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Abstract: Lung cancer remains one of the most prevalent and life-threatening chronic respiratory diseases worldwide, demanding
effective diagnostic and therapeutic strategies. In this study, we propose a novel deterministic mathematical model, denoted as
TCDIL2, to investigate the impact of IL2 cytokine therapy on the immune system’s anticancer response. The model is structured into
four epidemiological compartments and is analyzed through both qualitative and quantitative approaches. Local stability analysis is
performed under limited data conditions, while equilibrium points, the basic reproduction number (R0), and sensitivity indices are
systematically examined. The next-generation method is employed to compute R0, offering insight into disease progression across
compartments, whereas sensitivity analysis highlights the influence of key parameters on system dynamics. Global stability is assessed
via Lyapunov functions, establishing conditions under which IL2 therapy benefits immunocompromised individuals. For numerical
simulations, a nonstandard finite difference (NSFD) scheme based on an implicit method is developed and benchmarked against
Euler’s method and the fourth-order Runge–Kutta scheme, ensuring improved accuracy. Simulations conducted in MATLAB illustrate
disease trajectories for both early- and mid-stage detection and evaluate the effectiveness of immune-based interventions. The results
enhance understanding of cancer dynamics, provide public health perspectives on immunotherapy outcomes, and contribute to
evidence-based strategies for controlling cancer.

Keywords: Mathematical Modeling; Stability analysis; Reproductive number; Sensitivity analysis; Non-standard finite difference
(NSFD).

1 Introduction

The integration of mathematics and biology can be traced back to the 13th century, when Leonardo Fibonacci introduced
the Fibonacci sequence, which significantly impacted population studies. Over time, mathematicians like Bernoulli and
others applied mathematical principles to describe the forms of microorganisms. This eventually led to Wilhelm Reinke
being the first to define “biomathematics” in 1901. This interdisciplinary field employs mathematical models to explore
and understand the fundamental mechanisms governing the structure and behavior of biological systems. In recent
decades, biological sciences have seen remarkable advancements, largely driven by technological progress, a trend that is
expected to continue [1]. Mathematical modeling has played a crucial role in this growth, helping to reveal the
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complexities of biological processes. With the development of modern computer algebra systems, the handling of
complex mathematical systems has become more efficient, allowing researchers to focus more on the field of
mathematical biology rather than on solving intricate techniques [2].

Cancer is a disease that can originate in almost any part of the human body. The genome is crucial for the growth and
division of human cells, which create tissues and organs such as the liver, heart, and lungs. However, disruptions in gene
regulation can lead to uncontrolled cell growth, resulting in the formation of tumors. According to data from the Canadian
Cancer Society, an estimated 31,000 men and 26,000 women were expected to die from cancer in Canada in 2015.
Cancer encompasses a broad spectrum of conditions, with more than 200 distinct diseases falling under its category. It
remains a complex and challenging field, driving ongoing research to understand the intricate interactions between tumor
cells and the immune system. Researchers employ various methodologies, including mathematical modeling, to study
these interactions [3,4,5]. Ordinary differential equations are particularly useful in this context, as they help elucidate the
dynamics between tumors and the immune system. This approach provides insights into how immune cells respond to the
spread of cancer cells [6,7,8]. Additionally, fractional-order differential equations offer enhanced modeling capabilities
compared to traditional derivatives such as [9,10,11,12], leading to a deeper understanding of cancer dynamics.

According to the American Cancer Society, lung cancer is the most frequent cancer in both men and women and the
main cause of cancer-related deaths. People who smoke are more likely to develop lung cancer because it starts in the
lungs. Wheezing, blood in the cough, chest discomfort, and weight loss are typical symptoms. Recent years have seen a
decrease in death rates due to less smoking, improved identification, and improved treatment. In Figure 1, comparison of
healthy lung and lung cancer are illustrated.

Fig. 1: Lung cancer symptoms.

Several studies have provided unique mathematical models that clarify the complex relationships between tumors
and the immune system, illuminating important immunological elements and therapeutic approaches [13]. Trisilowati et
al. created a mathematical model that concentrated on patient therapy utilizing dendritic cells, where natural killer cells
with immunological elements [14,15]. Kirschner and Tsygvintsev described a novel tumor treatment method along with
a mathematical model predicting the immune system’s reaction to cancers [16,17]. Comprehensive reviews and
perspectives have also made a substantial contribution to our comprehension of cancer immunotherapy [19],
emphasizing the role of T lymphocyte regulation and addressing various clinical trials and related side effects [20]
furnished into systemic immunity in cancer treatment. More computational models have investigated the influence of
particular elements on tumor behavior. Scientists created a model to show how different tumor features and treatment
approaches affect outcomes [21,22]. Researchers Philip and Schietinger emphasized open research questions and
investigated variables affecting T cells’ receptivity to immunotherapy [23]. Clinical settings have been the focus of
research on predictive modeling and patient selection optimization. A multi-modality technique was employed by
Casiraghi et al. [24] to determine prognostic variables for patient selection, whereas Liang et al. and Chao et al.
investigations focused on developing prediction nomograms and algorithms, respectively [25,26]. In a retrospective
analysis, Li et al. [27] looked at complicated EGFR mutations in NSCLC patients. Decker et al. also conducted a

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 2, 323-340 (2026) / www.naturalspublishing.com/Journals.asp 325

thorough literature review [18] on immunotherapy’s acceptability and model system development, noting possible
advances in tumor treatment approaches [33,34,35,36].

The theory of weakly nonlinear wave propagation in superposed fluids with magnetic fields present is examined by
the author [37]. Investigating the dynamic features of the generalized equation controlling shallow water waves in (3+1)
dimensions is the aim of the author [38]. Some instabilities observed in modulated wave-trains are driven by the modified
unstable nonlinear Schrödinger equation, which also describes the temporal evolution of disturbances in marginally stable
or unstable media [39]. The propagation of shocks and dust-ion-acoustic waves in evenly magnetized electron-positron-
ion plasmas in three dimensions is studied by a different author [40]. The author intends to extend the application of the
projected fractional improved Adomian Decomposition technique (fIADM) to the fractional order new coupled Korteweg-
de Vries (cKdV) system [41].

Motivated by the implications highlighted above, this study delves into the dynamics of the deterministic
mathematical model, TCDIL2, focusing on early lung cancer detection and treatment. This model integrates IL2
cytokine, bolstering the immune system’s anticancer response. The article introduces a structured lung cancer model
comprising four compartments. By determining basic characteristics such equilibria points, reproductve number, and
stability and doing sensitivity analysis, we first confirm the model’s validity. Subsequently, we examine global stability,
particularly regarding individuals with compromised immunity due to IL2 cytokine, employing Lyapunov functions for
analysis. We then derive numerical solutions utilizing the Non-Standard Finite Difference (NSFD) scheme, comparing
them with Euler’s and RK4 methods to ensure accuracy. These results are further validated through simulations carried
out using MATLAB. These results greatly advance our knowledge of the dynamics of disease transmission and direct the
creation of successful control measures based on proven results.

The article is structured into eight sections. Section 2 details the model’s development and description. Section 3
focuses on the qualitative analysis of the model, while Section 4 delves into the sensitivity analysis of the lung cancer
model. Section 5 reports on the stability features of the considered model. Section 6 discusses the impact of global
stability, and numerical solutions are derived using the Euler method, the Runge-Kutta method, and the Non-Standard
Finite Difference (NSFD) Scheme. In Section 7, we present the simulation results. Lastly, Section 8 concludes by
summarizing the major findings of this study.

2 Model Development

2.1 Description of the TCDIL2 model

Understanding disease spread patterns and developing effective control strategies heavily relies on mathematical models
of infectious diseases. Therefore, constructing these models requires a focus on outlining the disease’s epidemiological
characteristics and pinpointing crucial, adjustable parameters for disease control.

This section presents the formulation of a mathematical model for lung cancer treatment that incorporates the
cytokine IL2. Unlike the earlier TCD framework described in [28], the proposed model is denoted as TCDIL2. In this
framework, “T” refers to tumor cells, “C” to CD8+ T cells, “D” to dendritic cells, and “IL2” to the cytokine under
consideration. The logistic growth of tumor cells is expressed by the term βT (1 − γT ). Tumor cell elimination is
governed by two mechanisms: a constant rate δ due to dendritic cells and a rate ψ due to CD8+ T cells. The parameter κ

represents the natural death rate of CD8+ T cells, while σ accounts for the generation of dendritic cells. The interaction
between CD8+ T cells and dendritic cells is captured by the rate ν , which describes the inactivation of dendritic cells. In
addition, η denotes the natural death rate of dendritic cells. The cytokine IL2 enters the system through a source term λ ,
which modulates the dendritic cell population, while d represents the natural death rate associated with IL2.

Figure 2 depicts the flow diagram illustrating the newly developed TCDIL2 model.
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Z

Fig. 2: Flowchart shows the developed model formulation.

Hence, the foundational model for lung cancer in the human population is outlined as follows:

dT
dt

= βT (1− γT )−δT −ψCT,

dC
dt

= ψCT +νCD−κC,

dD
dt

= σ −νCD−ηD−λD, (1)

dIL2

dt
= λD−dIL2,

with initial conditions:

T (0) = T 0, C(0) = C0, D(0) = D0, IL2(0) = IL0
2.

3 Theoretical Insights into the Devised Model

The upcoming section will concentrate on the mathematical formulation encapsulated in model (1). Our analysis will
delve into determining the equilibrium points and computing the fundamental reproduction number.

3.1 Analysis of equilibrium points

At these stable stages in the disease’s course, the number of new infections equals the number of recoveries and deaths.
This section describes how the suggested system’s pandemic and disease-free equilibrium points were calculated. The
equations connected with model (1) can be solved to find these equilibrium points: dT

dt = dC
dt = dD

dt = dIL2
dt = 0.

Hence, the disease free equilibrium points are:

D1(T,C, D, IL2) =

(
0,0,

σ

λ +η
,

λσ

d(λ +η)

)
.
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Furthermore, the endemic points of equilibrium are given as D2(T ∗,C∗,D∗, IL∗
2).

where

T ∗ =
ψ2η +βνψ + γβκν +λψ2 −δνψ −E

2γβνψ
,

C∗ = −γβνκ +νδψ +ψ2λ +ηψ2 −νβψ −E

2νψ2 ,

D∗ =
νγκβ −ψβν +νδψ −ψ2λ −ψ2η +E

2γβν2 , (2)

IL∗
2 =

λ (γβνκ −νβψ +δψν −ψ2η −ψ2λ +E)

2dγβν2 ,

where E=
√

4γβσν2ψ2 +(νβ (ψ − γκ)+ψ(−νδ +ψ(η +λ )))2.

3.2 Reproductive number

One of the most important metrics for determining how contagious or transmissible an infectious disease is is the
fundamental reproduction number, or R0. It shows the typical number of people in a vulnerable demographic infected by
a single infectious individual. R0 biologically mimics the transmissibility and contagiousness of the disease. When
R0 > 1, the disease can continue to spread throughout the population and perhaps cause an outbreak. In contrast, if
R0 < 1, the infection may gradually vanish from the population since it is unlikely to start a self-sustaining spread chain.

The matrices F and V are evaluated at the disease-free equilibrium point D1, where they represent the Jacobian
matrices of the new infection terms and the transition terms, respectively. In this framework, the entry in the (i, j) position
of F denotes the rate at which individuals in compartment j generate new infections in compartment i. Conversely, the
(i, j) entry of V characterizes the transfer, progression, or removal of infection within compartment i. To determine the
basic reproduction number, it is essential to compute the spectral radius of the matrix product FV−1 at the disease-free
equilibrium.

J0 = F −V. (3)

Equation (1) is used in our constructed model to find the matrices F and V :

F =

β 0 0 0 0
0 σν

A 0 0 0
0 −σν

A 0 0 0
0 0 λ 0 0

 and V =

 δ 0 0 0 0
0 κ 0 0 0
0 0 A 0 0
0 0 0 d 0

 ,

where A= λ +η .

V−1 =


1
δ

0 0 0 0
0 1

κ
0 0 0

0 0 1
A 0 0

0 0 0 1
d 0

 , (4)

K = FV−1. (5)

So,

K =


β

δ
0 0 0 0

0 σν

κ(A) 0 0 0
0 − σν

κ(A) 0 0 0
0 0 λ

A 0 0

 . (6)

Thus,

|K −Λ I|= 0.∣∣∣∣∣∣∣∣∣
β

δ
−Λ 0 0 0 0
0 σν

κ(A) −Λ 0 0 0
0 − σν

κ(A) −Λ 0 0
0 0 λ

A −Λ 0

∣∣∣∣∣∣∣∣∣= 0. (7)
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The following is the result of solving the determinant above: (Λ)

Λ =
β

δ
,

Λ =
σν

κ(A)
. (8)

The Reproduction number R0 may be stated as follows as it is the primary eigenvalue of the matrix FV−1.

R0 =
σν

κ(A)
. (9)

Both R0 are valid and are less than one under considered parameters but considered R0 = σν

κ(A) capture the maximum
parameters and will be helpful in sensitivity analysis to capture the real impact rate of each parameter.

4 Sensitivity Analysis

Sensitivity analysis is crucial for determining the relative effects of several factors on a model’s stability, especially in
cases when the data is unclear. This analysis also helps identify the key factors in the system. We compute the normalized
forward sensitivity indices for the parameters denoted by n with respect to R0. Let’s think about:

∆
R0
n =

∂R0

∂n
n

R0
.

The estimated sensitivities regarding the reproduction number for various parameters are provided as follows:

∂R0

∂σ
=

ν

κ(A)
< 0,

∂R0

∂ν
=

σ

κ(A)
> 0,

∂R0

∂κ
= − σν

κ2(A)
< 0,

∂R0

∂λ
= − σν

κ(A)2 < 0,

∂R0

∂η
= − σν

κ(A)2 < 0. (10)

where A= λ +η .

One method that is frequently used to find factors that have a large influence on the reproduction number R0 is
sensitivity analysis. A relationship with R0 that is directly proportional is shown by a positive value, whereas an inversely
proportional relationship is indicated by a negative value. When we alter the parameters, we find that the value of R0
is extremely sensitive. In our study, the parameters show growth for ν and contraction for σ ,κ,λ , and η . Therefore,
prophylaxis should come before therapy for effective infection control.

The sensitivity behavior of several parameters to the fundamental reproduction number R0 is displayed in Figure 3-11.
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Fig. 3: R0 and contour phase under parameter σ and ν

0.5
0.4

0.3

σ

0.2
0.1

00

0.5

κ

0

5

4

3

2

1

1

×10-6

R
0

σ

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

κ

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 4: R0 and contour phase under parameter σ and κ
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Fig. 5: R0 and contour phase under parameter σ and λ
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Fig. 6: R0 and contour phase under parameter σ and η
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Fig. 7: R0 and contour phase under parameter λ and η
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Fig. 8: R0 and contour phase under parameter η and κ
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Fig. 9: R0 and contour phase under parameter κ and λ
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Fig. 10: R0 and contour phase under parameter ν and η

Figure 12 shows the sensitivity indices of various parameters.
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Fig. 12: The bar graph depicts how various parameters influence R0.
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Fig. 11: The graph depicts how various compartmental parameters vary and their influence on R0

4.1 Local stability analysis of equilibrium points

In our suggested lung cancer scenario, the stable system is said to be resilient and near equilibrium. It courageously
reverts to its original configuration and relaxes at equilibrium after minor disruptions. This stabilization or decrease in
the general progression of cancer growth is the aim of the local stability analysis. We will be able to define how the
patterns of tumor development and the spread of lung cancer at a ”population“ level work if we are equipped with this
idea. This part of the present work deals with a detailed study of the local repelling themselves and fixed points of our
lung cancer model associated with tumor-free and endemic states. This section considers stationary solution stable local
theories and their proofs. We will develop equations and sketch these graphs.
Theorem 1: When R0 is less than 1, the disease-free equilibrium point of the proposed lung cancer model is local
asymptotically stable; however, when R0 is more than 1, it becomes unstable.
Proof: In the suggested lung cancer model, the Jacobian matrix at the disease-free equilibrium point D1 is represented as
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follows:

J =

β −2βγT −δ −ψC −ψT 0 0 0
ψC ψT +νD−κ νC 0 0
0 −νD −(νC+η +λ ) 0 0
0 0 λ −d 0

 . (11)

Therefore, the characteristic equation can be expressed as:∣∣J0 −Λ I
∣∣= 0. (12)

After evaluating the determinant matrix as described earlier, we derive the following eigenvalues:
Λ1 =−a, ,Λ2 =−d,Λ3 = β −δ , and Λ4 =−λ −η . Applying the Routh-Hurwitz criterion confirms that all eigenvalues
possess negative real components when R0 < 1. Hence, the disease-free equilibrium point demonstrates local asymptotic
stability.

5 Analyzing Global Stability of the Developed Model

Using a global stability analysis, this section seeks to identify the factors that contribute to the elimination of illness. For
this, it uses Lasalle’s invariance principle and Lyapunov’s method.

Theorem 2: Global asymptotic stability is demonstrated by the lung cancer model’s equilibrium when the reproductive
number R0 is greater than 1.
Proof: The Lyapunov’s approach can be stated as follows:
dL
dt

=

(
T −T ∗

T

)
(βT (1− γT )−δT −ψCT )+

(
C−C∗

C

)
(ψCT +νCD−κC)

+

(
D−D∗

D

)
(σ −νCD−ηD−λD)+

(
IL2 − IL∗

2
IL2

)
(λD−dIL2) . (13)

It’s essential to note that comprehensively understanding the variations in the function under study requires more than just
analyzing its first derivative. To completely understand all the subtleties of these changes, more investigation is required,
particularly in the second derivative of the pertinent Lyapunov function of our model.

dL̇
dt

= L̈ =
d
dt

{ 4

∑
i=1

(
1− M∗

i
Mi

)
,

=

(
Ṁi

Mi

)2

M∗
i +

(
1− M∗

i
Mi

)
M̈i. (14)

Where Mi = {T,C,D, IL2}. Herein,

T̈ = β Ṫ −2βγT Ṫ −δ Ṫ −ψCṪ −ψTĊ,

C̈ = ψTĊ+ψCṪ +νDĊ+νCḊ−κĊ,

D̈ = −νCḊ−νDĊ−ηḊ−λ Ḋ,
¨IL2 = λ Ḋ−d ˙IL2. (15)

Subsequently, we obtain the following.

dL̇
dt

= L̈ =

(
Ṫ
T

)2

T ∗+

(
Ċ
C

)2

C∗+

(
Ḋ
D

)2

D∗+

( ˙IL2

IL2

)2

IL∗
2 +

(
1− T ∗

T

)(
β Ṫ −2βγT Ṫ −δ Ṫ −ψCṪ −ψTĊ

)
+

(
1− C∗

C

)(
ψTĊ+ψCṪ +νDĊ+νCḊ−κĊ

)
+

(
1− D∗

D

)(
−νCḊ−νDĊ−ηḊ−λ Ḋ

)
+

(
1− IL∗

2
IL2

)(
λ Ḋ−d ˙IL2

)
d2L
dt2 = ˙

∏(T,C,D, IL2,Z)+
(

1− T ∗

T

)(
β Ṫ −2βγT Ṫ −δ Ṫ −ψCṪ −ψTĊ

)
+

(
1− C∗

C

)(
ψTĊ+ψCṪ +νDĊ+νCḊ−κĊ

)
+

(
1− D∗

D

)(
−νCḊ−νDĊ−ηḊ−λ Ḋ

)
+

(
1− IL∗

2
IL2

)(
λ Ḋ−d ˙IL2

)
. (16)
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After substituting the expressions for Ṫ , Ċ, Ḋ, and ˙IL2 from the investigated model and combining them. After
simplification, we can express it as follows:
d2L
dt2 =Θ1 −Θ2,
where
Θ1 = ˙

∏(T,C,D, IL2)+β
2T +2β

2
γ

2T 3 +3βγδT 2 +2βγψCT 2 +δψCT

+ δ
2T +νκCT +νηCD+κ

2C+η
2D+ηλD

+ T ∗ [3β
2
γT +2βδ +2βψC+ψ

2CT +ψνCD
]

+ C∗[2κψT +βγψT 2 +δψT +ψ
2CT +2νκD+ν

2CD+νηD+νλD
]

+
D∗

D
(νσC+ησ +λσ)+D∗ (

νψCT +ν
2CD

)
+

IL∗
2

IL2
(νλCD+ηλD+λdD) , (17)

and
Θ2 = 3β

2
γT 2 +2βδT +βψCT +2ψκCT +νκCD+ησ +T ∗[

β
2 +2β

2
γ

2T 2 +3βγδT

+ 3βγψCT +2δψC+δ
2 +ψ

2C2 +νκC
]
+C∗ [

ψ
2T 2 +2ψνDT +βψT +ν

2D2 +νσ +κ
2]

+ D∗ [
ν

2C2 +2νηC+2νλC+νκC+η
2 +2ηλ +λ

2]+ IL∗
2

IL2

[
λσ +d2IL2

]
. (18)

It’s apparent that

i f Θ1 > Θ2 then
d2L
dt2 > 0, (19)

i f Θ1 < Θ2 then
d2L
dt2 < 0, (20)

i f Θ1 = Θ2 then
d2L
dt2 = 0. (21)

6 Numerical Solutions

This section is dedicated to validating the proposed numerical scheme through comprehensive numerical evaluations using
various methods such as the Euler method, Runge-Kutta method, and the Non-Standard Finite Difference (NSFD) Scheme.
The evaluation process encompasses various parametric settings to enrich the strategic environment. Furthermore, we
discretize the proposed system (1) for each N ∈ N by introducing the set

IN = {0,1,2, . . . ,N},

over the time interval T > 0, which is partitioned into N uniform subintervals of length

k =
T
N
.

The corresponding discrete initial conditions are specified as

(T0,C0,D0, IL20),

where
T 0 = T0, C0 =C0, D0 = D0, IL0

2 = IL20.

Euler Method

In this section, we outline a numerical scheme utilizing the Euler method to numerically solve the system (1) as follows:

T m+1 = T m +h [βT m(1− γT m)−δT m −ψCmT m] ,

Cm+1 = Cm +h[ψCmT m +νCmDm −κCm],

Dm+1 = Dm +h[σ −νCmDm −ηDm −λDm],

ILm+1
2 = ILm

2 +h[λDm −dILm
2 ], (22)

where “h” denotes the discretization interval in this context.
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Runge−Kutta method

The Runge-Kutta method is posited in epidemiological modeling as a deliberate method to address the concerns of
complex differential equations that govern the disease spread. RK method of fourth order noted its accuracy, enables the
correct acquisition of the result of a mathematical problem, and is easy to adopt for different types of mathematical
problems. This is the ability to use the techniques of transmission, and intervention is the main benefit of such an
approach, leading, therefore, to a valuable understanding of the transmission speed and dynamics of the disease. The
model we have chosen would have been immeasurable with RK-4, which has made it possible for us to attain more
complex results from our simulations. Therefore, the aforementioned design for the system (1) is described below.

Stage 1:

K1 = h[βT m(1− γT m)−δT m −ψCmT m],

L1 = h[ψCmT m +νCmDm −κCm],

M1 = h[σ −νCmDm −ηDm −λDm],

N1 = h[λDm −dILm
2 ], (23)

Stage 2:

K2 = h
[

β

(
T m +

K1

2

)
(1− γ

(
T m +

K1

2

)
)−δ

(
T m +

K1

2

)
−ψ

(
Cm +

L1

2

)(
T m +

K1

2

)]
, (24)

L2 = h
[

ψ

(
Cm +

L1

2

)(
T m +

K1

2

)
+ν

(
Cm +

L1

2

)(
Dm +

M1

2

)
−κ

(
Cm +

L1

2

)]
, (25)

M2 = h
[

σ −νψ

(
Cm +

L1

2

)(
Dm +

M1

2

)
−η

(
Dm +

M1

2

)
−λ

(
Dm +

M1

2

)]
, (26)

N2 = h
[

λ

(
Dm +

M1

2

)
−d

(
ILm

2 +
N1

2

)]
, (27)

Stage 3:

K3 = h
[

β

(
T m +

K2

2

)
(1− γ

(
T m +

K2

2

)
)−δ

(
T m +

K2

2

)
−ψ

(
Cm +

L2

2

)(
T m +

K2

2

)]
, (28)

L3 = h
[

ψ

(
Cm +

L2

2

)(
T m +

K2

2

)
+ν

(
Cm +

L2

2

)(
Dm +

M2

2

)
−κ

(
Cm +

L2

2

)]
, (29)

M3 = h
[

σ −νψ

(
Cm +

L2

2

)(
Dm +

M2

2

)
−η

(
Dm +

M2

2

)
−λ

(
Dm +

M2

2

)]
, (30)

N3 = h
[

λ

(
Dm +

M2

2

)
−d

(
ILm

2 +
N2

2

)]
, (31)

Stage 4:
K4 = h [β (T m +K1)(1− γ (T m +K1))−δ (T m +K1)−ψ (Cm +L1)(T m +K1)] , (32)
L4 = h [ψ (Cm +L1)(T m +K1)+ν (Cm +L1)(Dm +M1)−κ (Cm +L1)] , (33)

M4 = h [σ −ν (Cm +L1)(Dm +M1)−η (Dm +M1)−λ (Dm +M1)] , (34)
N4 = h [λ (Dm +M1)−d (ILm

2 +N1)] , (35)

Finally, we derive the generalized formulation of the proposed system.

T m+1 = T m +
1
6
[K1 +2(K2 +K3)+K4] , (36)

where, m = 0,1,2, ....

Non-Standard Finite Difference (NSFD) Scheme

In this section, we construct a nonstandard finite difference (NSFD) scheme that reproduces the dynamics of the
continuous model given in system (1) [29]. Following the approach of Anguelov and Lubuma (2001), we denote

Yk =
(
Tk,Ck, Dk, IL2,k

)T
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as the discrete approximation of X(tk), where tk = k∆ t for k ∈ N, and h = ∆ t > 0 denotes the time step. Then,

T k+1 −T k

ϑ
= βT k −βγT kT k+1 −ψCkT k+1,

Ck+1 −Ck

ϑ
= ψCkT k+1 +νCkDk −κCk+1,

Dk+1 −Dk

ϑ
= σ −νCk+1Dk+1 −ηDk+1 −λDk+1,

ILk+1
2 − ILk

2
ϑ

= λDk+1 −dILk+1
2 , (37)

where

ϑ = ϑ(h) =
1− e−(η+λ )h

η +λ
. (38)

The discrete approach (37) adheres to Mickens’ criteria, making it an NSFD scheme (Mickens, 1994) [30] and is
formulated as described in (Anguelov and Lubuma, 2001) [29].

Rule 1: Equation (38) ensures an asymptotic link by substituting the normal denominator h=∆ t of discrete derivatives
for the complex denominator function. This is represented by ϑ(h) = h+O(h2).

The inclusion of parameters η and λ aims to enhance the functionality of the denominator function ϑ , aligning it
more closely with the continuous model’s dynamics. Gumel (2014) [31,32] and Lubuma and Patidar (2007) explore the
importance of such complex denominator functions in precise approaches applicable to a variety of dynamical systems.

Rule 2: Expressions like C(tk),T (tk),≈,Ck+1,Tk instead of C(tk),T (tk),≈,Ck,Tk, and C(tk),D(tk),≈,Ck+1,Dk instead
of C(tk),D(tk),≈,Ck,Dk instead of C(tk),D(tk),≈,Ck,D(tk),D(tk),≈,Ck,Dk.

6.1 Analysis of the Numerical scheme

Theorem 3: Consider the dynamical system described by equation (1), representing the continuous model. On the
biologically feasible domain η , the system can be equivalently formulated as the NSFD scheme (37).

Proof: We begin by proving the positivity of the scheme (2-5). Subsequently, we show that the NSFD scheme (2-5)
can be explicitly formulated.

T k+1 =
ϑ
(
βT k −βγT kT k+1

)
+T k

1+ϑ(δ +ψCk)
,

Ck+1 =
ϑ
(
ψCkA∗+νCkDk

)
+Ck

1+ϑκ
,

Dk+1 =
ϑσ +Dk

1+ϑ(νB∗+η +λ )
,

ILk+1
2 =

ϑλC∗+ ILk
2

1+ϑd
. (39)

Where
A∗ =

ϑ(βT k−βγT kT k+1)+T k

1+ϑ(δ+ψCk)
, B∗ =

ϑ(ψCkA∗+νCkDk)+Ck

1+ϑκ
, C∗ = ϑσ+Dk

1+ϑ(νB∗+η+λ ) and D∗ =
ϑλC∗+ILk

2
1+ϑd .

Consequently, if the discrete variables in the previous iteration were non-negative, then T k+1 ≥ 0, Ck+1 ≥ 0, Dk+1 ≥ 0,
and ILk+1

2 ≥ 0. It is essential to prove the positive invariance of η . Summing up equations (4) and (5) yields:

(1+dϑ)Mk+1 = ϑσ +Mk −ϑ(νCk+1 +η)Dk+1 ≤ ϑσ +Mk,

(1+dϑ)Mk+1 ≤ ϑσ +Mk. (40)

Therefore Mk+1 ≤ ϑσ

1+dϑ
whenever Mk ≤ ϑσ

1+dϑ
.

The a priori bounds for IL2k+1 and Ck+1 are easily established as they are both less than or equal to Mk+1. The
evidence is now complete.
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7 Discussion on Simulation Results

This part delves into the analysis of our suggested model, highlighting the dynamic interactions between model parameters
and their combined impact on the dynamics of lung cancer transmission in society. We use sophisticated methodologies
to perform numerical simulations to acquire theoretical conclusions and explore the efficacy of the previously established
analytical results.

The recently created system, called TCDIL2, is fully examined through simulation. Using various methods in the
lung cancer model, we have come to some interesting conclusions. Graphical representations of each compartment of the
developed model, T (t), C(t), D(t), and IL2(t), are shown in Figures 13, 14, 15 and 16. These representations compare
and display the simulation results achieved using the suggested numerical approaches. These findings offer a trustworthy
solution made possible by the NSFD techniques used. The study’s reliability is ensured by using MATLAB to calculate
the approximate answers in simulation form. γ = 0.00000000102, β = 0.0514, ψ = 0.0000001, κ = 0.02, δ = 0.1,
ν = 0.00000001, σ = 480, λ = 0.0000002, η = 0.24, a = 0.04 and d = 0.0003 are the parametric values that were
utilized.

Figures 13 and 14 depict the dynamics of tumor cells (T ) and CD8+T cells (C), respectively. In each compartment,
there is a notable decline followed by stabilization over time. Figures 15 and 16 show the variations in the populations
of dendritic cells (D) and cytokines (IL2), respectively. In both cases, the population sharply increases before stabilizing,
observed using RK4 and NSFD but not Euler’s method. We observe a significant reduction in cancer cell numbers due to
the presence of anticancer cells and anti-PD-L1 agents, as shown in Figures 14b, 14c, and 16b, 16c. NSFD demonstrates
unconditional convergence, while Euler’s and RK4 struggle with large step sizes. Figures 13a and 14a illustrate Euler’s
method leading to divergence with increased step size. Although RK4 generally performs better, it also diverges for larger
steps. This comparison highlights the necessity for more efficient approaches in combating cancer cell transmission within
the body. Exploring different methods allows us to achieve reliable results across all compartments, drawing insights from
steady-state analysis and varying step sizes.
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Fig. 13: Simulating T (t) through Various Techniques
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Fig. 14: Simulating C(t) through Various Techniques
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Fig. 15: Simulating D(t) through Various Techniques
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Fig. 16: Simulating IL2(t) through Various Techniques

8 Conclusion

Mathematical formulations play a crucial role in understanding disease dynamics within communities. This study
introduces a novel deterministic mathematical TCDIL2 model for lung cancer, integrating cytokine IL2 across four
epidemiological compartments. We aim to propose effective disease control strategies by leveraging anti-cancer cells to
boost individual’s immune responses and foster a disease-free environment. Emphasizing the criticality of early detection
and treatment in lung cancer, we assess the model’s stability through comprehensive quantitative and qualitative analysis
within a continuous dynamical system, ensuring its broad applicability across various parameter settings. Calculating the
fundamental reproduction number (R0), locating endemic equilibrium sites, and assessing stability features by the
accepted theory are all part of the validation process. A critical statistic for forecasting disease propagation rates and
possible outbreaks is R0. While sensitivity analysis looks at how parameter changes affect the spread of illness, local
stability analysis sheds light on the dynamics of epidemics under limited settings.

Further, worldwide strategies to stop the spread of lung cancer are investigated, with particular attention to how
IL2 affect immunodeficient people. The global stability analysis is performed using the Lyapunov direct approach, while
numerical solutions are found using the Non-Standard Finite Difference (NSFD) scheme. Applying IL2 cytokine measures
aids in our understanding of the dynamics of lung cancer control in the community. Using MATLAB for simulations, we
verify the dependability of these results by comparing them with Euler’s and RK4 approaches. Our models’ insights into
post-intervention lung cancer control will benefit future forecasts and outbreak management. Sensitivity analysis probes
parameter variations’ effects on disease transmission.

Extending the developed model to incorporate a fractional order approach while retaining optimal control promises
intriguing insights in future endeavours. The fractional order scheme’s capacity to utilize available data will enhance
our understanding of disease transmission dynamics. Furthermore, we will thoroughly investigate the suitability of the
suggested plan for a range of data sets that include different geographic regions, socioeconomic classes common in
society, and different levels of access to medical services.
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