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Abstract: Motivated by the growing interaction between g-calculus and geometric function theory, this paper introduces a new subclass
of bi-univalent functions defined through a convolution operator associated with the g-Wright function and the g-analogue of Fibonacci
numbers. The proposed operator is constructed via the Hadamard convolution, enabling the analytic and combinatorial properties of g-
special functions to be naturally embedded into the geometric framework of bi-univalent mappings. Using the fundamental principal of
the subordination, we derive the upper bounds of the initial Taylor-Maclaurin coefficients |ps|, |p3|, and Fekete—Szeg6 inequalities. The
analysis further demonstrates how the deformation parameter affects the associated coefficient g on the coefficient structure. The present
results highlight the structural significance of g-special functions in the construction of convolution-type operators and contribute to
the further development of coefficient theory for bi-univalent functions. Moreover, the proposed framework offers a basis for future
investigations at the intersection of operator theory and geometric function theory.
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1 Introduction

In complex analysis, the theory of geometric functions on
an open unit disk is dealing with analytic and univalent
functions. We have seen the field move forward largely
because of how we now use operators and subordination
to categorize functions. The goal behind this is to have an
actual tool to extract coefficient values and to study the
geometric growth of analytic functions in the unit disk.

Over the past couple decades, we have seen the
g-calculus evolve from a niche discrete version of
standard calculus into a powerhouse for building
g-extensions of classic operators. Its real power lies in its
pliability; it allows us to craft generalized analytic
operators that do more than just trituration
numbers—they give us a much deeper look into the
coefficient problems and geometric quirks of both
univalent and bi-univalent functions.

What really sets g-calculus apart is how it blends
discrete and continuous perspectives. This superposition
is what makes it so easy to drag in difference operators
and g-special function expansions when we are doing
analytic work. It is this specific process that has given us
all these new g-versions of standard analytic kernels.
Because of that, we have seen a whole new wave of
subclasses stand out, such as the g-starlike, g-convex, and
g-bi-univalent groups. In conclusion, the g-calculus acts
as a bridge; it connects special functions, combinatorics,
and orthogonal polynomials into one cohesive framework
for GFT. (see, for example, [5,6,7,8,12,13,14,15,16,17,
18,19,20,21,27,28,29,30]), some other applications in
algebra can be found in [22,23,24,25,26].

Within this setting, the g-Wright function occupies a
significant position because of its broad structural form
and its connections with other g-special functions, such as
the g-Mittag—Leffler and g-hypergeometric functions.
When combined with convolution and subordination
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techniques, it serves as an effective tool for defining new
analytic operators and corresponding subclasses of
bi-univalent functions.In recent work, Alsoboh et al. [4]
explored the relationship between the g-calculus and the
g-Fibonacci sequence by introducing an appropriate
generating kernel, which extends the classical Fibonacci
function into the analytic framework. This development
underscores the versatility of g-operators in modeling
subtle geometric features.

Motivated by recent progress in the area, we introduce
a new class of bi-univalent functions defined through a
g-Wright operator and subordinated to a kernel related to
the g-Fibonacci sequence. A key contribution of this
paper is the introduction of a g-operator based on
Hadamard product with g-Wright kernels, which leads to
a generalized class of bi-univalent functions defined
through a g-Fibonacci type subordination condition.

Within this approach, we determine the upper bounds
for |p2| and |p3| and derive the related Fekete—Szego type
estimates. The results presented here both recover and
broaden several recent advances in the coefficient theory
of bi-univalent functions. Moreover, the study underlines
the importance of g-special functions in shaping
operator-based constructions and advancing research
within geometric function theory.

2 Preliminaries

We first introduce the standard class </ consisting of
functions that are analytic on the open unit disk

O={z=a+ibeC:a,beR, |z|<1}.

From a geometric perspective, & represents the interior of
the unit circle centered at the origin, excluding its
boundary. Each function f € &/ is normalized by the
conditions
f0)=0 and  f(0)=1,

which remove translational and dilational degrees of
freedom, thereby fixing the mapping uniquely at the
origin.

Every f € o7 admits the Taylor—-Maclaurin expansion

fR)=z+Y pd", z€0, (1
n=2

where the coefficients p, describe the nonlinear
contribution of the mapping.

A function f is called a Schwarz function if it is
analytic in @, satisfies f(0) = 0, and fulfills | f(z)| < 1 for
allze 0.

For analytic functions fj, f, € &/, we say that fj is
subordinate to fp, written f; < fo, if there exists a

Schwarz function 1 such that

filz)=fHnk), ze0.

The concept of subordination preserves analyticity and
serves as a fundamental tool for comparing geometric
inclusion properties of analytic mappings.

Let S C &7 denote the family of univalent functions in
0. The Carathéodory class P consists of analytic functions
p in & with positive real part. Each p € P can be expressed
in the form

p(z) =1+ Y put" =1+piz+pa+---,

n=1

€0,

@)
and satisfies the sharp coefficient bound according to
quarter-Koebe theorem

‘pl’l|S27 nZL (3)

in accordance with the classical Carathéodory lemma [2].
Equivalently,

1+z
p(Z)GP — p(Z)'<17_Z, 7€ 0.
For each f € S, the inverse function f —1 exists in a disk
of radius at least ro(f) > 0.25 and satisfies

e=f71fG@),  E=f(T1E)),
Its series representation takes the form

X(E)=f"(&) =& —p2&*+(2p7 — p3)&°
—(5p3 —5p2p3 +pa)Et+-- .

A function f € S is termed bi-univalent if both f and
its inverse f~! are univalent in ¢. The collection of all
such functions is denoted by X C S. Bi-univalent
functions extend the classical notion of univalence by
requiring injectivity to be preserved under inversion, and
they naturally arise in problems related to coefficient
estimates, subordination relations, and geometric
transformations. Typical examples include mappings.

(181 <ro(f))-
“4)

&)

Z 1

flz) = T fz)=—log(l—2), f(z) = 210g(:> ’

each of which is univalent in & together with its analytic
inverse.

In 2008, Shahed and Salem [1] proposed a g-Wright
function, which is defined as follows:
qn(n;»l) Zn 1

Wies(2:4°) = B
ko(z:9") n;) [n], ' e (kn+9)  I<(9)
2
Z

=

(©)

1y
L (k+9)

3

q +...
2] T2k +09)
where k = —log(1—¢q)/1—¢%*,9€C,ze 0,0<g< 1
and

(4%.q%).,

Ie(5) = B l_qr)17%7 %7&07_1,_27”"
0= (g, ¢
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The g-Wright function #j y(z;q) is normalized to
obtain

Rx,ﬂ(z) =

L (9) Wi9(2:9)
I (9)

n(n 1)
”Z [n— 1], T (k(n— 1)+ 0)

The associated convolution operator ¥y » that acts on .o/
is defined by

%c,ﬂf(z) =

7" (N

(Rk,ﬁ*f)(z)
- n(n—1)
Z q 2 Ef(ﬁ)
= =1 (k(n—1)+ 0
where kK = —log(l —q)/1 —¢*, 0 €C,z€ 0,0<g< 1.

=z+

Pn va (8)
)

This operator preserves analyticity in ¢ and will be
used to define new subclasses of bi-univalent functions.
Following Alsoboh et al. [4], the g-Fibonacci generating

function is defined as

1+qA2Z? 1—/4g+1
Qzg)= ——2— J=—YT— (9
(z:9) Ty P 2 )

Its coefficients satisfy the recurrence relation

Ags n=1,
N 2g+1)A2, n=2,
f= 2O _ (10)
(3g+1)A;, n=3,
(Onr1(q) +qOu_1(q)) AL, n>4,
where the g-Fibonacci polynomials are defined by
(I1—gA)"—A}
Pulq) = ===, (11)
4g+1
where
®o(q) =0,
¢i(q) =1,
P(q) =1,
¢3(q) = 1+4,
which degenerate into the classical Fibonacci

numbers in the limit ¢ — 17. Detailed discussions and
related geometric implications can be found in the
extensive study [9, 10, 11].

3 Definition and Examples

Motivated by the analytic and geometric features
associated with g-Fibonacci numbers, we introduce in this
section a new subclass of bi-univalent functions defined
through an operator related to the g-Wright function. The

construction relies on a suitably formulated generalized
g-differential operator, designed to unify and extend
several previously studied subclasses through a common
subordination framework with respect to an analytic
generating function Q(z;¢q).

This operator-based approach brings together
different g-analytic components within a consistent
setting and provides a systematic method for defining new
families of bi-univalent functions. In this way, it broadens
the scope of geometric function theory in the context of
g-calculus. Furthermore, the proposed framework offers
an effective basis for examining coefficient estimates,
Fekete—Szegd type functionals, and related geometric
properties associated with bi-univalent mappings.

Definition 1. Let f be a bi-univalent function expressed in
the form (1). Then f € R)’E’ﬂ(}/;q) if and only if the

following subordination relations are satisfied:

(-9 252Dy ar@) < @), (2
and
<1y>W+y6q<vk,ﬂx<é>> < QEg), (13)

where ¥ >0, ® € C, and x = f~! denotes the analytic
inverse of f as defined in (5). The parameter A, and
Q(z;q), given by (9), serves as the generating function
responsible for the underlying shell-like geometric
structure of the domain.

The class Rg’ﬁ(y;q) thus serves as a unifying platform
connecting the g-calculus and the theory of geometric
functions. By tuning the parameters y and g € (0, 1), one
can recover a variety of analytic subclasses that exhibit
distinct geometric and structural behaviors within the
open unit disk &.

Example 1.For v =1 in Definition 1, the class Rg’ﬂ(l;q)
is characterized by the subordinations

0 (Ve f(2) < R(zq),  Tg(Vewx(§)) < 2(&:q),

which correspond to a purely g-differential subclass
whose geometric structure depends exclusively on the
first g-derivative of the transformed function.

Example 2.For v = 0 in Definition 1, the class Rg’ﬁ(o;q)
satisfies

b2 Vi
K’ﬂf(z)<.Q(Z;q), k,ﬁ%(€)<
z S
representing the fundamental subclass in which the

characterization is governed entirely by the operator
quotient, devoid of any g-differential influence.

Q(&:q),
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Example 3.As ¢ — 17, the Definition 1 reduces to the
classical operator-based subclass

1+21%22

+Y(7kﬂf@»l<‘f:72j:£5§7

(1 . 'Y) A//K,ﬂzf(z)

along with the corresponding subordination for y = f~!.
This limit demonstrates that the newly proposed
g-framework  generalizes well-established analytic
subclasses in the classical setting.

4 Coefficient Estimates of the Class R

’(1:q)

In this section, we derive coefficient estimates for
functions belonging to the class Rg’ﬁ(y;q) introduced in
Definition 1. The main goal is to obtain explicit upper
bounds for the initial Taylor—Maclaurin coefficients,
specifically |p2| and |p3|, corresponding to this newly
defined family of bi-univalent functions. These estimates
play a fundamental role in understanding the analytic
structure and geometric behavior of the class under
consideration.
We first consider an analytic function of the form

p(2) =1+piz+p+p3z+--,

which is assumed to satisfy the subordination relation

p(z) < 2(z:9).

That is, there exists a Schwarz function 1 such that p(z) =
Q(n(z);q) forallze 0.

Consequently, there exists a Schwarz function ¢ € P
such that

lp(z)| <1 (z€0) and  p(z) = 2(9(2);9).

Following the classical representation, we define
1
l(z) 7 E ﬁ7
1-0()
(14)

where i € P denotes the Carathéodory function associated
with ¢.

h(z) = =lteztar+6+- -,

From the above, the analytic function @(z),
subordinate to Q(z;q), admits the following power-series
expansion:

15)

Substituting this expansion into 2(¢(z);q), we obtain
the following.

N TR I R S ) TP s
Q(p(z);q) =1+ ) Z+2[<€2 > P1+2P2 2

e\ 82 3

&5 —€6+— gle-—2L -

3 12+4 p1+& | & ) P2+4P3
(16)

In a similar fashion, corresponding to the inverse
mapping ¥ = f~!, there exists a Schwarz function v
analytic in € with |v(§)| < 1 for all & € & such that

p(&) =(v(8):q).

Thus, the function associated with the inverse is also
subordinate to the generating kernel Q(-;¢) through the
Schwarz function v.

To proceed, we introduce the corresponding function
Carathéodory.

€)= ) teo,
an

where k € P. Consequently, the Schwarz function v
admits the representation

ve =gy ] (@—)52

1 0}
—(6;—6,6,— L )&
+2<3 I 4)§+

Substituting this expansion into the generating
function 2(-;g), we obtain the series representation

%)

+2 2+

=146/E+6,E7+6:87+- -,

(18)

P16
iq) =

1 6? 62
Z1le,—=L)p +Lp| &2
2{(2 2)p1+ pz]é

o} 02\ 6
[(93 016, +— 2 ) P1+91(92—2>P2 +4P3}§ +--
(19)

\) \

With the above expansions at hand, we are now in a
position to obtain sharp estimates for the initial
Taylor—Maclaurin coefficients of functions belonging to
the class Rg’ﬂ(y;q). These limits explicitly reflect how
the behavior of the coefficient is influenced by the
g-deformation and the geometric parameter 7.
Consequently, the resulting inequalities offer a clear
description of the analytic features and geometric
flexibility exhibited by the associated bi-univalent
mappings.

Theorem 1.Let f € Rg’ﬂ(}/; q). Then

Pl ),

20
q|1+qy| I (9) 20)

pal < min{
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and

A TE(xk+ )
¢>(1+q7) TA(9)

)’q (zjq' 1—“]1(2'(—’_6)

7 (1442, 1)) |
@

24 Ty (k1) [12], T (2 4 9)

AgTye (9) L2 (k+9) (1+4[2],7)
q — 2], (2 +9) (2 +1)A,— 1)

xrq%w)(uqy)

Proof. Let f € R)’E’ﬁ(y;q) and & = f~!. Taking into
account (12) and (13), we have

(-9 7210 45, (012 = Q0(e10), (€ 0),
(22)

and

<1—y>W+ya< Yo t(£)) = Q(V(E):q). (€ € 0).
(23)

Upon substituting the operator ¥y y f(z) defined in (8) into
equation (22), the left-hand side transforms into

(-1 727D 4 y3, 010102
_ 4 2L NI(9) +(qu )ﬁ;gﬁ)pzz 24)
N (IJIr_;(pJ )) ( )p3zz+.”'

Similarly for equation (23), the left-hand side transforms
into

Tk, n 1 L (0
(1*7’)%@ 75q<%,lsx(§)>——1*q(7 F;(qu) ﬁsg)pzé
3 ] T
= rqqr[ijfl)s)q ) <2p22—p3>§2+
(25)

Substituting (16) and (24) into (23) produces

a1 +ale(®) P42 )G 0)
L(k+9) Le(ktv0) °
p?e

L[ el A+£12A 2
s ity a5 )Pt 5P|z

(26)

In addition, substituting (19) and (25) into (24) yields

q(1+g7)Ig ()
_1—,‘11(1('—4-(]19)’)2§+
3
: (1+q[ijﬂ1);r(6) (203 =p3) &7+ @7
2
p191¢+1 K@—i‘)ﬁw%m}éz

Equating the pertinent coefficient in (26) and (27), we
obtain the following.

a1 +anls() | _ pie
Le(k+9) 7 2

(28)

_d1+anly(®) 16
Te(k+0) 27 2

(29)

3 5 ,
PO+l ) 1] e\ €
2], I 2k+0) P T2 [\7 2 pit5p| (0
and
3
7 (1+4[2) N (9) , o o
2], = (2k + ) Cps—py) = 92_* P1 +7p2
(€29)
From (28) and (29), we have
6=-0 < &=0), (32)
and - 2( )
I'z(k+ 70
pi=— o (cf467). (33
847 (1+4q7) T (0)
Using (3), we have
A« Ix K+19
2| < |q|”—(). (34)

q|1+qy|Ts ()

Rearranging the terms in (33), we obtain the equivalent
relation

847 (1+q7)°TA(0) 52

e +6; = NTZer ) P (35)
Now, by summing (30) and (31), we obtain
24°(1+4[2], 7)1 (%) ,
2, L Ck+0) P
_ (@462 Cqg+DA7 Al 5 0
5 1 -7 (e +67).

By substituting the expression of (&2 + 62) from (35) into
the equation (36) and simplifying the resulting identity, we
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arrive at the following explicit representation for p22:
(ez—H-)z) 2], s (2k+8) A2 2(K+19)
Ag e (0) 3 (K +0) (1 +4¢[2],7)
42 { — (2, L (26 +9) (29 +1)4 — 1)
(

X I3(8) (1+q7)°

(37)
Using (3) for (37), we have

gl T (+0) /12, e (20 + 9)
a2 I (9) i (k+9) (1+4[2],7)
q || 12,2k +9) ((2g+1)A, — 1)

X T2(0) (1+47)°

|P2| <

(38)
Now, so as to find the bound on |p3], let us subtract
from (30) and (31) along (33), we obtain the following.

A [2],! T;r(2Kk +0)

R (T TR A
Hence, we get
P3| < lp2l*+ (Hq'mf(z)“g)). (40)
Then, in view of (34), we obtain
o] < A TE(k+0) A [2] ) T (2K +0)
TR+ 2) @ (12 )|
(1)

This proves (21).

Theorem 2.For o € C*, let f € Rg”s(y;q). Then
’P3 - apz’ <

|Ag| 121, Iz (2+9)

0< | L)< —L—
PLe(0)|1+q12],7 a(1+q12),7)
|24] 2], e 2x+19 Z(a @ S 1

perpEe | @), [Z(@)]= o(1+a121,7)
(42)
where

L) 2 (1—a)A [ (k+9)

{q?tqfrlf(ic+19)(l+q[2qu) }
2], L (9) s (2k+ 9) (2 + DAy — 1) (1+q7)°

Proof. Let f € Rg’ﬁ(y;q), from (37) and (39) we have

p3—0p; = & —6)

ﬂ’)(
(I—a) gLz (k+0)(&2+6,)
{qxqrq%(x 19)(1+q[2qu)

— [2], L () L (25 + ) ((2g+ 1) Ay —

q(1+4q[2

+

na +q7)2}

1
3(0‘)4‘)8
Aq12), L (26 +0) ( g(t+ar2,7) )~
2

1
" (g(a) ~q(1+q[2],7)

43)
where

B (1- )2y I (K +9)
{A g TA(k+9) (14+4[2],7) }
[2) LA 0) L (2K + ) (2g+ 1Ay — 1)(1+47)°

Consequently, taking the modulus on both sides of (43),
we arrive at the desired result stated in (42).

5 Corollaries

The coefficient estimates established in Theorems 1 and 2
admit several meaningful specializations when particular
choices of the parameters ¥ and ¢ are considered. By
fixing these parameters appropriately, the general bounds
reduce to more explicit and tractable forms, thereby
recovering a number of significant subclasses as
immediate consequences.

The corollaries presented below illustrate these
reductions and emphasize notable instances of the class
R;‘ﬁ(y;q) that arise directly from the principal results.
These special cases further demonstrate the flexibility of
the proposed framework and its capacity to unify diverse
families of bi-univalent functions within a common
analytic setting.

Corollary 1. Let o € C* and f € R (1:q) (as in
Example 1). Then the initial coefficients satisfy

o[ Al T (k4 9)
|P2| < mm{ q|1+q‘1—(}1(19) R}a
and
Ay Ta(k+9) Ag[2],) e (26 + )
fPs! < 5 Py .
?(1+q)°T2(0) |4 (1+4[2),) (D)
Moreover, for any a € C*, ap?| <
|44 2J 21<+z9) 1
¢ L (9 #(@) q(1+4q[2],)
A mql"qf(zm 9)|< (@) I
£T:) - @ )
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where
|Aq| Ige (k + )

q)LFr(

[ZJ 1—[‘]1 (2K+ 19)

Iz (k+9) (1+4[2],)
g || (120, e+ 0) (24 DA~ 1)
x I3 (D) (1+61)2>
(1-a)A, 2(;<+19)
g7 (k+0) (1+4¢[2],)
(H wﬂwzxw)
x((2q+1)A; — 1)(1+q))

Z(a) =

Corollary 2. Let oo € C* and suppose f € Rg’ﬂ(o;q).
(Equivalently, by Example 2. Then the initial coefficients
satisfy

2| < min{ W,T}’
I (9)
and
5] < Ay (k+0) L (2Jq'rqf(2x+19)’
S PIE(D) ¢ I (D)
Moreover,
’P3*05P22’ <
|Aq| [2], T (2K + ) 1
6]31—2,1(19) ) O<|f0(a)}§;,
|Aq| [2], Tgr (2K + ) 1
qzl—;]r(ﬂ) ’go(a)‘v ’fo((x)‘ Z 57
where
gl T (i +9) [ 12], e 2+ 0)
Le(8) i (xk + )
—[2], T (26 +9) ((2q+ 1)Ag — 1) [ (9)
Zo(a) (1—0) A I3 (K +9)
O =

9A TR+ ) = ([2], Ts (9)
X Te (24 9) (29 + 1A — 1) #(9))

Corollary 3. Let oo € C* and suppose f € Rg’ﬂ(}/) as in
Example 3. Then, the initial coefficients satisfy

|7L|F(K+19)
—_— M
lp2| < { |1‘H’|F }’

and
A2 (k49 2AT 2+
o < P 0) | |2arCrso)|
(1+7)°r2(0) |(1+27)I(9)
Moreover,
}P3*05P22} <
2|1A| T 2k + ) < < 1
9)[1+2y] 0= Zalo)] < 77
2|A| T 2k + ) 1
ST ] o] = 1
where
AT (k+9)\/2T 2k + )

AL () (x+9) (1427)
‘ 2T (2k+8) (3A —1)T2(9) (1+7)° ‘

- (1- ) AT (x+ D)
Zale)= AT (k+0) (1+2) > ‘

< —2F(®)T(2k+9) (34 —1) (1+7)°

6 Conclusion and Future Work

In this work, we have proposed and analyzed a new
subclass of bi-univalent functions associated with
shell-type image domains generated by the g-Wright
function and structured through the g-analogue of
Fibonacci numbers. By introducing a generalized
g-differential operator defined via Hadamard convolution
with kernels involving the ¢-Wright function, we
established a coherent analytic setting that integrates tools
from g-calculus into the framework of geometric function
theory.

Applying the method of subordination, we derived
explicit bounds for the initial Taylor—Maclaurin
coefficients |p,| and |p3|, together with the corresponding
Fekete—Szego-type inequalities for the newly defined
class. The results obtained herein extend several
previously known subclasses as particular cases and
demonstrate the effectiveness of g-special functions in
generating refined geometric configurations and enriched
analytic behavior within the theory of bi-univalent
functions.

Future Work. The framework developed in this study
opens several directions for future research. A natural
continuation would be to examine analogous g-operators
in the context of multivalent and quasi-biunivalent
functions, with the objective of deriving corresponding
coefficient estimates and distortion results. Further
generalizations can be obtained by replacing the g-Wright
kernel with alternative g-special functions, such as the
g-Bessel, g—Mittag-Leffler or g-Rabotnov functions, thus
generating broader operator-defined subclasses with
enriched analytic structures.
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