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Abstract: Erlang Truncated Exponential Distributions are characterized by distributional properties of generalized order statistics.
These characterizations include known results for ordinary order statistics based on two non-adjacent m-generalized order statistics
coming from two independent Erlang truncated exponential distributions. Using this method and compared with an efficient recent
method given by [33], three examples of real lifetime data-sets are analyzed by that deals with non-random samples. Such type of
examples predicts the accumulative new cases per million foe infection of the new COVID-19. Corollaries for Pareto and power
function distributions are also derived.
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1 Introduction

Various characterizations of Erlang truncated exponential distributions based on distributional properties of order statistics
are found in the literature. Let Xj ,,X> ,,....X, , denote the order statistics of a identically independent distributed (i.i.d)
random variables X;,X>,....X,,n > 2 each with distribution function Fx (x). The concept of generalized order statistics
was introduced by [16] as a unified approach to order statistics and record values. Furthermore, a variety of other models
of ordered random variables are contained in this concept. For a detailed discussion of several of these models, such as
sequential order statistics, k h record values, and Pfeifer’s record model, we refer to ([16], Ch. D).

In this paper we present characterizations of Erlang truncated exponential distributions DF exp(B ;) with mean

@,[3 > 0,a > 0,A > 0 via distributional properties of generalized order statistics including the known results for

ordinary order statistics.

An n-component system that fails if and only if at least k of the n-components fail is called a k-out-of-n:F system.
The lifetime of such a system could be represented as Xj.,,. The k-out-of-n:F system structure is a very popular type of
redundancy in fault tolerant systems with wide applications in industrial and military systems. For two different systems
say a k-out-of-n:F system and (k+1)-out-of-n:F system, the engineer may be interested in the additional lifetime X} 1., —
Xk, for the system design and the cost purpose. Due to the complicated distribution form, one may provide a sharp bound
on the survival function. Therefore, the researchers have to rely on a characterization of the assumed distribution and check
if the corresponding conditions are satisfied. Classical results in characterizations can be found in [7,34,35]. Different
results of characterization and its applications in terms of generalized order statistics (GOSs) and dual generalized order
statistics (DGOSs) are derived by many authors. Among these authors are [1,2,3,4,5,6,8,9,10,11,12,13,14,15,17,18,
19,20,21,22,23,25,26,27,28,29].
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2 Generalized order statistics

Let X(1,n,m,k),X(2,n,m,k),...,X(n,n,m,k) be generalized order statistics based on the absolutely continuous
distribution function Fx(x) with density function fy(x), which means that the marginal density function of the "
generalized order statistic and dual generalized order statistic are given by

frEmam) () = <rC :_11)1 1= Fe )" (g (F ) M
and C (n)
P = T g (F) @

(see [16], p.64, and the density function of the spacing)
W(r—l,r,n) = X(r,n,m,k) *X(r—l,n,ch)a 2<r<n

has the following representation:

Cr— oc m r— fn),
g Xetrmdy) = o [ Bl fe@gi F ) = Al e )

with r
Cf*l:HlI/ja 1§r§}’l (4)

Jj=1

_ L o ymtl B
i = f U arae {E L
1—x?

gm(x) =y (x) — 1y (0), x € 0, 1) (see [16], p. 69).
Generalizing [31] result it is shown in ([16], p.81) that the normalized spacings

D(l,n,m,k)zul]X(l,n,m,k) (6)

D(r,n,m,k) =y, [X(r,n,m,k) — X(r— Ln,mk)], 2<r<n @)

based on an exponential distribution with parameters § > 0, @ > 0, A > 0 are independent and identically distributed
according to Erlang truncated Exp((Bay)).

The cumulative distribution function (CDF) Fx(x) and probability density function (PDF) fx(x) of the Extended
Erlang-Truncated Exponential (EETE) distribution are given by:

Fx(x):[l—e*ﬁwxr, 0<x<os a,fB,A>0 ®)

and
-1
fx(x) = aB(ay)e Plear [1 _,mw]"‘ , 0<x<e, a,f,A>0 ©9)

where o and 3 are the shape parameters and A is the scale parameter. The Extended Erlang-Truncated Exponential (EETE)
distribution reduces to Erlang-Truncated Exponential (ETE) when o = 1.

In Section 4, we reveal some characterization properties for the Erlang truncated exponential distribution based on two
nonadjacent generalized order statistic (71-—GOSs) (consequently /i dual generalized order statistic (i7—DGOSs) from
two independent Erlang truncated exponential distributions. The cumulative distribution function Fx (x) and probability
density function fx (x) of the Erlang truncated exponential distribution are given by:

Fx(x) = [14—!3(“1))‘}, 0<x<o, B>0,a>0,1>0 (10)
where o = (1 —¢*) and

fx(x)=Baye P 0<x<o, B>0,0>01>0 (11)
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Fig. 1: Possible shapes of the probability density function f(x) (left) and cumulative distribution function F'(x) (right) of
the Extended Erlang-Truncated Exponential (EETE) distribution for fixed parameter values of § and A

The cumulative distribution function Fy (x) of the Pareto distribution is
Fy(x) = [1—x*ﬁ<al>}, l<x<o, B>0,00>0,1>0 (12)

and the probability density function fy (x) of the Pareto distribution is

fx(x) = —Boga Ble)T)  g<x<oo, B>0,00>0,1>0 (13)
The cumulative distribution function Fx (x) of the Pareto distribution is
Fx(x)=xP@) 0<x<1, B>0,a>0,1>0 (14)
and the probability density function fy (x) of the Power distribution is
fx(x) =BayxP@)=D  0<x<o, B>0,>0,1>0 (15)

3 Reliability Characteristics

Ensuring the reliability of systems, objects, and processes is one of the main goals in their creation and further operation.
Redundancy serves this aim, and a k-out-of-n:F model is a very popular configuration for it. This is a model of a system that
consists of n components in parallel that fails when at least k of them fail. Hereinafter, we will use this notation omitting
the symbol “F”. Due to the wide range of practical applications of k-out-of-n systems, many papers have been devoted
to their study. The reliability function R(x) is an important tool for characterizing life phenomenon. R(x) is analytically
expressed as R(x) = 1 — F(x). Under certain predefined conditions, the reliability function R(x) gives the probability that
a system will operate without failure until a specified time x. The reliability function of the Extended Erlang-Truncated
Exponential distribution is given by

o
R(x):1—(1—e—3<“x)X) 0<x<o, a,B,A>0 (16)
Another important reliability characteristic is the failure rate function. The failure rate function gives the probability
of failure for a system that has survived up to time x. The failure rate function h(x) is mathematically expressed as
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h(x) = f(x)/R(x). The failure rate function of the Extended Erlang-Truncated Exponential (EETE) distribution is given
by:

ap (o )e Bl {1 _ e—B(Oﬂx)X} ot

hx) = 1-[1 _e—ﬁ(az)X]“ ’

0<x<o, of,A>0 (17)

Hence, in the following characterization results it remains to show that the respective properties determine Erlang
truncated exponential distributions uniquely.

Reliability Function R(x)

Hazard Rate Function h(x)
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Fig. 2: Possible shapes of the reliability function R(x) (left) and failure rate function A (x) (right) of the Extended Erlang-
Truncated Exponential (EETE) distribution for fixed parameter values of 8 and A.

4 A characterization of the Erlang-Truncated Exponential distribution

In this section we consider a relation characterizing the Erlang-Truncated Exponential distribution based on generalized
order statistics. This generalizes some previous characterization results and uses upper as well as lower generalized order
statistics. It has been assumed here throughout that the df is differentiable w.r.t. its argument.

Theorem 4.1. A random variable Y (r,n;1m,k) be a sequence of i.i.d. non-negative random variables with an absolutely
continuous distribution having be the * m-generalized order statistics (m-GOS) from a sample of size n drawn from a
continuous DF Fy (y) with PDF f,(y). Furthermore, given the following statements:

d ~
Y(R—No+rRuik) = Y(rNgum k) T 25 (18)

be satisfied for all 1 < r < Ny < R, then Z Ca Y(R—Ny,rynk) and Z ~ Erlang truncated exponential (B o, ) if and only if

Y ~ Erlang truncated exponential (o), f >0, & >0, A > 0.
Proof: By using the easy-to-prove relation. Let the MGF of ¥,y i) be MY(ANO.rﬁ.k) (t). Then, (18) implies that

:MY(nNO.rh,k) (l‘) Mz(l‘) (19)

M; Y(R—Ng-+r.R,i ) ()

Let us now derive the moment generating function of the 7" si--generalized order statistics Y(rnnj) based on Erlang
truncated exp(f o, ). From (1), we have
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( ) oo 0) _ i _
MY(r.NOJﬂ.k) (t) = T‘fo Y ﬁa,llP )[1 — e Bloy)( +I)Y)] ldy

which by using the transformation u = e Boa(mt1)y takes the form

(No) -
N ¥
_ Cf'fol) /1u< m+1 ﬁ("‘l)("’“)) (1 )r Ldu
w17 Jo
q,'(No) ‘
o T (<rﬁ+1>_ﬁal<m+1>
- (m+1) M) .
I\ G0~ oy T 20)
"(No)
T (1)
el | I r—k

On the other hand, in view of (19) and by using the relations CI@NO 1= CEIX?C@NM and 'f’R(f),VO = 'P,(NO), we get
r ‘I’r(NO) ‘
V) My oo @ iy D~ Bla@ T
4 - -~ —
My oo 0 (e )0 (g
4074 I\ Gy~ By tR—No+r
S
C;(eR)N X (m+1) ~ PBlog)(m+1)
“No—
CESVEON
I\ 1) — pramen TR~ Mo 2D
w0
5 win)
B (No)
k=1 | %N,
Gret) ~ Blag i RN~k
R—Ny <1 ; )1
e\ Blan)
o) 'I’(R)
Since D T = +1) On comparing (21) with (20), we deduce that M;(r) is the moment generating function of

Z(R—Ny.R,ink)» 1-€., the (R—Np)" m-generalized order statistics from a sample of size R drawn from the distribution function
(df) Erlang truncated exponential (8(a, )). Hence the proved necessity part.

To prove the sufficiency part, in view of (18) being satisfied with Z 2 Z(R—Ny,Rnje) and Z ~ exp(B(ay,)). Furthermore,
let YNyt rrmk) a0d Y. ny k) In (18) be m-generalized order statistics (7—GOSs), which are based on an unknown DF

Fy(y) and they are independent of Zg_y, r,x)- Therefore, the convolution relation (18) implies that

fY(R—N()+r, R, iit, k) )= /0 fY(r,NO.ﬁ,k) (Z)fZ((RfNO, R, i, k))(y—z)dz

ﬁ (al) (R>_ — °° | W(nl) ) m+1 R—Ny—1
(R N1 ((R+N<;)(113N01)/() [e*ﬁ(aa)(kZ)} (R-No) [1 _(6*5(0‘1)(}*2)) Fr (o) (2)dz (22)
0— m
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Differentiating equation (22) on both sides with respect to y, we get

R _
44 O p—. () Ciny s [ Jerpene—s) e
dy” V(RN R, k) (R—No—2)(+ DEM=T Jo
17 R—No—2
[1 — (e Plen)l2) H} ' Ty (o, ) (2)d2
2 (B AR " 23)
3 (B (02)) VRN, Cr-ny-1 /y [efﬁ(ak)(yfz)} Ve
R—No—1)!(m+ 1)k~ Jo
( ) (m+1)
Fit11R—No—1
(1= (P ay™ 1T p v ()
by using the relation
-~ 1\ R—No—1
LA <1 _ (emam)’"“) R [N (1- e—ﬁ(aﬂ(ml)v)R‘NO‘z _ Bl (wiy, o) (1- e—ﬁ(a,l)(rhﬂ)v)R_NO'
(24
and by using the relation (22), we get
(R) ® o~
A S / " [eplenn—] Vi +H D
(R—No—2)V(m~+1)k20=2 Jo
_ oy 1R No—2
[1= (Pl T gy vy (2)dz (25)
c®
R—Ny—1 .
= WfY(RfNofl,Rfl,zﬁ,k) () = (m+1)(R—No— 1) fy(r—Ny R k) ()
R—Ny—2
Thus, by using the relation
(R) R—Ny . (R)
C 0
(R) . (R) r-N-1 _ Iy W (R)
Vion, T+ 1)(R=No—1) =y and ——— = — == =¥
CI(FNO)fZ [1i-" ‘l’i< )
and by combining (31) and (23), we get
d _ (R)
diny(R*NoH-R-'h-k) ) =B, |:fY(R—N0+r—1.R—1,rh.k) () — fY(R—N0+r,R.m.k) (y)}
or equivalently, by integrating from 0 to y:
JY (R=Ny+rR k) (V) = B (n) ‘I/ER) [y (ReNgr—1.R— 1) V) = By (ReNgr.Ri ) (V)] (26)
(see Kamps 1995 [16], p. 75, and by using the relation (II)), we get
Fy (R-No+r—1,R—1ik) (V) = Fy (R—No+rR i) (V)
(R—1) R—No+r—1 (27)

Cr—No+r—2 B N s
- (R—No+r— 1)1(771+1)R—N0+r—1 [FY(y)] ot [1 —(Fr(y))

Therefore, in view of (22), (25) and (26), we have

© 2026 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 14, No. 6, 865-874 (2026) / www.naturalspublishing.com/Journals.asp %N ==\ 871

Hence, the complete sufficient part,
1&@)=[1—6$W“q, y>0,B8>0 a>0,1>0.

Corollary 4.1. A random variables (RVs) Y and Z are independent, as we assumed in Theorem 4.1. By replacing the
additive relation (18) by the multiplication relation

Y (R—No+r,R, i, k) LY (r,No, i, k) - Z (28)
Then, Z < Z(R—Ny.Rm ) and Z ~ Pareto(B () (i.e., F(y) =1 —z Bl@)] > 1)ifand only if Y ~ Pareto(B(0y)), B >0,
a>0,1>0.
Proof: By noting that if Y ~ Pareto(3 (), then logY ~ exp(B (e, )) and

d ~
logY(r—Ny+r.R k) = 108Y (1N i k) +108Z

which implies

i ~

Y(R-No+rRik) = YirNgmhe) - Z

Corollary 4.2. The random variables (RVs) ¥ and Z are independent. Let Y, 1) and Z., ) be the 7" m-dual
generalized order statistics (m-DGOS) based on a sample of size n drawn from Fy(y) and Fz(z), respectively. By
replacing the additive relation (18) by the multiplicative relation

Y* (R—No+r,R,ii,k) £ Y* (r,No, i, k) - Z* 29)

Then, Z £ Zg_y, i) and Z ~ Power(B(az)), B >0, & >0, A > 0 (i.e., Fz(z) = 2#(®%) for 0 < z < 1) if and only if
Y ~ Power(B (o )).
Proof: By noting that if Y ~ Power(f3 (o)), then —logY¥ ~ exp(B (o)) and

d ~
—logY(r-Ny+rrimk) = —108Y(rNg in k) —102Z
implies

Y(R—No.R k) Z

oS

Y(R—No+r,R i k)

Theorem 4.2. Let Y.,z be a sequence of i.i.d. non-negative random variables with an absolutely continuous

distribution, and let it be the 7*" m-generalized order statistics (m-GOS) from a sample of size n drawn from a continuous
distribution function (df) Fy (y) with probability density function (PDF) fy(y). Given the following statements:

Y (R—No+r, R, k) LY (r,No, i, k) +Z (30)

be satisfied for all 1 < r < Ny < R. Then, Z A Yi:Nymk) and Z ~ exp(Boy, ) if and only if ¥ ~exp(Bay ), B > 0, a >0,
A >0.

Proof: The necessary part can be proved easily using mgf. Namely, let in view of (29) be satisfied with Z CA YNy )
and Z ~ exp(Bay ). Furthermore, let Y(g_n,+ g k) and Y(r_nj rmk) in (29) be m-generalized order statistics (m-GOSs),
which are based on an unknown distribution function (df) Fy (y) and they are independent of Z (1 Ny inx)- Therefore, by the
convolution method, (29) implies

y
TY (R=No+r, R ) () :/0 JY(R=No, Riik) (D) J2(r, Noinge) Y — 2)dz

(No)
- B <)a?>Cr1 1 /y,;smlwﬁ”o)(yfz) (31)
r—1)(m+1)"" Jo

% {1 — (e~Blea)0=2)y

m+1 r=1
} fY(RfNO, R,r‘iz,k)(Z)dZ
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Differentiating both sides of (30) with respect to y, we get

diny(R—No‘Fr‘R-,'h‘k) (y) o (r - 2) !(’71 + 1)r—2

N
d (Bloa))* e /y [e‘ﬁ(om(wa°)+(rh+1>)(y—z>
0

172
y {1 (e-pen-2) ] Poeng sy ()2

(Blog)? ey /ye,,;(%)(l,,;No%,,z))
(r—1!m+1)-1 Jo

r—1

i1
y {1 (e Bann-2) ] Poeng msy ()2
_ (m2)
=B(on) W’nz |:fY(R—N0+r71,R.rﬁ,k) ) — fY(R—NOJrr(NO,ﬁz.k) (y)}
Or equivalently, by integrating from O to y,
JY R=No+r, R (¥) = B () ‘I/r<n2) [FY(R—N0+r—1. Rink) () = Fy (R—Ny+r, R k) )] (32)
(see [[16], p. 75] and by using the relation (II)), we get

Fy (R—No+r—1,R0) (V) = Fy (R=No+rR,i o) (V)

(R)
Crngsr— y® o _ i1 R—No+r—1 (33)
T (R-Notr—1) vo(,;:Jr 1R Mot [Fy ()] o [1 —(Fy(»)

Therefore, in view of (30), (31) and (32), we get

which implies that
Fr(y) = [1 _e*ﬁw»} . B>0,0>0,1>0,y>0

This completes the proof of Theorem 4.2.
Corollary 4.3. The random variables (RVs) Y and Z are independent, as we assumed in Theorem 4.2. By replacing the
additive relation (29) by the multiplicative relation

d ~
=Y(R_Ny.Rnk) " Ls 34

Y(R—No+r,R k)
then Z £ Z(yny k) and Z ~ Pareto(f3 (e )) if and only if Y ~ Pareto(B(y)).
Proof: The proof of Corollary 4.3 follows from Corollary 4.2.

Remark(2). For OOSs model the relation (33) takes the form

4

Y(R—No+rR:0,1) = Y(R—No,R:0,1) * Z(1Ny:0,1)

4

which implies the relation Y(s z.0.1) = Y(-r.0,1) - Z(s—r.r—r0,1) that belongs to Castafio-Martinez et al. (2012).

Corollary 4.4. The random variables (RVs) Y and Z are independent. Also let Y|, ) and Z(,, s 1) be the " m-dual
generalized order statistics (m-DGOS) based on a sample of size n drawn from Fy (y) and Fz(z), respectively. By replacing

the additive relation (29) by the multiplicative relation

4

Y(R-No+rRimk) = Y(R-No R k) * Z> (34)

then Z £ Z Ny i) and Z ~ Power(B (0, )) if and only if ¥ ~ Power(B(ay)), B >0, o >0, 4 > 0.
Proof: The proof of Corollary 4.4 follows from Corollary 4.3.
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5 Applications to the Prediction Problem

Many authors have considered prediction problems based on samples of random sizes. The importance of the order
statistics in the reliability theory is attributed to the fact that the " order statistic (n—r+1) out-of-n system made up
of n identical components with independent life lengths. On the other hand, in dealing with censored samples, where
the life-test is terminated after observing the 7" failure (Type II censoring), or the termination of the test occurs after
a given time lapse (Type I censoring), the complete survival times cannot usually be observed (due to time or cost). In
many biological and agriculture problems, we often come across a situation where the sample size is not deterministic
because either some observations get lost for various reasons, or the size of the target population and its representative
sample cannot be determined well. For example, assume that the inhabitants of a populous town are exposed to a dose
of radiation resulting from an atomic accident, or exposed to an infection of an unknown epidemic. Furthermore, assume
that our interest focuses on the time at which r persons would die among a big random sample of size # that is drawn from
the residents of this town. Since the number of infected people in this town is unknown and changes randomly with time,
the drawn sample contains a random number of infected and non-infected people. Accordingly, the sample size of the
sub-sample of the infected people will be a non-negative integer valued RV, e.g. NV, and it will be described by a sequence
of independent and identically distributed RVs X|,X>, - - -, Xy. Therefore, the * smallest order statistic will be denoted
by X(,.n), which represents the time at which r persons will die.

Lemma 5.1. Let us assume that there are two independent lifetime experiments. The first one contains n; items, which
follow Y ~ exp(B o, ). Furthermore, let us assume that s items were observed until they failed. The second experiment
contains n; = ny — s items, which follow Z ~ exp(f8 ;). Furthermore, in the second experiment let us assume that r failure
times were observed. Theorem 2.2 enables us to predict

Yisr1.Rmp) Yis+2.Rmk)s > and Yoo p w1y (35)

bY Y5 R k) T Z(1 R k) Y(s.Rmk) T Z@Rimk)> > A Y5 g gy +Z (1R k) > TESPECtively.

Lemma 5.2. Let us assume that there are two independent lifetime experiments. The first one contains n; items, which
follow Y ~ exp(B o, ). Furthermore, let us assume that r items were observed until they failed. The second experiment
contains n items, which follow Z ~ exp(B o, ), where n; > ny. Furthermore, in the second experiment, let us assume that
s = n > ny failure times were observed. If we decided to enlarge the number of installed items in the first experiment to
ni, Theorem 1 would enable us to predict

Yisr1.Rmph) Yis+2.Rmk)s > and Yoo m 1) (36)

by Y1 rnk) T Zis.Rink) s YNg k) T Z(s.Runk)s a0 Yieng k) + Z(s,rm k) > TESPECtively.

6 Conclusions

In this paper, we consider the equality by distribution of the form Y < x V, where X and V are two independent random
variables. It should be noted that the random contraction—dilation schemes have important applications in many areas, such
as economic modelling and reliability. The characterization results given in Section 4 can be used in developing goodness-
of-fit tests for the corresponding probability distributions. This paper deals with the generalized order statistics and dual
generalized order statistics within a class of Erlang-Truncated Exponential distribution.. Two theorems for characterizing
the general form of distribution based on generalized order statistics and dual generalized order statistics are given. Special
cases are also deduced.
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