2 Ş N

−
(

Θ̃ + µ̃

)
Ş

0FFCDϑ
t M(t) = β̃1 ŞM

−
(

ϒ̃1 + α̃ + δ̃1 + µ̃

)
M

0FFCDϑ
t N(t) = β̃2 ŞN + α̃M

−
(

ϒ̃2 + δ̃2 + µ̃

)
N

0FFCDϑ
t A (t) = δ̃1M+ δ̃2N

−
(

ϒ̃3 + µ̃

)
A

0FFCDϑ
t ℓ(t) = Θ̃ Ş−

(
ϒ̃4 + µ̃

)
ℓ

0FFCDϑ
t R(t) = ϒ̃1M+ϒ̃2N

+ϒ̃3A +ϒ̃4ℓ− µ̃ R

(2)

Now the right-hand side of (2) becomes,

{ψ1 (t, Ş(t)) = Λ̃ − β̃1 ŞM− β̃2 Ş N

−
(

Θ̃ + µ̃

)
Ş ψ2 (t,M(t)) = β̃1 ŞM

−
(

ϒ̃1 + α̃ + δ̃1 + µ̃

)
M ψ3 (t,N(t)) = β̃2 ŞN

+ α̃M−
(

ϒ̃2 + δ̃2 + µ̃

)
N ψ3 (t,A (t)) = δ̃1M

+ δ̃2N −
(

ϒ̃3 + µ̃

)
A ψ4 (t, ℓ(t)) = Θ̃ Ş

−
(

ϒ̃4 + µ̃

)
ℓ ψ5 (t,R(t)) = ϒ̃1M

+ϒ̃2N +ϒ̃3A +ϒ̃4ℓ− µ̃ R

(3)

Where the fuzzy functions are ψ1,ψ2,ψ3,ψ4,ψ5, ψ6 then, for γ ∈ [0,1], model (2) gets the form

0FFCDϑ
t Ş(t) = ψ1 (t, Ş(t))

0FFCDϑ
t M(t) = ψ2 (t,M(t))

0FFCDϑ
t N(t) = ψ3 (t,N(t))

0FFCDϑ
t A (t) = ψ4 (t, A (t))

0FFCDϑ
t ℓ(t) = ψ4 (t, ℓ(t))

0FFCDϑ
t R(t) = ψ5 (t,R(t))

(4)

With fuzzy initial conditions
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Ş̃(0,γ) =
[
Ş(0,γ), Ş(0,γ)

]
M̃(0,γ) = [M(0,γ),M(0,γ)]

Ñ(0,γ) = [N(0,γ),N(0,γ)]

Ã (0,γ) = [A (0,γ),A (0,γ)]

ℓ̃(0,γ) = [ℓ(0,γ), ℓ(0,γ)]

R̃ (0,γ) = [R(0,γ),R(0,γ)]

Now, using fuzzy fractional integral Iϑ and using initial conditions, one can get

{Ş(t) = Ş̃(0,γ)+
1
⌈ϑ

∫ t

0
(t

− ς)ϑ−1
ψ1 (ς , Ş(ς)) dς M(t) = M̃(0,γ)

+
1
⌈ϑ

∫ t

0
(t − ς)ϑ−1

ψ2 (ς ,M(ς)) dς N(t) = Ñ(0,γ)

+
1
⌈ϑ

∫ t

0
(t − ς)ϑ−1

ψ3 (ς ,N(ς)) dς A (t) = Ã (0,γ)

+
1
⌈ϑ

∫ t

0
(t − ς)ϑ−1

ψ4 (ς ,A (ς)) dς ℓ(t) = ℓ̃(0,γ)

+
1
⌈ϑ

∫ t

0
(t − ς)ϑ−1

ψ5 (ς , ℓ(ς)) dς R(t) = R̃(0,γ)

+
1
⌈ϑ

∫ t

0
(t − ς)ϑ−1

ψ6 (ς ,R(ς)) dς

(5)

Banach space is defined as follows based on the fuzzy norm

B = B1 ×B2 ×B3 ×B4 ×B5 ×B6

∥Ş(t), M(t),N(t) , A (t) , ℓ(t) , R(t) ∥= |Ş(t)+M(t)+N(t)+A (t)+ ℓ(t)+R(t)|

Thus, the equation (5) is written as

g̃(t) = g̃(0,γ)+
1
⌈ϑ

∫ t

0
(t −ξ )ϑ−1

Θ (ξ , g̃(ξ )) dξ (6)

Where
g̃(t) = {Ş(t) M(t) N(t) A (t) ℓ(t) R(t)
g̃(0,γ) = {Ş̃(0,γ) M̃(0,γ) Ñ(0,γ) Ã (0,γ) ℓ̃(0,γ) R̃(0,γ)

Θ (t, g̃(t)) = {ψ1 (t, Ş(t)) ψ2 (t,M(t)) ψ2 (t,N(t)) ψ3 (t,A (t)) ψ4 (t, ℓ(t)) ψ5 (t,R(t))

In order to obtain the required results, we consider the following assumptions
(A1) There exists a constant Pg > 0 and Qg > 0 ∋

|Θ (t, g̃(t))| ≤ Pg |g̃(t)|+Qg (7)

(A2) There exists constant Kg > 0 such that for each g̃1, g̃2 ∈ B we have

|Θ (t, g̃1(t))−Θ (t, g̃2(t))| ≤ Kg | g̃1(t)− g̃2(t)| (8)

Theorem 4. By using the assumption (A1) the prescribed system has atleast one solution.
Proof.
O = {g̃(t) ∈ B : ∥g̃(t)∥ ≤ γ} ⊂ B be a convex and closed fuzzy set is considered.
Taking the mapping V : O → O such that

V (g̃(t)) = g̃(0,γ)+
1
⌈ϑ

∫ t

0
(t −ξ )ϑ−1

Θ (ξ , g̃(ξ )) dξ

© 2026 NSP
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For any g̃(t) ∈ O, one can obtain

∥V (g̃(t))∥=
∣∣∣∣g̃(0,γ)+ 1

⌈ϑ

∫ t

0
(t −ξ )ϑ−1

Θ (ξ , g̃(ξ )) dξ

∣∣∣∣
≤ |g̃(0,γ)|+ 1

⌈ϑ

∫ t

0
(t

−ξ )ϑ−1 |Θ (ξ , g̃(ξ ))| dξ

≤ |g̃(0,γ)|+ 1
⌈ϑ

∫ t

0
(t

−ξ )ϑ−1 [Pg |g̃(t)|+Qg] dξ

≤ |g̃(0,γ)|+ tϑ

⌈ϑ
[Pg |g̃(t)|+Qg]

Here. V (0)⊂ 0 and hence we conclude that V is bounded.
Next, completely continuous property of the operator V is proved.
For any V1,V2 ∈ [0,T ] such that V2 >V1 gives

∥V (g̃(t))V2 −V (g̃(t))V1∥=
∣∣∣∣ 1
⌈ϑ

∫ V2

0
(V2 −ξ )ϑ−1

Θ (ξ , g̃(ξ ))dξ − 1
⌈ϑ

∫ V1

0
(V1 −ξ )ϑ−1

Θ (ξ , g̃(ξ ))dξ

∣∣∣∣
≤
∣∣V ϑ

2 −V ϑ
1

∣∣ [Pg|g̃(t)|+Qg]
⌈(ϑ+1) → 0 as V2 →V1

Which implies that ∥V (g̃(t))V2 −V (g̃(t))V1∥ → 0 as V2 → V1. As a result, the operator V is equi-continuous. The
completely continuous nature of the operator V is shown by the Arzela-Ascoli theorem. According to Schauder’s fixed
point theorem, there is atleast one solution to the aforementioned fuzzy fractional model.

Theorem 5. The considered system (1) has a single solution under the assumption (A2) provided that Φϑ LF < ⌈(ϑ +1)
Proof.
Let g̃1(t), g̃2(t) ∈ B then,

∥(V (g̃n1(t))−V (g̃n2(t)))∥=
∣∣∣∣ 1
⌈ϑ

∫ t

0
(t −ξ )ϑ−1

Θ (ξ , g̃n1(ξ ))dξ − 1
⌈(ϑ)

∫ t

0
(t −ξ )ϑ−1

Θ (ξ , g̃n2(ξ ))dξ

∣∣∣∣
≤ Φϑ

⌈(ϑ +1)
LF |g̃n1(t)− g̃n2(t)|

Hence V is contraction. The Banach contraction principle guarantees that the suggested model (1) has just one solution.

4 Numerical Analysis

The primary goal of this section is to use the Laplace transform (LT) [Allahviranloo et al., 2010] to determine how to
solve the fuzzy fractional model under consideration. In order to obtain the fuzzy LT model, we have:

L
[
0FFCDϑ

t Ş(t)
]
= L [ψ1 (t, Ş(t))]

L
[
0FFCDϑ

t M(t)
]
= L [ψ2 (t,M(t))]

L
[
0FFCDϑ

t N(t)
]
= L [ψ3 (t,N(t))]

L
[
0FFCDϑ

t A (t)
]
= L [ψ4 (t,A (t))]

L
[
0FFCDϑ

t ℓ(t)
]
= L [ψ5 (t, ℓ(t))]

L
[
0FFCDϑ

t R(t)
]
= L [ψ6 (t,R(t))]
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Under the zero initial condition, one can obtain:

sϑ L
[
0FFCDϑ

t Ş(t)
]
= sϑ−1Ş̃(0,r)

+L [ψ1 (t, Ş(t))] ,

sϑ L
[
0FFCDϑ

t M(t)
]
= sϑ−1M̃(0,r)

+L [ψ2 (t,M(t))] ,

sϑ L
[
0FFCDϑ

t N(t)
]
= sϑ−1Ñ(0,r)

+L [ψ3 (t,N(t))] ,

sϑ L
[
0FFCDϑ

t A (t)
]
= sϑ−1Ã (0,r)

+L [ψ4 (t,A (t))] ,

sϑ L
[
0FFCDϑ

t ℓ(t)
]
= sϑ−1ℓ̃(0,r)

+L [ψ5 (t, ℓ(t))] ,

sϑ L
[
0FFCDϑ

t R(t)
]
= sϑ−1R̃(0,r)

+L [ψ6 (t,R(t))] .

which implies that:

L
[
0FFCDϑ

t Ş(t)
]
=

1
s

Ş̃(0,r)

+
1
sϑ

L [ψ1 (t, Ş(t))] ,

L
[
0FFCDϑ

t M(t)
]
=

1
s

M̃(0,r)

+
1
sϑ

L [ψ2 (t,M(t))] ,

L
[
0FFCDϑ

t N(t)
]
=

1
s

Ñ(0,r)

+
1
sϑ

L [ψ3 (t,N(t))] ,

L
[
0FFCDϑ

t A (t)
]
=

1
s
Ã (0,r)

+
1
sϑ

L [ψ4 (t,A (t))] ,

L
[
0FFCDϑ

t ℓ(t)
]
=

1
s
ℓ̃(0,r)

+
1
sϑ

L [ψ5 (t, ℓ(t))] ,

L
[
0FFCDϑ

t R(t)
]
=

1
s
R̃(0,r)

+
1
sϑ

L [ψ6 (t,R(t))] .

Based on the infinite series solution, one can obtain:
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Ş(t) =
∞

∑
n=0

Şn(t)

M(t) =
∞

∑
n=0

Mn(t)

N(t) =
∞

∑
n=0

Nn(t)

A (t) =
∞

∑
n=0

An(t)

ℓ(t) =
∞

∑
n=0

ℓn(t)

R(t) =
∞

∑
n=0

Rn(t)

From (2), the nonlinear term can be rewritten as follows:
Ş(t)M(t) = ∑

∞
n=0 B1,n and Ş(t)N(t) = ∑

∞
n=0 B2,n

Here, B1,n and B2,n represents the Adomian polynomial for the nonlinear term. The above equations can be rewritten
as:

L

[
∞

∑
n=0

Şn(t)

]
=

1
s

Ş̃(0,r)

+
1
sϑ

L

[
ψ1

(
t,

∞

∑
n=0

Şn(t)

)]

L

[
∞

∑
n=0

Mn(t)

]
=

1
s

M̃(0,r)

+
1
sϑ

L

[
ψ2

(
t,

∞

∑
n=0

Mn(t)

)]

L

[
∞

∑
n=0

Nn(t)

]
=

1
s

Ñ(0,r)

+
1
sϑ

L

[
ψ3

(
t,

∞

∑
n=0

Nn(t)

)]

L

[
∞

∑
n=0

An(t)

]
=

1
s
Ã (0,r)

+
1
sϑ

L

[
ψ4

(
t,

∞

∑
n=0

An(t)

)]

L

[
∞

∑
n=0

ℓn(t)

]
=

1
s
ℓ̃(0,r)

+
1
sϑ

L

[
ψ5

(
t,

∞

∑
n=0

ℓn(t)

)]

L

[
∞

∑
n=0

Rn(t)

]
=

1
s

P̃(0,r)

+
1
sϑ

L

[
ψ6

(
t,

∞

∑
n=0

Rn(t)

)]
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Taking the inverse LT, we have:

∞

∑
n=0

Şn(t) = Ş̃(0,r)

+L −1

[
1
sϑ

L

[
ψ1

(
t,

∞

∑
n=0

Şn(t)

)]]
∞

∑
n=0

Mn(t) = M̃(0,r)

+L −1

[
1
sϑ

L

[
ψ2

(
t,

∞

∑
n=0

Mn(t)

)]]
∞

∑
n=0

Nn(t) = Ñ(0,r)

+L −1

[
1
sϑ

L

[
ψ3

(
t,

∞

∑
n=0

Nn(t)

)]]
∞

∑
n=0

An(t) = Ã (0,r)

+L −1

[
1
sϑ

L

[
ψ4

(
t,

∞

∑
n=0

An(t)

)]]
∞

∑
n=0

ℓn(t) = ℓ̃(0,r)

+L −1

[
1
sϑ

L

[
ψ5

(
t,

∞

∑
n=0

ℓn(t)

)]]
,

∞

∑
n=0

Rn(t) = R̃(0,r)

+L −1

[
1
sϑ

L

[
ψ6

(
t,

∞

∑
n=0

Rn(t)

)]]
,

The terms in the parametric form are compared, and we have:

Ş
0
(t) = Ş(0,r), Ş

0
(t) = Ş(0,r),

M0(t) = M(0,r),M0(t) = M(0,r),
N0(t) = N(0,r),N0(t) = N(0,r),
A 0(t) = A (0,r),A 0(t) = A (0,r),
ℓ0(t) = ℓ(0,r), ℓ0(t) = ℓ(0,r),

R0(t) = R(0,r),R0(t) = R(0,r),

and

Ş
1
(t) = L −1

[
1
sϑ

L
[
Λ̃ − β̃1 Ş

0
M0 − β̃2Ş

0
N0 −

(
Θ̃ + µ̃

)
Ş

0

]]
,

Ş
1
(t) = L −1

[
1
sϑ

L
[
Λ̃ − β̃1 Ş

0
M0 − β̃2Ş

0
N0 −

(
Θ̃ + µ̃

)
Ş

0

]]
,

In light of the aforementioned ideas, it is easy to get the remaining terms. Thus, the generic series solutions are written
as follows.
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Ş = Ş
0
(t)+ Ş

1
(t)+ Ş

2
(t)

+ . . . , Ş = Ş
0
(t)+ Ş

1
(t)+ Ş

2
(t)+ . . . ,

M = M0(t)+M1(t)+M2(t)
+ . . . , M = M0(t)+M1(t)+M2(t)+ . . . ,

N = N0(t)+N1(t)+N2(t)
+ . . . , N = N0(t)+N1(t)+N2(t)+ . . . ,

A = A 0(t)+A 1(t)+A 2(t)
+ . . . , A = A 0(t)+A 1(t)
+A 2(t)+ . . . ,

ℓ= ℓ0(t)+ ℓ1(t)+ ℓ2(t)
+ . . . , ℓ= ℓ0(t)+ ℓ1(t)+ ℓ2(t)
+ . . . ,

R = R0(t)+R1(t)+R2(t)
+ . . . , R = R0(t)+R1(t)
+R2(t)+ . . . ,

5 Optimal control system

The proposed fuzzy fractional Caputo mathphobia model is extended by incorporating optimal control functions to capture
intervention strategies aimed at reducing anxiety and increasing recovery. We introduce three control variables:

–u1(t): psychological counseling intensity targeting mathphobic students to accelerate recovery and transition to
intervention-aware or recovered states.

–u2(t): educational engagement programs aimed at increasing interest among susceptible students.
–u3(t): preventive awareness programs to reduce the progression from susceptible to mathphobic or not interested
groups.

Including these controls, the fuzzy fractional differential equations become:

0FFCDϑ
t Ş = Λ̃ − β̃1 ŞM− β̃2 ŞN

−
(

Θ̃ + µ̃

)
Ş−u2(t)Ş

0FFCDϑ
t M = β̃1 ŞM

−
(

ϒ̃1 + α̃ + δ̃1 + µ̃

)
M−u1(t)M

0FFCDϑ
t N = β̃2 ŞN + α̃M

−
(

ϒ̃2 + δ̃2 + µ̃

)
N −u1(t)N

0FFCDϑ
t A = δ̃1M+ δ̃2N

−
(

ϒ̃3 + µ̃

)
A +u1(t)(M+N)−u3(t)A

0FFCDϑ
t ℓ= Θ̃ Ş−

(
ϒ̃4 + µ̃

)
ℓ+u2(t)Ş

0FFCDϑ
t R = ϒ̃1M+ϒ̃2N +ϒ̃3A

+ϒ̃4ℓ− µ̃ R+u3(t)A

Here, u1(t) increases recovery and intervention effectiveness for M(t) and N(t), u2(t) enhances the transition of
susceptible students to interested, and u3(t) supports the sustained recovery of intervention-aware students. The
controls u1(t),u2(t),u3(t) are time-dependent and bounded within admissible ranges, optimized to minimize a cost
functional reflecting anxiety prevalence, intervention costs, and recovery goals.
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The goal is to minimize both the burden of mathphobia and the cost of interventions over a finite time horizon
[
0, t f

]
.

The objective functional is defined as:

J (u1,u2,u3) =
∫ t f

0

(
A1M(t)+A2 N(t)+A3 A (t)+

C1

2
u2

1 +
C2

2
u2

2 +
C3

2
u2

3

)
dt

where A1, A2 and A3 are the weight coefficients reflecting the relative importance of reducing each risk group. The
constants C1, C2, C3 are the cost coefficients for the control variables u1, u2, u3.

The set of optimal control is

U = {(u1,u2,u3) | ui(t) is Lebesgue measurable on [0,1],0 ≤ ui(t)≤ 1, i = 1,2,3}.

find an optimal control (u∗1,u
∗
2,u

∗
3) ∈U such that

J (u∗1,u
∗
2,u

∗
3) = J (u1,u2,u3) ,

Subject to the fractional state system above and initial conditions:
Ş(0) = Ş0, M(0) = M0, N(0) = N0, A (0) = A0, ℓ(0) = ℓ0, R(0) = R0.

Fig. 1: Temporal dynamics of the susceptible student population Ş(t) for varying fractional orders ϑ .

According to the Pontryagin’s maximum principle, define the Hamiltonian function as follows:
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H = A1M(t)+A2 N(t)+A3 A (t)+
C1

2
u2

1 +
C2

2
u2

2

+
C3

2
u2

3 +ψ1

[
Λ̃ − β̃1 ŞM− β̃2 ŞN −

(
Θ̃ + µ̃

)
Ş−u2(t)Ş

]
+ψ2

[
β̃1 ŞM−

(
ϒ̃1 + α̃ + δ̃1 + µ̃

)
M−u1(t)M

]
+ψ3

[
β̃2 ŞN + α̃M−

(
ϒ̃2 + δ̃2 + µ̃

)
N −u1(t)N

]
+ψ4

[
δ̃1M+ δ̃2N −

(
ϒ̃3 + µ̃

)
A +u1(t)(M+N)−u3(t)A

]
+ψ5

[
Θ̃ Ş−

(
ϒ̃4 + µ̃

)
ℓ+u2(t)Ş

]
+ψ6

[
ϒ̃1M+ϒ̃2N +ϒ̃3A +ϒ̃4ℓ− µ̃ R+u3(t)A

]

(9)

Where ψi, (i = 1,2,3,4,5,6) are the adjoint variables.
Given optimal control pairs (u∗1,u

∗
2,u

∗
3) and solutions S(t),M(t),N(t),A (t), ℓ(t),R(t) of the state system (9), there

exist adjoint variables ψi, satisfying the following adjoint system

ψ
′
1 =−∂H

∂S
(t) = ψ1

[
β̃1 M+ β̃2N +

(
Θ̃ + µ̃

)
+u2(t)

]
−ψ2β̃1 M

−ψ3β̃2 N +ψ5

[
Θ̃ −u2(t)

]
ψ ′

2(t) =− ∂H
∂M (t) =−A1+ψ1β̃1 Ş++ψ2

[
β̃1 Ş−

(
ϒ̃1 + α̃ + δ̃1 + µ̃

)
−u1

]
−ψ3α̃−ψ4δ̃1 −ψ6ϒ̃1

ψ ′
3(t) =− ∂H

∂N (t) =−A2 +ψ1β̃2 Ş −ψ3

[
β̃2 Ş−

(
ϒ̃2 + δ̃2 + µ̃

)
−u1(t)

]
−ψ4δ̃2 −ψ6ϒ̃2 ,

ψ ′
4(t) =− ∂H

∂A (t) =−A3 +ψ4

(
ϒ̃3 + µ̃ +u3(t)

)
−ψ6

[
ϒ̃3 +u3(t)

]
,

ψ
′
5(t) =−∂H

∂ℓ
(t) = ψ5

(
ϒ̃4 + µ̃

)
−ψ6ϒ̃4,

ψ ′
6(t) =− ∂H

∂R (t) = ψ6µ̃ .
The terminal condition of adjoint equations is given by

ψi(t f ) = 0, i = 1,2,3,4,5,6,7. (10)

Minimizing H pointwise with respect to u1,u2,u3:

∂H
∂u1

=C1u1 −ψ2M−ψ3N +ψ4(M+N) = 0,

=⇒ u∗1 =
1

C1
[(ψ2 −ψ4)M+(ψ3 −ψ4)N] ,

∂H
∂u2

=C2u2 −ψ1S+ψ5S = 0,

=⇒ u∗2 =
1

C2
(ψ1 −ψ5)Ş,

∂H
∂u3

=C3u3 −ψ4A −ψ6A = 0,

=⇒ u∗3 =
1

C3
(ψ4 −ψ6)A .

applying the boundedness 0 ≤ ui(t)≤ 1, we get the optimal controls
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{u∗1 = min
{

1,max
{

0,
(ψ2 −ψ4)M+(ψ3 −ψ4)N

C1

}}
u∗2 = min

{
1,max

{
0,

(ψ1 −ψ5) Ş
C2

}}
u∗3 = min

{
1,max

{
0,

(ψ4 −ψ6)A

C3

}}
Where i = 1,2,3. By solving the above equations, the proof is completed.

6 Results and Discussion

Fig. 2: Dynamics of the mathphobic student compartment M(t) under different fractional orders ϑ .

This section presents the outcomes of implementing optimal control and conducting numerical simulations via the
Laplace transform method on the fuzzy fractional Caputo model of mathphobia. The analyses leverage the parameter set
detailed in Table 1, which governs the progression and recovery dynamics across different student groups. Figures 1
through 6 illustrate how the populations in the six compartments evolve over time for various fractional orders ϑ ,
highlighting the critical role of memory effects in psychological state transitions.

As the fractional order ϑapproaches one,indicating weaker memory influence, all compartments stabilize more
rapidly. Specifically, Figure 1 shows that the susceptible student population decreases faster because individuals more
quickly transition into other states such as mathphobic, not interested, or interested. Conversely, for lower ϑvalues, the
decline in susceptible students is more gradual, reflective of prolonged retention of past states.
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Fig. 3: Variation over time of not interested students N(t) at multiple fractional orders ϑ .

Figure 2 reveals that the mathphobic group maintains higher and more sustained levels when ϑ is smaller, signaling
that stronger memory effects exacerbate anxiety persistence.

Similarly, Figure 3 illustrates that not interested students exhibit delayed dynamics and prolonged disengagement
under strong memory influence.

Figure 4 highlights the behavior of intervention-aware students, showing that higher ϑvalues produce sharper peaks
representing more rapid intervention uptake and release, whereas lower ϑ leads to slower, sustained engagement in
support programs.

Figure 5 depicts the interested students, where higher fractional orders facilitate faster growth and earlier
stabilization of enthusiasm towards math, while lower ϑdelays these transitions.

Finally, Figure 6 demonstrates that recovery accumulates swiftly for high ϑ , indicating rapid restoration of
confidence, but lags significantly when memory effects are strong, prolonging recovery time.

These findings confirm that the fuzzy fractional Caputo framework effectively incorporates memory to modulate the
speed and extent of psychological transitions. This tunable memory characteristic can guide tailored intervention
strategies, optimizing timing and intensity to address mathphobia based on the behavioral persistence observed in student
populations.
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Fig. 4: Trajectory of intervention-aware students A (t) for distinct fractional orders ϑ .

Fig. 5: Growth and stabilization of interested students ℓ(t) across fractional orders ϑ .
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Fig. 6: Cumulative recovery R(t) in students as influenced by fractional order ϑ .

7 Conclusion

This paper introduces a new six-compartment fuzzy fractional-order model capturing the dynamics of mathphobia in
student populations, including susceptible, mathphobic, not interested, intervention-aware, interested, and recovered
classes. Using Caputo-type fuzzy fractional differential equations, the model incorporates memory effects and
uncertainty in transmission and recovery rates. Existence and uniqueness of solutions are established via fixed-point
theory, ensuring mathematical consistency. An optimal control framework models time-dependent interventions like
workshops and counseling, demonstrating through numerical simulations that combined strategies significantly reduce
mathphobic and apathetic students while increasing interested and recovered individuals. This approach offers a robust
quantitative foundation for designing evidence-based educational policies addressing math anxiety.

The key advantages of this work include improved behavioral realism through fuzzy fractional calculus, ability to
capture long-term dependencies, and integration of adaptive control for targeted interventions. Future work could extend
the model to account for social network effects, individual heterogeneity, and stochastic influences, as well as develop
machine learning-based control policies for personalized anxiety management. This model lays the groundwork for more
nuanced and effective approaches to mitigating mathphobia in educational environments.
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