%N ==y 1057

Applied Mathematics & Information Sciences
An International Journal

Appl. Math. Inf. Sci. 20, No. 4, 1057-1069 (2026)

http://dx.doi.org/10.18576/amis/200415

Utilizing Laguerre Polynomials to Compute a Numerical
Solution for the Second Kind Linear System of Volterra
Integral Equations

Nasser H. Sweilam'*, Adel Abdelfattah Darwish?, Doaa Gamal Mohamed?, Aliaa Ali Fath-Elbab®, and Adel Abd Elaziz
El-Sayed*>

IDepartment of Mathematics, Faculty of Science, Cairo University, Giza, Egypt

2Department of Mathematics, Faculty of Science, Capital University, Cairo, Egypt

3Department of Basic Sciences, Faculty of Industry and Energy Technology, New Cairo Technological University, Cairo, Egypt
4Department of Mathematics, College of Education, University of Technology and Applied Sciences, Al-Rustaq 329, Sultanate of
Oman

SDepartment of Mathematics, Faculty of Science, Fayoum University, Fayoum 63514, Egypt

Received: 20 Mar. 2026, Revised: 30 Apr. 2026, Accepted: 20 Jun. 2026
Published online: 1 Jul. 2026

Abstract: This paper develops a highly efficient numerical framework using Laguerre polynomials to solve systems of linear
Volterra integral equations of the second kind. A primary advantage of this approach is its use of the semi-infinite interval [0, o),
which eliminates the need for the artificial domain truncation required by traditional bases like Chebyshev or block-pulse functions.
This makes the method uniquely suited for accurately modeling memory-dependent processes such as damping and diffusion. By
deriving a specialized operational matrix, the system is transformed into a system of linear algebraic equations. Numerical results
demonstrate spectral convergence and exceptional precision, achieving results comparable to the exact solution with a minimal number
of basis functions. Comparative analysis confirms that the proposed method significantly outperforms existing benchmarks in both
computational efficiency and accuracy for systems with decaying exponential kernels.
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1 Introduction heat transfer problem [7], viscoelastic stress analysis [8],

population dynamics [9], and epidemic study [10].

Integral equations, where the unknown function appears
under the integral sign, have a significant role in
characterizing phenomena throughout  physics,
engineering, biology, and finance [1,2]. They effectively

Consider the system of linear VIEs of the second kind
[11,12] will be examined in this article:

capture systems with memory effects, such as heat
conduction, signal processing, and population dynamics,
with VIEs of the second kind being prominent due to
their variable integration limits [3]. VIEs and their
systems are crucial because they effectively characterize
phenomena that involve memory effects, meaning the
current state of the system depends on its past history.
According to the sources, these equations have a wide
range of applications in the following fields: Dynamics
[4], linear viscoelasticity [5], particle size statistics [6],

01 (u) = g1 (u) + /0 U () Q1 (v) dv+ /0 ki (1) Qa(v) v,

0(1) = g2(u)+ [ "k () Q1 () v+ [ ha() Qa(v)
)
where the unknown functions are Q () and Q5 (u), while
the  given  functions are  gi(u),g2(u), and
kij(u,v), (i, j = 1,2), with the parameter 0 < u < 1.

In fact, there are numerous published methods and
strategies for solving second kind VIEs [13]. In [14],
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Mohand transform is applied to determine solutions of
convolution-type linear VIEs of the second kind. Matebie
[15] used the method of successive approximations
(Neumann’s series) to solve both linear and nonlinear
VIEs of the second kind. In [16], Myrhorod and
Hvozdeva utilized Legendre polynomials together with
the collocation approach to solve VIEs of the second
kind, transforming the integral equation into a system of
algebraic equations. Furthermore, Rahman and Hossain
[17] wused Legendre, Chebyshev, and Gegenbauer
polynomials to obtain approximate solutions for some
types of Voltera integral equations. VIEs of the second
kind can also be solved using several published
computational and numerical methods[18,19,20,21,22,
23,24,25,26,217].

There are several numerical and analytical methods to
solve systems of linear VIEs of the second kind. The
Galerkin method, Finite element method, collocation
methods, spectral methods, and Taylor or power series
and expansion methods are among these methods. To
address these, researchers have wused Laguerre
polynomials for solving a System of generalized Abel
integral equations[28]. Khidir [29] used the Chebyshev
spectral method for solving VIEs. Isaa and et al. [30] are
used a collocation method via sinc functions and
Chebyshev wavelet method for solving a linear systems of
Volterra integro-differential equations. To find solutions
for the second kind of VIEs, Chauhan and Aggarwal [31]
are used Laplace transform. Aggarwal and Gupta [32]
solve linear Volterra integro-differential equations of
second kind via Kamal transform. Ahmad and Singh [33]
introduced an approach for treating linear Volterra
integral equations of the first kind using Galerkin method
with Hermite and Chebyshev polynomials. Researchers
[34] focus on collocation technique for solving Volterra
integro-differential equation. In [35] wusing Rishi
transform for solving second kind Volterra Integral
Equation. Nevertheless, numerous other writers have
addressed these integral or integro-differential equations
using this concept or comparable transformations. The
numerical methods, not only including different bases and
schemes, provide efficient solutions for these equations in
practical applications [36], but also include different
bases and schemes, providing efficient solutions for the
fractional equations in [37,38,39,40,41].

This article presents a straightforward and effective
method for solving a system of second kind linear VIEs
using Laguerre polynomials, which results in a system of
linear algebraic equations. The results are contrasted with
those of another method to show how applicable and
successful this strategy is. A system of linear Volterra
integral equations of the second kind with regular kernels
is solved using this formulation [28,42,43].

This article emphasises that the benefits of the
proposed method stem from its unique mathematical

properties, which make it especially useful for a particular
class of problems, particularly those described on
semi-infinite domains and displaying exponential decay.
With respect to the weight function e ", Laguerre
polynomials show orthogonality over the interval [0,eo),
providing a natural and ideal framework for simulating
processes such as damping, diffusion, and relaxation
without the need for artificial domain reduction. They are
more effective than the other approaches like Chebyshev
spectral or block-pulse functions that are often restricted
to truncated finite domains because of their intrinsic
exponential decay, which ensures that solutions stay
confined and physically realistic as they extend to infinity.
They are excellent at calculations as well. A Laguerre
series expansion achieves spectral convergence for
smooth, decaying functions, meaning that very few terms
yield highly accurate approximations. The intrinsic
exponential decay of the Laguerre basis ensures that
numerical solutions for second kind Volterra systems
remain physically realistic as they extend toward infinity,
a property crucial for applications in viscoelasticity and
population dynamics.

The rest of this document is structured as follows: A
brief summary of the basic characteristics and recurrence
relations of Laguerre polynomials is given in Section 2.
The function approximation scheme and the derivation of
the operational matrix are presented in Section 3. The
suggested methodology is described in Section 4, which
shows how the system of Volterra integral equations is
converted into a system of linear algebraic equations that
can be solved using the Gauss elimination method. In
order to verify the method’s spectral convergence and
computing efficiency, Section 5 offers a number of
numerical examples, including comparisons with previous
research. The study is finally concluded in Section 6,
which includes a summary of the results, a discussion of
the limitations, and suggestions for further research.

2 Laguerre Polynomials

This section provides a brief overview of the concepts,
notations, and important relationships that will be used
later in this text.

Definition 1. Laguerre polynomials (LPs), Ly(u), are
polynomials of degree N € Ny defined on the interval
[0,00) as the following relation:

N (=1)N!
L =y ————u" 0,00 2
N(”) ;(V')Z(Nfr)'u7 ME[ ) )? ()
where N and r denote the degree and the index for the LPs,
respectively.
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The first few LPs are presented below:

L()(u) = 1,
Ll(u) = 1_u7
Ly(u) = %(2—4u—|—u2),
1
Lﬂm::g®448u+%ﬁfu%,

160 +u).

Iy
—~
<
S~—
Il

5 (24— 96U+ 721

MH

Moreover, we can use the following recurrence relation:

Lys2(u) = (2N1\1++3;u) Lyt (u) — N+2 5 Liv(u),

N =0, u€0,), 3)

where Lo(u) =1, Li(u) = 1 —u.
The generating function for Ly (u) likewise follows,

ind 1 —Xu
Z XN Ly(u) = expTr.
N=0 !

3 Approximate Function Based on Laguerre
Polynomials

In this section, we approximate the unknown functions
01 (u) and Q»(u) in Eq. (1) using LPs of degree N as the
following:

O1(u) = Qi n(u) = tLo(u) + 7Ly (u) + -+ Ly (u)
N
= Z 7L, (u)
r=0
Oan(u) =

N
= Z n-L(u
r=0

4

0o (u) ~ NoLo(u) + 1Ly (u) +--- +nyLy(u)

where 7, and 7, are unknown coefficients.

According to Eq. (2), the Laguerre basis polynomials
of N —th degree are represented by the function
{L,(u)}Y_,. The unknown Laguerre coefficients that are
calculated later are 7, and ), (r=0,1,--- ,N).

Eq. (4) can be expressed as a matrix forms dot products
as follows:

(%0 7 - ] [Lo(u), Ly (u), -+~ Ly (w)]"

(Mo M -+ nw] - [Lo(u), Ly (w), -+ Ly (u)]"
)]

Oin(u)=
Oxn(u) =

Eq. (5) can be expressed as follows:

0.0 0.1 &2 - Son] 0]
0 i1 &in| T
u :[1,,”42...”1\’] 0 0 §2,2"' 527N ()

0 0 0 - &vnl Lawd
0.0 01 Eo2 -+ Eon] [Mo]

0 51,1 51,2“' le m
u :[1uu2~~uN] 0 0 &o- éZN n2

0 0 0 - §N,N yna

(6)

where the components &;; of the square matrix are
represented by:

i<},
otherwise.

(&ij)o<ijen = { (_1);7({) " @)

The operational matrices for N = 1 and 2 are shown
respectively:

QMW=U4BHH$’

11 1] [ (®)
Ql’z(u) = [1 u uz} 0-1-2 T1
00 1| |m

Q2.1(u) = [1 4] {(]) —]1} [?1(1)] ’

11 17 [no )
Orp(u) = [1uu?] |0 12| |n
00 3| |m

4 Methodology

In this section, the LPs are applied to solve the second kind
linear VIEs system.
By substituting Eq. (4) into Eq. (1), we get

ZT,, =g1(u —|—/k11uv Zr,,

—|—/ kia(u,v) anL,(v)dv
=g (u +/ ko (u,v) ZTr r

+ [ kzz(u»v)r;)anr(V)dV

(10)

Zmr
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by using Eq. (5), then Eq. (10) becomes:

éo(”)
[’L‘o Ty TN - 1(”) =g1(u)
LN.(”)
L()(v)
u Li(v
+/0 k() [0 7 - o] 1:( dv
LN.(V)
L()Evg
” Li(v
Lot tmn |70
LO(M)LN(V) (11)
L](M)
[770 m - nN] . . = g2(u)
LN(M)
Logvg
u Li(v
+/0 ki (u,v) [T 71 - ] 1: v
LN.(V)
)
+/0uk22(w) (Mo M - nw]. 1:v dv.
LN(V)_

Now, using Eq. (6), in Eq. (11) to obtain the following

0.0 &o,1 Sop - Eon] [0
0 &aéin-- &Gin| [T

[Huw? - u]. 0 0 & &Nl || =g

o0 o1 Go2 -+ Son
" 0 &i1&ia- &in
+/0 kip(u,v) [Ty 2 W], 0 0 & Gow
0 0 0 - Eyvy

o

Tl
T

M o)

dv+/ k]z(u,v) [1,117\/27... ’VN} .
0

LN
80,0 So.1 So2 -+ Son Mo

0 51,1 51,2 5171\/ T
0 0 &o Sn| . [m]

L0 0 0 ---Svwnl Lnw
(12)

0.0 So,1 Go2 -+ Son] [Mo
0 &ia1éip &in Ul
Muw? .| 0 0 G2 Gon| | M| = go(u)
0 0 0 - §N,N NN
(0.0 0.1 So2 - Son] [T
. 0 &i1éi2 &N 7
+/ o (w,v) [Lv a2 - 9N] | O 0 &2 S| || 4
JO . . . . .
L0 0 0 - &vn]| |
(€00 S0,1 o2 -+ Son] [Mo
0 &1é&i2 &in U
M dy.

+/Ouk22(u,v) [Ty v V). 0 0 &2 &
LO 0 0 - &vn] v
13)
The unknown numerical solution coefficients
[TO)TI’.'.’TN] and [n07n17”'7nN] may now be found by
simplifying Eqgs. (12) and (13) by selecting the
collocation  points in  the  interval [a, D],

up=a+ b%i,i =0,1,...,N. As a result, Egs. (12) and
(13) become a system of linear algebraic equations with
(2N + 2) unknown coefficients. These coefficients have
unique solutions, and the "Gauss elimination method" can
solve this system. These coefficients are substituted into
Eq. (4) to give the approximate numerical solution for the
system given in Eq. (1).

5 Numerical Examples

This section presents numerical results to verify the
accuracy, efficacy, flexibility of use, and simplicity of the
presented method. Furthermore, we will discuss the exact
solutions, the approximate solutions, and the absolute
errors (AEs). We calculated the AEs respectively as
follows:

AE; = |01 (i) — Q1.8 (ui)],

. (14)

AEy = |02 (i) — Qan(ui)|,N € Z", u; € [0, 1],
In this context, u; represents the collocation points, while
O1(u;) and Q»(u;) denotes the exact solutions and
Q1.8 (u;) and Qs n(u;) are signify the numerical solutions.

We will use the method described in section 4 to solve
all the problems in this section. we calculate the AE
estimation for Q; and @, for N = 10. Then to make
results easier to understand, we will also present a variety
of numerical results in Tables and Figures.

We suppose that Eq. (1) admits a unique continuous
solution for suitable choices of
g = [g1(u),g2(u)]7. Accordingly, the system in Eq. (1)
can be expressed in operator form as a second kind
equation, g = (I — K)Q, where K represents an integral
operator, [ is the identity operator, and
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Q = [Q1(u),Q2(u)]T. To ensure the existence and
uniqueness of the solution to (1), it is standard practice to
place compactness criteria on the operator K (see [11],
Theorem 4), and these assumptions are upheld throughout
this work. We also evaluate the precision of the proposed
method in approximating the solution of Eq. (1). To
illustrate its accuracy, two relative error measures [11] are
computed according to the specified formulas.

1 100

Ej=
100 =

(8(ai) = (I = K)Qm(ai))y ,

which calculates the proximity of Q,, , and
2
(Om(ai = O(ai)))y

%
E, =
’ ¢ 10 (0(an)?

which approximates the L%((0, 1); RV) relative error of the
approximation Q,, to the exact solution Q(u), evaluated at
one hundred distinct randomly chosen points ay, . ..,a190 €
[0, 1].

)

Example 1.[11]
Consider the linear VIE of the formula:

u5 u
O1(u) =u— - +/0 (u—v)> Q1 (v)dv
+ /0 u=v2 0a(v)dv,

6 (15)
2 U U 4
Oo(u)=u"——+ / (u—v)*Q1(v)dv
20 Jo
u
+ [[u=vy 02 a,
where  the  exact  solution s given by

Q1(u) =u, Qr(u) = u?.

Table 1: Our computational AE estimation for Example 1
at N = 10 for Q; provided by the presented method.

u; 01 (u;) O1.n(u) AE,

0 0 —3.5508 x 10~ 18 | 3.5508 x 10~ 18
0.1 | 0.10000000 0.10000000 1.2490 x 1016
0.2 | 0.20000000 0.20000000 0
0.3 | 0.30000000 0.30000000 1.6653 x 10~ 10
0.4 | 0.40000000 0.40000000 5.5511x 10717
0.5 | 0.50000000 0.50000000 1.1102 x 1016
0.6 | 0.60000000 0.60000000 2.2204 x 1016
0.7 | 0.70000000 0.70000000 4.4409 x 1016
0.8 | 0.80000000 0.80000000 4.4409 x 1016
0.9 | 0.90000000 0.90000000 4.4409 x 1010
1.0 | 1.00000000 1.00000000 4.4409 x 1016

Table 2: Our computational AE estimation for Example 1

at N = 10 for O, provided by the presented method.

u; (1) Qo v (ui) AE,

0 0 42284 x 10717 | 42284 x 10~ 17
0.1 | 0.01000000 0.01000000 7.1471 x 10716
0.2 | 0.04000000 | 0.03999999 1.0200 x 10~
0.3 | 0.09000000 | 0.09000000 | 4.1633 x 10~ 1©
0.4 | 0.16000000 | 0.16000000 | 2.7756 x 1017
0.5 | 0.25000000 | 0.25000000 | 7.2164 x 10~ 1®
0.6 | 0.36000000 | 0.36000000 | 6.6613 x 10~ 1°
0.7 | 0.49000000 | 0.49000000 | 3.8858 x 10~ 1©
0.8 | 0.64000000 | 0.64000000 | 8.8818 x 10~ 1°
0.9 | 0.81000000 | 0.81000000 | 4.4409 x 10~ T©
1.0 | 1.00000000 | 0.99999999 | 2.2204 x 10~ 1©

x]()'“‘

Error for Q;(u)

I
0.4 0.5 0.6

0 0.1 0.2 0.3 0.7 0.8 0.9 1
u
Solution for Q;(u)
1 T T T T T
Exact
- = Approximate
0.8
0.6
04f
02
0
02 . . . . . . . . .
0 0.1 0.2 0.3 0.7 0.8 0.9 1

Fig. 1: For Example 1 with N = 10, the exact, approximate

solutions, and the AE for Q.
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10715 Error for Q(u)

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u

Solution for Q(u)

T
Exact
0.9 | = = -Approximate

0.8

0.7

0.6 -

04

03

021

0 L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u

Fig. 2: For Example 1 with N = 10, the exact, approximate
solutions, and the AE for Q.

The error norms produced by the proposed method for
various values of N + 1 are presented in Table 1 for Q
and Table 2 for 0. The AE outcomes for Example 1 for
N = 10 are shown in Table 1 and Table 2. The AE| and
the analytical and numerical solutions for Q; are plotted
in Figure 1 at N = 10, where the AE; and the analytical
and numerical solutions for Q5 are plotted in Figure 2. It
is clear that the numerical solution is almost similar to the
exact solution.

Table 3: Our computational relative error estimations for
Example 1 at N = 5,10,20,30,40,50 provided by the

Laguerre Polynomials Approximation

0 10 20 30 40 50
N

Fig. 3: For Example 1 with N = 5,10,20,30,40,50, the
two relative errors.

Table 3 presents a comparison at
N =5,10,20,30,40,50 between E; and E; obtained using
the method in [11] and the proposed approach. The results
clearly indicate that the suggested method outperforms
the one reported in [11], as evidenced by the two relative
error measures that evaluate the precision of the proposed
method in approximating the solution of Example 1.

Example 2.[12] Consider the linear VIE of the formula:

O1(u)=1 —u? —i—/u 0> (v)dv,

w (16)

0 (u) = u+/ 01 (v)dv,
JO

where the exact solution is given by Qi (u) = 1, Qx(u) =
2u.

Table 4: Our computational AE estimation for Example 2
at N = 10 for Q| provided by the presented method.

presented method are compared with the relative error uj 01 (ui) O1.n(ui) AE,
estimations provided by the method in [11]. 0 | 1.00000000 | 1.00000000 0
0.1 | 1.00000000 | 1.00000000 0
0.2 | 1.00000000 | 1.00000000 0
N Method in [11] Our proposed method 0.3 | 1.00000000 | 1.00000000 0
E, E) E; E; 0.4 | 1.00000000 | 1.00000000 | 2.2204 x 10~1©
5 | 219%x1072 [ 3.11x 1072 | 484x 1071 | 6.93x 1016 0.5 | 1.00000000 | 1.00000000 0
10 | 3.60x 1073 | 4.80x 1073 | 3.84x 10710 | 5.47x 10710 0.6 | 1.00000000 | 1.00000000 0
20 | 627x107% [ 830x107% | 1.52x10°15 | 240x 10713 0.7 | 1.00000000 | 0.99999999 | 1.1102 x 10~T©
30 [ 207x107% [ 3.03x10°% | 1.20x 107 | 1.87x10° P 0.8 | 1.00000000 | 1.00000000 | 2.2204 x 10~1©
40 [ 1.02x107% [ 1.25x107% | 2.18x 1071 [ 3.23x 10714 0.9 | 1.00000000 | 1.00000000 | 2.2204 x 10~1©
50 | 6.45x107° [ 9.28x 107> | 7.50x 10~ | 1.08 x 10~ 1.0 | 1.00000000 | 1.00000000 | 2.2204 x 10~ 10
© 2026 NSP
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Table 5: Our computational AE estimation for Example 2
at N = 10 for Q, provided by the presented method.

u; 0o (ui) Qo n(ui) AEp

0 0 —6.6895x 1017 | 6.6895 x 10~ 17
0.1 | 0.20000000 0.20000000 2.7756 x 10~ 17
0.2 | 0.40000000 0.40000000 2.2204 x 10716
0.3 | 0.60000000 0.59999999 1.1102 x 1016
0.4 | 0.80000000 0.80000000 1.1102 x 1016
0.5 | 1.00000000 1.00000000 2.2204 x 10716
0.6 | 1.20000000 1.20000000 2.2204 x 10716
0.7 | 1.40000000 1.40000000 0
0.8 | 1.60000000 1.60000000 2.2204 x 10716
0.9 | 1.80000000 1.80000000 2.2204 x 10716
1.0 | 2.00000000 2.00000000 0

<1016 Error for Q1 (u)

25

05F

Solution for Q;(u)

T T T
1.000000000000] | === Exact
- — Approximate

1.00000000000005 -

0.99999999999995

0.9999999999999

0 01 02 03 04 05 06 07 08 09 1

Fig. 4: For Example 2 with N = 10, the exact, approximate
solutions, and the AE for Q;.

©1071 Error for Qy(u)

o
T

051

0 I I I I I I I I
0 01 02 03 04 05 06 07 08 09 1

U

, Solution for Qa(u)

—Exact
1.8 F = = Approximate

08r

0.6

04r

02F

0 01 02 03 04 05 06 07 08 09 1

Fig. 5: For Example 2 with N = 10, the exact, approximate
solutions, and the AE for Q,.

The error norms produced by the proposed method for
various values of N+ 1 are presented in Table 4 for Q;
and Table 4 for 0. The AE outcomes for Example 2 for
N = 10 are shown in Table 4 and Table 5. The AE;| and
the analytical and numerical solutions for Q; are plotted
in Figure 4 at N = 10, where the AE; and the analytical
and numerical solutions for @, are plotted in Figure 5. It
is clear that the numerical solution is almost similar to the
exact solution.

Where f{(¢) and f;(t) in Table 6 refers to the
approximate solutions in [12]. Table 6 presents a
comparison at N = 40 between the exact solutions and the
approximate solutions obtained using the method in [12]
and the proposed approach. The results clearly indicate

© 2026 NSP
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Table 6: Our computational the exact and approximate solutions for Example 2 at N = 40 for Q; («) and Q5 (u) provided
by the presented method are compared with the exact and approximate solutions provided by the method in [12].

u; Exact Method in [12] Our proposed method
O1(ui) | Oowi) | fi(1) ) | Qunlui) | Qon(ui)
0.1 | 1.00000 | 0.20000 | 1.00000 | 0.20001 1.00000 0.20000
0.2 | 1.00000 | 0.40000 | 1.00000 | 0.40002 | 1.00000 0.40000
0.3 | 1.00000 | 0.60000 | 1.00000 | 0.60003 | 1.00000 0.60000
0.4 | 1.00000 | 0.80000 | 1.00001 | 0.80004 | 1.00000 0.80000
0.5 | 1.00000 | 1.00000 | 1.00001 | 0.80005 | 1.00000 1.00000
0.6 | 1.00000 | 1.20000 | 1.00002 | 1.20007 | 1.00000 1.20000
0.7 | 1.00000 | 1.40000 | 1.00003 | 1.40008 | 1.00000 1.40000
0.8 | 1.00000 | 1.60000 | 1.00004 | 1.60009 | 1.00000 1.60000
0.9 | 1.00000 | 1.80000 | 1.00005 | 1.80011 1.00000 1.80000
1.0 | 1.00000 | 2.00000 | 1.00006 | 2.00012 | 1.00000 2.00000
Table 7: Our computational AE estimation for Example 3
Solution for Q1 (u) at N = 10 for Q; provided by the presented method.
1.0000000000001 —‘Exact ! ‘ ‘ ‘
— — Approximate
u; Q1 (i) Q1 .n(ui) AE;
0 | 1.00000000 | 1.00000000 | 1.2212x 10~
1.00000000000005 | 0.1 | 1.10517092 | 1.10517092 | 1.3101 x 10~ ™4
0.2 | 1.22140276 | 1.22140276 | 1.5987 x 1014
0.3 | 1.34985881 | 1.34985881 | 1.1902 x 10~ 13
. L il _ 0.4 | 1.49182470 | 1.49182470 | 1.4433x 1014
0.5 | 1.64872127 | 1.64872127 | 1.2657 x 1014
0.6 | 1.82211880 | 1.82211880 | 3.4417 x 10~ 14
—14
0.99999999999995 - 0.7 | 2.01375271 | 2.01375271 | 5.0626 x 10
0.8 | 2.22554093 | 2.22554093 | 8.3489 x 10~ 4
0.9 | 2.45960311 | 2.45960311 | 6.6169 x 10~ 1%
1.0 | 2.71828183 | 2.71828183 | 3.1086 x 10~ 15
0.9999999999999 -
0 01 02 03 04 05 06 07 08 09 1
u
) Solution for Q(u)

Ti"a?oximate that the suggested method outperforms the one reported
T in [12], with the numerical solution closely matching the
16 1 exact solution.
14t
12F

i | Example 3.[12] Consider the linear VIE of the formula:
0.8
u2 u u
| 01w = 1=+ ["oiav+ [ ve'osa
04+ ] 0 0
Lt2 U B u
! 0x(w) =1+ 5+ [ —ve™ 01 ()av— [ 0a())an
A S S S S S — (a7)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u
where  the  exact solution is  given by

Fig. 6: For Example 2 with N = 40, the exact and the
approximate solutions for Q; and Q5.

O1(u) =€, Or(u) =e ™.

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 4, 1057-1069 (2026) / www.naturalspublishing.com/Journals.asp

1065

N S ¥

Table 8: Our computational AE estimation for Example 3

at N = 10 for Q, provided by the presented method.

uj 0> (u;) Qo v (ui) AE,

0 | 1.00000000 | 1.00000000 | 3.9968 x 10~1°
0.1 | 0.90483742 | 0.90483742 | 4.6629 x 10~ 15
0.2 | 0.81873075 | 0.81873075 | 2.2204 x 10~ 14
0.3 | 0.74081822 | 0.74081822 | 1.7764 x 10~ 15
0.4 | 0.67032005 | 0.67032005 | 1.4211x 10~ 14
0.5 | 0.60653066 | 0.60653066 | 5.8842 x 10~ 1°
0.6 | 0.54881164 | 0.54881164 | 3.7748 x 10~ 15
0.7 | 0.49658530 | 0.49658530 | 8.8818 x 1013
0.8 | 0.44932896 | 0.44932896 | 3.8025x 1014
0.9 | 0.40656966 | 0.40656966 | 2.3204 x 10~ 14
1.0 | 0.36787944 | 0.36787944 | 1.7653 x 1014

«103 Error for Qy(u)

05F

Fig. 7: For Example 3 at N = 10, the exact, approximate

Solution for Qy(u)

—— Exact
— — Approximate

solutions, and the AE for Q;.

0.7 08 09 1

<101 Error for Qs(u)

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
u

Solution for Q(u)

— Exact
09 - — Approximate -

081
071
06
051
04

03

0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1

Fig. 8: For Example 3 at N = 10, the exact, approximate
solutions, and the AE for Q,.

6 1071 Error for Q1 (u)

Fig. 9: For Example 3 at N = 25, the AE for Q;.
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Solution for @y (u)

3 T T
—Exact
- — Approximate

05+

Fig. 10: For Example 3 at N = 25, the exact and the
approximate solutions for Q.

Ly X 10714 Error for Q(u)
2 T T T T T T

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

u
Solution for Qs (u)

l ‘ ‘ ‘ ‘Exact
09 - = -Approximate {
08
0.7
0.6 -
0.5
0.4
031
02r
0.1

0 .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 11: For Example 3 at N = 25, the exact, approximate
solutions, and the AE for Q5.

The error norms produced by the presented method for
various values of N+ 1 are presented in Table 7 for QO and
Table 8 for Q. The AE outcomes for Example 3 at N = 10
are shown in Table 7 and Table 8. The AE|, the exact and
the approximate solutions for Q; are plotted in Figure 7 at
N = 10, and Figures 9, 10 at N = 25. The AE,, the exact
and the approximate solutions for O, are plotted in Figure
8 at N = 10 and Figure 11 at N = 25. It is clear that the
numerical solution is almost similar to the exact solution.

Solution for @ (u)

T T
Exact

— - -Approximate

0.5

Fig. 12: For Example 3 with N = 40, the exact and the
approximate solutions for Q.

Solution for Qa(u)

T
Exact
1 — — Approximate

0.8

041

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u

Fig. 13: For Example 3 with N = 40, the exact and the
approximate solutions for Q5.

Table 9 presents a comparison at N = 40 between the
exact solution and the approximate solutions obtained
using the method in [12] and the proposed method. The
results clearly indicate that the suggested method
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Table 9: Our computational the exact and approximate solutions for Example 3 at N = 40 for Q (u) and O, (u) provided
by the presented method are compared with the exact and approximate solutions provided by the method in [12].

u; Exact Method in [12] Our proposed method
O01(wi) | Oo(wi) | Orn(wi) | Qan(ui) | Qrn(ui) | Oon(ui)
0.1 | 1.10517 | 0.90484 | 1.10519 | 0.90484 1.10517 0.90484
0.2 | 1.22140 | 0.81873 1.22144 | 0.81874 1.22140 0.81873
0.3 | 1.34986 | 0.74082 | 1.34992 | 0.74083 | 1.34986 | 0.74082
04 | 1.49182 | 0.67032 | 1.49191 | 0.67033 | 1.49182 | 0.67032
0.5 | 1.64872 | 0.60653 | 1.64884 | 0.60654 | 1.64872 | 0.60653
0.6 | 1.82212 | 0.54881 | 1.82227 | 0.54881 | 1.82212 | 0.54881
0.7 | 2.01375 | 0.49659 | 2.01394 | 0.49658 | 2.01375 | 0.49659
0.8 | 2.22554 | 0.44933 | 2.22577 | 0.44931 | 2.22554 | 0.44933
0.9 | 2.45960 | 0.40657 | 2.45987 | 0.40655 | 2.45960 | 0.40657
1.0 | 2.71828 | 0.36788 | 2.71859 | 0.36784 | 2.71828 | 0.36788

outperforms the one reported in [12], with the numerical
solution closely matching the exact solution.

6 Conclusions

In this paper, an efficient numerical method based on LPs
is effectively applied to solve systems of linear VIEs of
the second kind. Operational matrix method was used to
change the VIEs into a system of linear algebraic
equations, which were solved using the Gauss elimination
method. The numerical experiments performed by
MATLAB show that the proposed method is quite
accurate and computationally efficient as compared to the
methods available in the literature. However, despite its
advantages (spectral convergence, natural fit for
semi-infinite domains), the present approach is mostly
limited to linear systems and may incur increased
computational costs when high-order polynomials are
needed for non-smooth or highly oscillatory solutions.
Future work will be focused on the extension of this
method to  nonlinear  Volterra  systems  and
integro-differential equations. Another purpose of our
work is to study the properties and the orthogonality of
Laguerre functions with non-integer order, which is an
interesting perspective for the modeling of anomalous
diffusion and the solution of problems in the frame of
fractional calculus.
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