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Abstract: The current investigation is related to solve the fractional El Niño-Southern Oscillation (ENSO) model by using the
Gudermannian neural network approach. The network weights are optimized using a hybrid genetic algorithm with an interior point
algorithm (GAIPA). An error function is defined for ENSO with its initial conditions and optimized its weights using GAIPA.
Classical and fractional order ENSO models are solved with different parameter values. The convergence measures in the sense of root
mean square error (RMSE), mean absolute deviation (MAD), and Theil’s inequality coefficient (TIC) are also discussed and prove the
effectiveness of the proposed method.
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1 Introduction

The El Niño-Southern Oscillation (ENSO) is a prominent and influential climate phenomenon that is characterized by
fluctuations in sea surface temperatures and atmospheric conditions in the tropical Pacific Ocean. ENSO significantly
impacts on global weather patterns that contributes to various climatic events such as droughts, floods, and hurricanes. It
has two primary phases, El Niño and La Niña, that represent the two opposite extremes of oceanic and atmospheric
interactions. El Niño is associated with warming sea surface temperatures, while La Niña features cooling effects.
Understanding ENSO is crucial for climate prediction and disaster preparedness, as its effects resonate through
ecosystems, biodiversity, agriculture, public health, economies, and infrastructure worldwide. For more details about
ENSO, see [1–8].

Rao and Sperber [9] simulated the coupled El Niño Southern Oscillation model. Wang [10] developed a unified oscillator
model for the ENSO phenomenon. This model has significant implications for understanding ENSO dynamics and its
relationship with other existing models. Notable among these are the delayed oscillator model, the western Pacific
oscillator model, the recharge discharge oscillator model, and the advective-reflective oscillator model. Wei et. al. [11]
investigated the relationship between ENSO and various financial markets, including carbon emission allowance, crude
oil, and renewable energy stocks, using a TVP-VAR model. The authors analyzed time and frequency domain evidence
to find out the relationships between these factors. Maher et. al. [12] studied the future dynamics of El Niño-Southern
Oscillation using large ensembles, revealing varying responses and model disparities. Through diverse model outputs, it
illuminates how ENSO behavior evolves under different climate scenarios, offering insights into potential impacts and
uncertainties. The contribution of atmospheric transport on ENSO was described by Baier et. al. [13]. The authors also
show the effect of atmospheric transport on the global weather system and energy transportation. The effects of ENSO
on global runoff are reported by You et. al. [14].
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Fractional calculus is a fascinating and rapidly evolving field of mathematics that extends the concept of derivatives and
integrals to non-integer orders [15–18]. Classical calculus focuses on classical orders of differentiation and integration,
while fractional calculus generalizes these operations to arbitrary orders [15–19]. This expansion opens up a rich
landscape of theoretical and practical applications, connecting deeply with various scientific and engineering
disciplines [15–19]. Pinto and Carvalho [20] studied the arbitrary-order HIV infection model. For Banach space valued
functions, Anastassiou [21] developed left fractional calculus theory. Losada and Nieto [22] presented the properties of
the Caputo-Fabrizio fractional derivative. Kumar et. al. [23] solved a two-species predator-prey model by utilizing the
Bernstein wavelet and Euler methods. Jafari and Gejji [24] solved the nonlinear system of arbitrary order differential
equations by using Adomian decomposition. The impact of vaccination on the dynamics of COVID-19 viral infection
was studied by Jan et. al. [25] in a fractional framework. Fractional integrals and derivatives of some elementary
functions are evaluated by Garrappa et. al. [26]. Rezapour et. al. [27] analyzed the anthrax disease model in animals
based on Caputo-Fabrizio fractional derivative. Cai and Li [28] reviewed the numerical approximations of fractional
derivatives and integrals. Kumar et. al. [29] numerically solved the non-integer order mathematical model with a
nonsingular kernel for thrombin receptor activation in calcium signals. A numerical scheme was presented by Kumar et.
al. [30] to analyze the fractional Lienard’s equation. A numerical algorithm was presented by Kumar et. al. [31] to solve
the time-fractional Black–Scholes model with the utilization of the homotopy perturbation method and homotopy
analysis method. Singh et. al. [32] examined the fractional smoking model using a new fractional derivative with a
non-singular kernel and reported the effect of various parameters.

ENSO models have relied on integer-order differential equations to simulate the complex interactions between the ocean
and the atmosphere. However, recent advances have introduced the concept of fractional calculus into climate modeling,
leading to the development of the fractional El Niño-Southern Oscillation (FENSO) model [33–35]. Fractional calculus,
which extends the notion of derivatives and integrals to non-integer orders, provides a more flexible framework for
capturing memory effects and anomalous diffusion processes inherent in climatic systems [33–37].

Singh et. al. [33] analyzed ENSO model by using a novel fractional derivative, the Caputo-Fabrizio fractional derivative.
The authors also examined the existence and uniqueness of the solution. Gómez-Aguilar [38] investigated the Vallis
model for ENSO and identified various stable states and periodic cycles, which enhances comprehension of ENSO’s
dynamics and variability. Zhang et. al. [34] reported the effects of fractional operator on the ENSO model. The authors
elaborated the equilibrium points with stability, existence of solution, uniqueness, and strength of the solution. Also, for
some fractional orders, complex dynamics are presented.

Mall and Chakraverty [39] studied the Legendre neural network to solve classical order initial and boundary value
problems. Jafarian et. al. [40] utilized an artificial neural network procedure to solve a class of arbitrary order initial
value problems. Sabir et. al. [41] proposed an artificial neural network algorithm, the Meyer wavelet neural networks
algorithm, to solve fractional Lane-Emden systems and also compare the results with the exact solution and show the
strength of the proposed method. Sabir et. al. [42] solve the corneal shape model that is used in eye surgery with the
utilization of the Gudermannian neural network. Ahmad et. al. [43] solved the higher-order boundary value problem
(BVP) arising in induction motor using the artificial neural network algorithm. The authors used the radial basis function
as an activation function. Rasanan et. al. [44] designed the fractional orthogonal neural network to solve the Lane-Emden
equation. The authors used the fractional Legendre function as an activation function for the hidden layer. Saneifard et.
al. [45] solved a fractional order linear Volterra-type differential equation in two dimensions by utilizing the extension of
the artificial neural network technique. Khan et. al. [46] solved nonlinear multiorder fractional differential equations by
utilizing the backpropagated Levenberg-Marquardt algorithm dependent neural network. Raja et. al. [47] utilized
artificial neural networks and sequential quadratic programming to solve the nonlinear quadratic fractional Riccati
differential equation.

The traditional way to solve fractional differential equations is highly complicated. One such equation is the fractional
ENSO model. Many analytic and numerical methods have been derived to solve the fractional ENSO model [33, 38].
Zeng [48] used the Laplace-Adomian-Pade technique to approximate the solution of the ENSO model. Different
approaches have their own merits and demerits, while Gudermannian neural network procedures have not yet been
exploited to solve the fractional El Niño Southern Oscillation system. The general form of the fractional ENSO model is
represented as follows [33]. {

0Dr
t P = aP+bQ− cP3

0Dr
t Q =−dP− eQ

(1)

with the initial conditions P(0) = 1, Q(0) = 1
where a, b, c, d, and e are constants that represent the physical properties of the ENSO model and e is a perturbation
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coefficient that is defined on (0,1) and small ample. P and Q are real-valued functions, P represents the sea surface
temperature, and Q represents the thermo-cline depth anomaly of the eastern equatorial Pacific ocean.
An artificial neural network, the Gudermannian neural network (GNN), has been designed and optimized by a hybrid
genetic algorithm (GA) and interior point algorithm (IPA), i.e., GNN-GAIPA. Two cases of the ENSO model are discussed
here: integer order and fractional order. The results are compared with the exact solution for case 1 and case 2 compared
with the solution obtained by the fractional Euler method [FEM] [49].
The structure of the paper is as follows. Section 2 contains the proposed methodology for formulating the Gudermannian
neural network and optimizations with the GAIPA algorithm. The performance of the proposed method is presented in
Section 3. Section 4 contains the numerical outcomes of the presented method. Conclusion have been discussed in Section
5.

2 Proposed Methodology

The GNN is designed to solve the fractional ENSO model in this section. Formulation of the fractional ENSO system
together with fitness function and optimization process based on GAIPA is described here.

2.1 Gedernmanian Neural Network

The notations for the proposed method are used as follows. The approximate solution is represented as
[

P̂
Q̂

]
and its

fractional order derivative is represented as
[

DrP̂
DrQ̂

]
. For m number of neurons, the expression of neural networks are

expressed as [
P̂
Q̂

]
=


m

∑
i=0

θP,i f (λP,ix+ γP,i)

m

∑
i=0

θQ,i f (λQ,ix+ γQ,i)

 (2)

The fractional derivative of order r of Eq. (2) is

[
DrP̂
DrQ̂

]
=


m

∑
i=0

θP,iDr f (λP,ix+ γP,i)

m

∑
i=0

θQ,iDr f (λQ,ix+ γQ,i)

 (3)

The unknown weights of the proposed network are represented by A, which is noted as follows

A = [AP,AQ]

Where AP = [θP,λP,γP] and AQ = [θQ,λQ,γQ] where
θP = [θP,1,θP,2, · · · ,θP,m],
λP = [λP,1,λP,2, · · · ,λP,m],
γP = [γP,1,γP,2, · · · ,γP,m],
θQ = [θQ,1,θQ,2, · · · ,θQ,m],
λQ = [λQ,1,λQ,2, · · · ,λQ,m],
γQ = [γQ,1,γQ,2, · · · ,γQ,m].

The Gudermannian kernel is defined as
f (x) = 2tan−1(ex)− π

2
(4)

Using Gudermannian kernel Eq. (4) in the proposed network given by Eq. (2) and Eq. (3), we have

[
P̂
Q̂

]
=


m

∑
i=0

θP,i(2tan−1(e(λP,ix+γP,i))− π

2
)

m

∑
i=0

θQ,i(2tan−1(e(λQ,ix+γQ,i))− π

2
)

 (5)
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and [
DrP̂
DrQ̂

]
=


m

∑
i=0

θP,iDr(2tan−1(e(λP,ix+γP,i))− π

2
)

m

∑
i=0

θQ,iDr(2tan−1(e(λQ,ix+γQ,i))− π

2
)

 (6)

To approximate the weights of the GNN, one may formulate an error function as follows

E = E1 +E2 +E3 +E4. (7)

Where

E1 =
1
N

N

∑
j=1

[DrP̂j −aP̂j −bQ̂ j + cP̂3
j ]

2. (8)

E2 = [P̂0 −P(0)]2. (9)

E3 =
1
N

N

∑
j=1

[DrQ̂ j +dP̂j + eQ̂ j]
2. (10)

E4 = [Q̂0 −Q(0)]2. (11)

Where N = 1
h , P̂j = P̂(x j), Q̂ j = Q̂(x j), x j = jh. As the error function E (Eq. 7) tends to 0, the approximate solution

[
P̂
Q̂

]
tends to the exact solution

[
P
Q

]
.

2.2 Network Optimization

One may determine the weights of the network using the hybridization of the Ganatic algorithm with the Interior Point
Algorithm (GAIPA). The pseudocode of the Gudermannian neural network for the fractional ENSO model is shown in
Table 1.
The genetic algorithm (GA) is based on a natural genetic process that is used to optimize the constrained / unconstrained
optimization problem. GA can solve a variety of complex problems. GA uses crossover and mutation to find out the
optimal solution. Its effectiveness depends on mutation, crossover, and selection. Its optimization strength may be
improved via the hybridization of the local search algorithm. Genetic algorithms have wildly usage in the optimization
process, some of them are as follows. Cavallaro et. al. [50] used a genetic algorithm in image reconstruction. Li et.
al. [51] presented a genetic algorithm to optimize the circuitry of tube-fin heat exchangers in air-conditioning and heat
pump applications. Delwar et. al. [52] designed a power amplifier for usage in 5G applications that was based on an
adaptive genetic algorithm. GA can solve operation management problems and has wide use in multimedia and wireless
networking [53].
The interior point algorithm (IPA) is a local search algorithm that converges rapidly and efficiently. Some problems that
IPA solves are predictive control of symmetric model [54], semidefinite programming [55], linear and conic
optimization [56], sum-of-squares optimization [57], etc.

3 Performance Measures

Mathematical forms of the performance measures the root mean square error (RMSE), the mean absolute deviation
(MAD), and the Theil’s inequality coefficient (TIC) are presented in this section.

[
RMSEP
RMSEQ

]
=



√√√√ 1
N

N

∑
j=1

(Pj − P̂j)2

√√√√ 1
N

N

∑
j=1

(Q j − Q̂ j)2

 (12)
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Table 1: Pseudocode of GAIPA to determine the weights of the GNN

Genetic Algorithm
Inputs:
Number of chromosomes that equal to the weights of GNN:
A = [AP,AQ] for AP = [θP,λP,γP] and AQ = [θQ,λQ,γQ] where
θP = [θP,1,θP,2, · · · ,θP,m],
λP = [λP,1,λP,2, · · · ,λP,m],
γP = [γP,1,γP,2, · · · ,γP,m],
θQ = [θQ,1,θQ,2, · · · ,θQ,m],
λQ = [λQ,1,λQ,2, · · · ,λQ,m],
γQ = [γQ,1,γQ,2, · · · ,γQ,m].
Output:
The best optimized weights for GNN by using GA, Abest
Initialization
Population and constraints: Define constraints and set initial population by real bounded entries inside constraints.
Termination
Set stopping criteria as stall generation = 100, function tolerance = 10−20, constraints tolerance = 10−20.
Reproduction
Use @selectionuniform, @crossoverheuristic, and @mutationadaptivefeasible in selection, crossover and mutations
respectively to create new population.
Save
Store generation, function count, error function value and Abest .
End genetic algorithm
Interior point algorithm start
Input
The initial weights optimized by GA, Abest
Output
Best weights optimized by GAIPA, AGAIPA
Initialization
Define constraints and set initial population Abest
Termination
Set stopping criteria as @maxiteration = 20000, @maxfunevaluations = 100000, function tolerance = 10−20,
constraints tolerance = 10−20 and X tolerance = 10−20.
Save
Store generation, function count, error function value and AGAIPA.
End interior point algorithm

[
MADP
MADQ

]
=


1
N

N

∑
j=1

|(Pj − P̂j)|

1
N

N

∑
j=1

|(Q j − Q̂ j)|

 (13)

[
T ICP
T ICQ

]
=



√
1
N ∑

N
j=1(Pj − P̂j)2√

1
N ∑

N
j=1 P2

j +
√

1
N ∑

N
j=1 P̂2

j√√√√ 1
N ∑

N
j=1(Q j − Q̂ j)2

1
N ∑

N
j=1 Q2

j +
1
N ∑

N
j=1 Q̂2

j

 (14)

where N denotes the number of grid points. In the case of perfect modeling, the value of RMSE, MAD, and TIC will be 0.
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4 Results and Simulations

Simulations results of GNN-GAIPA for solving fractional ENSO model are presented here. The obtained results are
compared with exact solution and FEM method, graphically and numerically. Two cases of the ENSO model are discussed
here, one for integer order and the other for fractional order. Case 1 considered for integer order with parameters a = 1,
b = 0, c = 0.1, d = 1, e = 1, and case 2 considered for fractional order r = 0.85 and parameters a = 1, b = 1, c = 0.1,
d = 1, e = 1. The mathematical form of both cases is represented as follows
Case 1 {

DP = P−0.1P3

DQ =−P−Q
(15)

Case 2 {
0D0.85

t P = P+Q−0.1P3

0D0.85
t Q =−P−Q

(16)

Figure 1 shows the optimal weights for both cases for 10 neurons. These plots represents the values of θ , λ , and γ . Figure
1 drown for best weight vectors which are shown in Eq. (17 & 18). Figure 2 compares the approximated solution to the
exact solution and FEM solution. The proposed result overlaps with the exact solution and FEM solution, showing the
efficiency of the proposed method.
The best absolute errors (AE) are presented in figure (3) calculated for 20 independent trials for both cases. The best
absolute error lie in 10−6 −10−5 for case 1 and 10−3 −10−2 for case 2. These absolute errors indicate the proposed GNN
along with GAIPA effectively solves the ENSO model.
The RMSE, MAD, and TIC for both cases of the ENSO model are plotted in figure (4). The performance measures
RMSE, MAD, and TIC for case 1 lie between 10−6 − 10−5, 10−6 − 10−5, and 10−7 − 10−5 respectively, and for case 2,
the performance measures lie between 10−3 −10−2, 10−3 −10−2, and 10−3 −10−2 respectively.
Statical performance for RMSE, MAD, and TIC using the histogram and boxplots are presented in figure (5-7).
The tabular comparison was also made in tables (2 & 3) for the proposed method with exact and FEM solution. Table 2
is made for the classical order case, where the obtained solution is compared with the exact solution, and Table 3 is made
for the fractional order case, where the obtained solution is compared with the fractional Euler’s method.
The solution of the ENSO model using the proposed method shows that the value of P (sea surface temperature) increases
concerning time and Q (thermo-cline depth anomaly) decreases concerning time in the time interval [0,1].

 P̂C−1

Q̂C−1

=



0.2939
(

2tan−1e(0.3293x+2.2331)− π

2

)
+0.0036

(
2tan−1e(−0.3587x−1.5049)− π

2

)
+

· · ·−0.2041
(

2tan−1e(1.1775x+1.9143)− π

2

)
−0.3452

(
2tan−1e(0.7770x+0.3393)− π

2

)
+0.1293

(
2tan−1e(1.6931x+0.7418)− π

2

)
+

· · ·−0.1274
(

2tan−1e(0.8965x+0.5762)− π

2

)


(17)

 P̂C−2

Q̂C−2

=



0.1206
(

2tan−1e(−0.8466x+0.1391)− π

2

)
−0.9109

(
2tan−1e(−2.1315x+1.2730)− π

2

)
+

· · ·+1.1796
(

2tan−1e(−0.4855x−0.7389)− π

2

)
1.1055

(
2tan−1e(−4.8031x−2.0155)− π

2

)
+0.4167

(
2tan−1e(−0.2833x−3.0836)− π

2

)
+

· · ·−0.7407
(

2tan−1e(0.5212x+1.1957)− π

2

)


(18)
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Fig. 1: Best weights for the proposed network
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Fig. 2: Comparison of proposed result with exact and FEM solution
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Fig. 5: RMSE representation for ENSO model through GNN-GAIPA
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Fig. 6: MAD representation for ENSO model through GNN-GAIPA
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Fig. 7: TIC representation for ENSO model through GNN-GAIPA

5 Conclusions

The present work is related to construct a Gudermannian neural network algorithm for the fractional El Niño Southern
Oscillation model. Two different cases one for classical order and one for fractional order have been solved by using the
designed GNN algorithm and optimized by the hybridization of global search algorithm, the ganatic algorithm and local
search algorithm, the interior point algorithm i.e. GNN-GAIPA. The designed GNN-GAIPA is viably implemented on
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Table 2: Comparison of proposed solution with exact solution for case 1

t Case 1 P(t) Case 1 Q(t)
Proposed Exact Proposed Exact

0.0 1 1 1 1
0.1 1.0931 1.0931 0.8052 0.8052
0.2 1.1924 1.1924 0.6198 0.6198
0.3 1.2976 1.2976 0.4423 0.4423
0.4 1.4080 1.4080 0.2714 0.2714
0.5 1.5230 1.5231 0.1061 0.1061
0.6 1.6416 1.6416 -0.0547 -0.0547
0.7 1.7624 1.7624 -0.2115 -0.2115
0.8 1.8841 1.8841 -0.3650 -0.3650
0.9 2.0049 2.0049 -0.5154 -0.5154
1.0 2.1233 2.1233 -0.6629 -0.6629

Table 3: Comparison of the proposed solution with FEM solution for case 2

t Case 2 P(t) Case 2 Q(t)
Proposed FEM solution Proposed FEM solution

0.0 1 1 1 1
0.1 1.2486 1.2736 0.7246 0.6816
0.2 1.4508 1.4647 0.4889 0.4593
0.3 1.6160 1.6252 0.2781 0.2532
0.4 1.7515 1.7567 0.0846 0.0644
0.5 1.8618 1.8629 -0.0945 -0.1098
0.6 1.9494 1.9467 -0.2597 -0.2701
0.7 2.0158 2.0106 -0.4107 -0.4171
0.8 2.0627 2.0572 -0.5476 -0.5514
0.9 2.0930 2.0890 -0.6712 -0.6734
1.0 2.1108 2.1081 -0.7827 -0.7837

both classical and fractional ENSO model to authenticate the stability, convergence and robustness. The outcomes of the
proposed scheme have been compaired with exact and FEM solution with matching 5 to 6 decimal places of accuracy in
case 1 and 2 to 3 places in case 2. Statistical performance measures for 20 independent trials for both the cases provide
the precise solutions.
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