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Abstract: Since the beginning of COVID-19 in December 2019, the whole world has been under a myriad of public health challenges.
South Africa was one of the affected countries in this predicament. Due to the unique characteristics of this virus, including its evolution
into new strains, popularly known as variants of concern (VOCs), COVID-19 posed significant challenges to governmental containment
efforts. These efforts consisted of mainly non-pharmaceutical interventions (NPIs) and vaccination which essentially must be quantified
to inform future pandemic responses. This research uses a stratified compartmental epidemiological model consisting of eight classes
that divide the population into vaccinated and non-vaccinated individuals. With the help of ordinary differential equations (ODEs)
and time-varying transition rates, the COVID-19 outbreak in South Africa is simulated. By examining data from the post-vaccination
phase to the end of the state of emergency, the changes in the transmission rate to government policies and vaccination drives is
correlated. Simulations demonstrate that the national vaccination campaign significantly alleviated the impact of Delta and Omicron
variants. Hypothetical scenarios show that doubling the vaccination rate would have further reduced the disease burden. The baseline
effective reproduction numbers at the four interval starts were 1.2654, 0.74376, 1.4761 and 0.56624, respectively. Compared with the
baseline total of 2.1373 million predicted cases, the no-vaccination scenario produced 6.3375 million predicted cases, whereas enhanced
vaccination reduced predicted cases to 1.1024 million. This study substantiates that NPIs and vaccination were critical interventions
that significantly reduced the spread of COVID-19 and its variants in South Africa.

Keywords: Variants of Concern; Time-varying Transmission Rate; Stratified Compartmental Model; Reproduction Rate; Ordinary
Differential Equations

1 Introduction
1.1 Overview
Coronavirus disease 2019 (COVID-19) emerged in December 2019 in China and was declared a pandemic by the World
Health Organization (WHO) on March 11, 2020 [1]. Following the declaration, countries in all regions of the world rose
to the occasion by initiating various containment efforts such as lockdowns, social distancing, masking and
hand-cleaning, which are called non-pharmaceutical interventions (NPIs) [2]. These initiatives were instrumental in
controlling the spread of the disease while awaiting the development of a safe and effective vaccine [3].

The impact of the pandemic presented a serious challenge to the progress of Africa toward the 2030 Agenda for
Sustainable Development, extending far beyond a public health emergency. The United Nations recorded that
socio-economic issues across the continent were sparked, with many years of progress halting or reversing [4]. To
manage the pandemic, important targets in the education sector were neglected [5]. Employment rates reduced and
infrastructure development stopped [5]. Reports from 2020 indicated that about 26 to 40 million people fell into extreme
poverty [5,6]. Sustainable Development Goals (SDGs) such as ‘No Poverty’, which falls under SDG 1, were severely
undermined [6]. Furthermore, economic activity was disrupted resulting in a decline in gross domestic product (GDP)
per capita [7]. Progress towards ‘Decent Work and Economic Progress’ which is SDG 8, was hindered [7,6]. Although
studies imply that all SDGs were affected, SDG 2, SDG4 and SDG 8 analogous for ‘Zero Hunger’, ‘Quality Education’
and ‘Decent Work and Economic Growth’ respectively, were the most impacted [8]. These observations highlight the
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importance of COVID-19 containment in ensuring that the development trajectory of Africa was sustained. Key targets
like ‘Good Health and Well Being’ which reflects SDG 3 could only be achieved by building resilient systems that result
from studying effective public health systems [8].

Due to the urgent nature of this worldwide crisis, scientists from every corner of the globe quickly developed different
vaccines. mRNA-based vaccines were developed by pharmaceutical companies like Pfizer-BioNTech [9] and Moderna
[10] while viral-vector vaccines were produced by companies such as Johnson & Johnson and AstraZeneca [11]. The
clinical trials demonstrated high efficacy in preventing severe disease, hospitalization and death [9,10,12]. Furthermore,
the vaccines were reported to reduce susceptibility and infectiousness [12]. What followed was a roll-out of vaccination
campaigns from the beginning of 2021. In addition to the already implemented NPIs, vaccination played an important
and complementary role in mitigating the impact of the virus. Consequently, a pathway was illuminated which provided
a public life and economic activity restoration, hence socio-economic development goals which were on pause resumed
progress.

Despite all these, COVID-19 had a complicated epidemiological profile. The evolutionary dynamics of the virus led to
the emergence of new variants such as Alpha, Beta, Delta and Omicron [13]. The Omicron variant manifested greater
transmissibility, immune evasion potential and increased disease severity. Such variants like the Omicron were referred
to as variants of concern (VOCs) [13,14]. Because of these VOCs, COVID-19 produced successive wave-like infection
numbers [15]. Additionally, studies showed that patients exhibited waning immunity from both vaccinated and naturally
acquired immunity, hence the potential for reinfection remained probable [16]. The need for ongoing surveillance and
adaptive public health strategies was therefore still very necessary. This study is based within this context of evolving
viral characteristics, vaccination programmes and public health policy. The aim of this study is to analyze the transmission
dynamics of COVID-19 in South Africa during the vaccination era by developing a mathematical model that takes into
consideration the aforementioned factors.

1.2 Literature review
Compartmental models, deterministic ones in particular, are an essential field of infectious disease epidemiology [17].
Through such, understanding the dynamics of pathogen spread in a population as well as predictory analytics of the same
is made possible. Based on the susceptible-infectious-recovered (SIR) framework structure, these models partition a
population into distinct classes and use a system of ordinary differential equations (ODEs) to describe the rate of
movement between them [18]. During the COVID-19 pandemic their usefulness became more visible as they were used
to assess the potential impact of NPIs and vaccination campaigns, predict healthcare demand, evaluate control strategies,
to mention but a few [19].

The highest burden of COVID-19 in Africa was experienced by South Africa, this was reported by numerous studies
including Edholm et al. [3]. Having contributed significantly to the cumulative cases of the continent, it became a focal
point of numerous modeling studies. Modeling experts like Musa et al. [20,21] focused on estimating initial growth rate,
basic reproduction numbers and understanding continental heterogeneity. Taboe et al. [22] explored the impact of various
response strategies. These early research studies provided initial information on how the pandemic might unfold in
various African settings.

For the particular case of South Africa, initial mathematical models explored the initial wave and quantified NPI impacts
like social distancing [23]. Early transmission dynamics and preliminary scenarios of vaccine efficacy were considered
by researchers such as Mukandavire et al. [24]. More recently, Edholm et al. [3] introduced a sophisticated methodology
for the Gauteng province, where they used a data-driven strategy to identify inflection points in case data and correlated
them with policy changes. Through these, modeling transmission and testing rates as time-varying parameters was made
possible, hence enabling them to effectively demonstrate how to quantitatively link government interventions with
changes in the trajectory of the epidemic for a specific and densely populated region.

Beyond transmission modeling, an important line of research has focused on capturing the effects of vaccination by
explicitly modeling vaccine efficacy within compartmental structures. In this case multiple vaccinated classes are
incorporated thereby allowing the representation of different levels of protection such as partial immunity, waning
immunity and natural immunity [25]. It is through these models that researchers were able to evaluate different
vaccination strategies and their impact in how the epidemic transpired [26]. In the same way researchers were able to
quantify the potential benefits of booster campaigns [26]. Additionally, models that take the vaccine status of individuals
into consideration have been used in assessing how efficacy differs against variants of concerns in their variety, through
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these evidence that informs policy was acquired [27].

Despite the fact that these studies laid an important foundation, a research gap remains and it is especially apparent
towards the later stages of the pandemic in South Africa. While methodologically robust, the analysis by Edhold et al. [3]
is geographically limited to the Gauteng province. A national-level analysis is necessary to understand the overall
dynamics of the country, which result from the interplay of its nine distinct provinces. Secondly, previous models were
largely parameterized on data from the initial waves, a period characterized primarily by NPIs and the circulation of
earlier variants [3]. The epidemiological landscape shifted fundamentally with the initiation of mass vaccination in
February 2021 and the subsequent arrival of the highly transmissible Delta and Omicron variants, which introduced
complex dynamics of waning immunity and reinfection [28,29].

The aim of this study is to address this gap by taking the entire nation of South Africa into consideration. This will be
fulfilled by: (1) applying the analysis to the data that spans the whole of South Africa; (2) using a vaccine-structured
model that also covers waning immunity and infection; (3) and looking at the period from February 2021 onward in
which the Delta and Omicron waves were in effect. In doing so, this work provides novel insights into the management
of a pandemic in a population where NPIs, vaccination and viral evolution are significant concurrent factors. The rest of
the paper is organized as follows: Section 2 describes the materials and methods, whereas the results are given in Section
3. Section 4 presents a discussion of the results. The conclusion of the study is discussed in Section 5.

2 Materials and Methods
2.1 Data Acquisition and Processing
The data used in this study were obtained from the Coronavirus COVID-19 (2019-nCoV) Data Repository for South
Africa, a publicly available dataset maintained by the Data Science for Social Impact (DSFSI) research group at the
University of Pretoria [30]. The national daily time series of cumulative COVID-19 cases from March 5, 2020, to April
22, 2022 was used. This was during the time of active vaccination campaigns [28]. The rise of the Delta and Omicron
variants also occurred during this period [31,29]. To align with the reporting cycles and smooth out daily fluctuations,
daily cumulative case data were aggregated into a weekly time series. This was achieved by selecting the last recorded
cumulative value for each week. Any missing data points within the resulting weekly series were addressed using linear
interpolation via the ‘na.approx’ function in R. These processed weekly data, shown in Figure 1, formed the basis for
both the parameter estimation of the model and the identification of significant changes in the trajectory of the epidemic.
Thus, the calibration data stream consisted of national weekly cumulative confirmed cases only. Hospitalization and
death time series were not used for fitting; these outcomes are discussed only qualitatively because the model does not
include explicit hospitalization compartments.

Following the approach of change-point analysis, a smoothing spline was fitted to the weekly cumulative case data to
obtain a twice-differentiable approximation of the epidemic trajectory. The spline was obtained by minimizing a
penalized least-squares criterion in which the smoothing parameter λ controls the trade-off between fidelity to the
observed data and the roughness of the fitted function. Using the smooth.spline() algorithm with 16 effective
degrees of freedom yielded an estimated smoothing parameter of λ = 3.35 × 10−5. The relatively small value of λ

reflects a preference for preserving the underlying epidemic structure while applying sufficient regularization to suppress
noise-induced fluctuations. Inflection points were then identified as locations where the second derivative of the fitted
spline changed sign, indicating transitions between periods of epidemic acceleration and deceleration. This process
yielded the specific change-point dates used to define the time intervals for the time-varying parameter estimation
(shown by red dots in Figure 1).

The analysis in this study focused on the period following the beginning of the national vaccination program of South
Africa. To identify the distinct epidemiological phases caused by new variants and changing public health responses,
four time intervals for the model were defined, starting on March 28, 2021. These inflection points corresponds to the
peaks and troughs of the epidemic waves, as shown in the weekly new cases data in Figure 2. The time-varying
parameters of the model, particularly the transmission coefficients (βi(t)), were held constant within each interval but
allowed to change between them.

The four intervals are defined as follows:

Interval 1: The Delta Wave Ascent (March 28, 2021 - July 10, 2021)This period represents the emergence and strong
increase of the third wave, which was driven by the highly transmissible Delta variant [32]. The South African
government responded to the increasing number of cases by moving the country to adjusted Alert Level 2 on May 31,
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Fig. 1: Weekly Cumulative COVID-19 Cases with Inflection Points - South Africa

2021, followed by Level 3 on June 15 and a restrictive Level 4 on June 28 [31]. The interval concludes at the
empirically-determined inflection point of July 11, 2021, which marks the peak acceleration of this wave.

Interval 2: The Delta Wave Decline (July 11, 2021 - October 9, 2021)Characterized by a sustained decline in infections
following the peak of the Delta wave, this interval saw a corresponding easing of NPIs. The country was lowered to
an adjusted Alert Level 3 on July 25, 2021, and further to Level 2 on September 13 [29]. This phase of decreasing
transmission and relaxed public health measures concludes at the inflection point of October 10, 2021, where the rate
of decline began to stabilize at a low level.

Interval 3: The Omicron Wave Explosion (October 10, 2021 - December 11, 2021)This interval began during a period of
minimal restrictions under Alert Level 1. The detection and quick spread of the Omicron variant was the defining
event of this period which was first reported to the WHO by South Africa on November 24, 2021 [33]. Due to the
extreme transmissibility of this variant, the fourth wave was happened quickly and became very large. The inflection
point on December 12, 2021, precisely identifies the point of maximum rise of this wave, where the cumulative case
curve became nearly vertical.

Interval 4: Omicron Decline and Normalization (December 12, 2021 - March 20, 2022)Following this peak that has never
been experienced before, this final interval covers the sharp decline of the Omicron wave and the subsequent transition
toward the normalization of policies. This period saw a continued decrease in cases leading to the final easing of
restrictions on March 23, 2022. The official termination of the National State of Disaster happened on April 4, 2022
[34]. This interval represents a new phase of the pandemic characterized by a lot of people having acquired immunity
and the management of COVID-19 without emergency measures.
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Fig. 2: Weekly New COVID-19 Cases with Inflection Points - South Africa

2.2 Model Formulation
To investigate the transmission dynamics of COVID-19 in South Africa during the vaccination era, a deterministic
compartmental model was developed. The model stratifies the total population, N(t), into eight mutually exclusive
compartments based on vaccination and disease status. The compartments represent non-vaccinated susceptible (Sn),
vaccinated susceptible (Sv), non-vaccinated exposed (En), vaccinated exposed (Ev), non-vaccinated infectious (In),
vaccinated infectious (Iv), non-vaccinated recovered (Rn) and vaccinated recovered (Rv) individuals.
The total population is subdivided into two distinct groups: the non-vaccinated population, Nn(t) and the vaccinated
population, Nv(t), such that N(t) = Nn(t) + Nv(t). These sub-populations are defined as the sum of their respective
compartments:

Nn(t) = Sn(t)+En(t)+ In(t)+Rn(t) and Nv(t) = Sv(t)+Ev(t)+ Iv(t)+Rv(t). (1)

The model assumes no vertical transmission; therefore, all new births enter the non-vaccinated susceptible class at a
constant recruitment rate, κ . Non-vaccinated individuals are vaccinated at a rate of φ . It is assumed that immunity is not
permanent; vaccine-derived immunity wanes at rates ωsv and ωrv, while natural immunity wanes at a rate ωrn. This
inclusion is based on extensive evidence documenting declining antibody levels following both vaccination and natural
infection [35].

The vaccinated compartments represent individuals who have moved into the vaccinated stratum through the national
campaign and are modeled as an aggregate vaccinated group. The model does not distinguish vaccine product, first dose,
second dose or booster dose; instead, the average protective effect of vaccination is captured through reduced
susceptibility and reduced infectiousness in the scaling factors below. Waning immunity returns individuals from
vaccinated or recovered states to susceptible states, allowing reinfection in the vaccination era. Regarding mortality, the
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model incorporates a natural death rate, µ , applicable to all classes [36]. Additionally, acknowledging that vaccination
reduces disease severity [37], the COVID-19 induced mortality rates between the non-vaccinated (δn) and vaccinated
(δv) infectious populations is differentiated. Taking these birth and death rates into account, the rate of change of the total
population is obtained by summing the differential equations in System (3):

dN(t)
dt

= κ −µN(t)−δnIn(t)−δvIv(t). (2)

The transmission pathways and rates between compartments are visually illustrated in Figure 3 and all variables and
parameters are detailed in Table 1.

Table 1: Variables and Parameters in the Epidemiological Model

Notation Description

State Variables
Sn,Sv Susceptible individuals (non-vaccinated, vaccinated)
En,Ev Exposed individuals (non-vaccinated, vaccinated)
In, Iv Infectious individuals (non-vaccinated, vaccinated)
Rn,Rv Recovered individuals (non-vaccinated, vaccinated)

Parameters
κ Recruitment rate into Sn (births)
µ Natural death rate
φ Vaccination rate
σn,σv Progression rate from exposed to infectious
γn,γv Recovery rates for infectious (In, Iv)
δn,δv COVID-19 induced death rates for infectious (In, Iv)
ωsv,ωrn,ωrv Rates of waning immunity
βi(t) Time-varying baseline transmission rate
cnv,cvv,cvn Scaling factors for transmission involving vaccinated individuals
λn,λv Forces of infection

The main modeling assumptions are as follows: mixing is homogeneous at the national level; transmission is
frequency-dependent; demographic recruitment balances natural mortality in the absence of disease; vaccination moves
individuals between vaccination strata at the average observed rollout rate; and confirmed cases are used as a proxy for
infection burden. Under-reporting, reporting delays, regional heterogeneity and age-specific contact patterns are not
modeled explicitly; their aggregate effects are absorbed partly through the fitted transmission rates.

Sn
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Iv

Rn

Rv

φSnωsvSv φ In φRnφEn

λn(t)Sn

λv(t)Sv

σnEn
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γvIv

ωrvRv

ωrnRn

µSn

κ

µSv

µEn

µEv

(µ +δn)In
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µRn

µRv

Fig. 3: Schematic Diagram of the Time-varying Epidemiological Model

© 2026 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 15, No. 3, 945-963 (2026) / www.naturalspublishing.com/Journals.asp 951

The resulting system of Ordinary Differential Equations describing these dynamics is given by:

dSn(t)
dt

= κ +ωsvSv +ωrnRn +ωrvRv − (λn(t)+φ +µ)Sn, (3a)

dSv(t)
dt

= φSn − (λv(t)+ωsv +µ)Sv, (3b)

dEn(t)
dt

= λn(t)Sn − (σn +φ +µ)En, (3c)

dEv(t)
dt

= λv(t)Sv − (σv +µ)Ev +φEn, (3d)

dIn(t)
dt

= σnEn − (γn +δn +φ +µ)In, (3e)

dIv(t)
dt

= σvEv − (γv +δv +µ)Iv +φ In, (3f)

dRn(t)
dt

= γnIn − (ωrn +φ +µ)Rn, (3g)

dRv(t)
dt

= γvIv +φRn − (ωrv +µ)Rv. (3h)

2.2.1 Forces of Infection
The transmission dynamics are driven by the forces of infection, λn(t) and λv(t), which quantify the instantaneous risk of
infection for non-vaccinated and vaccinated susceptible individuals, respectively. Following the framework of frequency-
dependent transmission [18,38], these forces are defined as:

λn(t) =
βi(t)
N(t)

(
In(t)+ cnvIv(t)

)
, (4)

λv(t) =
βi(t)
N(t)

(
cvnIn(t)+ cvvIv(t)

)
. (5)

Here, βi(t) represents the time-varying transmission rate, and N(t) is the total active population. The coefficients cnv,cvn
and cvv are scaling factors that modify the baseline transmission probability based on the vaccination status of the
interacting pair.

Time-Varying Transmission Rate βi(t)
To capture the non-monotonic wave-like dynamics of the epidemic, the transmission rate βi(t) is modeled as a piecewise
constant function (a step function). This approach aligns with the change point analysis employed by Edholm et al. [3] ,
which demonstrated that spreading rates change discretely in response to specific government interventions. Similarly,
Piccolonomini and Zama [39] utilized time-dependent infection rate functions to construct a forced compartmental
model (fSEIRD) that accurately fits multi-wave epidemic data.

A set of five distinct time points, as presented in Figure 2 are defined, denoted by τ1 < τ2 < τ3 < τ4 < τ5, which
partition the simulation timeline into 4 disjoint epidemiological intervals Ti. The intervals are defined as Ti = [τi,τi+1) for
i = 1,2,3,4. The transmission rate function is given by:

βi(t) =
4

∑
i=1

βi ·χTi(t), (6)

where βi is the transmission rate during interval Ti, and χTi(t) is the indicator function defined as:

χTi(t) =

{
1 if t ∈ [τi,τi+1),

0 otherwise.

In this piece-wise function, τ1 represents the start of the simulation (initial time), τ2,τ3,τ4 represent intermediate change
points triggered by external factors (e.g., policy implementation, variant emergence) and τ5 represents the end of the
simulation horizon. This structure allows the model to switch between 4 distinct transmission periods [39].
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Mathematically, NPIs and variant-driven changes enter the model through shifts in the interval-specific transmission
coefficient rather than through separate policy-state variables. A reduction in social contact, masking or mobility is
represented by a lower fitted transmission coefficient for the relevant interval, whereas relaxation of restrictions or
circulation of a more transmissible variant is represented by a higher fitted transmission coefficient. This choice
preserves a parsimonious ODE system while still allowing observed policy and variant events to alter the force of
infection.

Scaling Factors and Vaccine Efficacy
The scaling factors cnv, cvn and cvv provide a link between clinical vaccine efficacy and population-level transmission.
They are defined as follows [40]:

1.Susceptibility Reduction (cvn): Describes the interaction In → Sv. The recipient is vaccinated, so the transmission
probability is reduced by:

cvn ∈ [0,1]

2.Infectiousness Reduction (cnv): Describes the interaction Iv → Sn. The donor is vaccinated, so the transmission
probability is reduced by (e.g., due to lower viral load):

cnv ∈ [0,1]

3.Combined Reduction (cvv): Describes the interaction Iv → Sv. Both donor and recipient vaccination effects apply:

cvv ∈ [0,1]

This parameterization allows the model to distinguish between vaccines that prevent infection and those that primarily
prevent forward transmission.

2.3 Reproduction Number
To assess the epidemic potential in each time interval, the time-varying reproduction number is derived, Ri(t), for each
interval Ti using the next-generation matrix (NGM) method [17]. The value of Ri(t) represents the average number of
new secondary infections generated by a single infectious individual at a specific point in time [17,3]. The derivation is
performed at the disease-free equilibrium (DFE), Y 0 = (S∗n,S

∗
v ,0,0,0,0,0,0).

The infected compartments are ordered as a vector X = (En,Ev, In, Iv)
′. The matrices for new infections, Fi(t), and for

transitions between infected compartments, V , are given by:

Fi(t) =

λn(t)Sn
λv(t)Sv

0
0

 and V =

 (σn +φ +µ)En
−φEn +(σv +µ)Ev

−σnEn +(γn +δn +φ +µ)In
−σvEv −φ In +(γv +δv +µ)Iv

 (7)

Let Fi(t) and V be the Jacobians of Fi(t) and V evaluated at the DFE during interval Ti. From equations 4, 5 and 7, the
matrix of new infections is:

Fi(t) =


0 0 βi(t)

S∗n
N cnvβi(t)

S∗n
N

0 0 cvnβi(t)
S∗v
N cvvβi(t)

S∗v
N

0 0 0 0
0 0 0 0

 (8)

From equation 7 the transition matrix V is given by:

V =

σn +φ +µ 0 0 0
−φ σv +µ 0 0
−σn 0 γn +δn +φ +µ 0

0 −σv −φ γv +δv +µ

 (9)

The inverse of the of the Jacobian matrix V is given by:
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V−1 =



1
(σn+φ+µ)

0 0 0

φ

(σn+φ+µ)(σv+µ)
1

(σv+µ)
0 0

σn
(σn+φ+µ)(γn+δn+φ+µ)

0 1
(γn+δn+φ+µ)

0
φσn

(σn+φ+µ)(γn+δn+φ+µ)+
φσv

(σn+φ+µ)(σv+µ)

γv+δv+µ

σv
(σv+µ)(γv+δv+µ)

φ

(γn+δn+φ+µ)(γv+δv+µ)
1

(γv+δv+µ)


(10)

The time-varying reproduction number is the spectral radius of the next-generation matrix, Ri(t) = ρ(Fi(t)V−1). The
non-zero eigenvalues of Fi(t)V−1 are determined by the eigenvalues of the matrix Ki(t),

Ki(t) =

K11 K12 K13 K14
K21 K22 K23 K24
0 0 0 0
0 0 0 0

 (11)

where

K11 = βi(t)
S∗n
N∗

σn

(σn +φ +µ)(γn +δn +φ +µ)

+Cnvβi(t)
S∗n
N∗

φσn

(σn +φ +µ)(γn +δn +φ +µ)
+

φσv

(σn +φ +µ)(σv +µ)

(γn +δv +µ)
,

K12 =Cnvβi(t)
S∗n
N∗

σv

(σv +µ)(γv +δv +µ)
,

K13 = βi(t)
S∗n
N∗

1
(γn +δn +φ +µ)

+Cnvβi(t)
S∗n
N∗

φ

(γn +δn +φ +µ)(γv +δv +µ)
,

K14 =Cnvβi(t)
S∗n
N∗

1
(γv +δv +µ)

,

K21 =Cvnβi(t)
S∗

N∗
σn

(σn +φ +µ)(γn +δn +φ +µ)

+Cvvβi(t)
S∗

N∗

φσn

(σn +φ +µ)(γn +δn +φ +µ)
+

φσv

(σn +φ +µ)(σv +µ)

(γn +δv +µ)
,

K22 =Cvvβi(t)
S∗ν
N∗

σv

(σv +µ)(γv +δv +µ)
,

K23 =Cvn ·βi(t)
S∗v
N∗

1
(γn +δn +φ +µ)

+Cvv
S∗v
N∗ ·

φ

(γn +δv +φ +µ)(γv +δv +µ)
,

K24 =Cvvβi(t)
S∗v
N∗

1
(γv +δv +µ)

.

The reproduction number for interval Ti is then the largest eigenvalue of the matrix Ki, which is given by:

Ri(t) =
(K11 +K22)+

√
(K11 −K22)2 +4K12K21

2

This allows for the direct calculation of the reproduction number for each distinct epidemiological period by substituting
the corresponding estimated value of βi(t).
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3 Results
3.1 Parameter Estimation
The model parameters were categorized into two groups: fixed parameters, derived from literature and demographic
data and unknown parameters, which were estimated by fitting the model to epidemiological data. The estimation of the
unknown parameter set, denoted as vector Θ , was performed by minimizing the sum of squared differences (SSE) between
the weekly cumulative case output of the model and the weekly cumulative cases observed for South Africa.
This optimization problem was solved using the Trust-Region-Reflective algorithm implemented in the MATLAB function
lsqcurvefit [23]. The objective function J(Θ) seeks to minimize the residual sum of squares between the observed
data Cobs(ti) and the model simulation Cmodel(ti,Θ) over T time points [38,41]:

min
Θ

J(Θ) =
T

∑
i=1

(Cobs(ti)−Cmodel(ti,Θ))2 (12)

subject to the bound constraints:
Θlb ≤Θ ≤Θub (13)

where Θlb and Θub represent the lower and upper bounds of the parameter space, respectively. To ensure the estimated
parameters remained within biologically plausible ranges, these bounds were derived from a review of literature
regarding COVID-19 transmission dynamics, vaccine efficacy and waning immunity profiles specific to the Delta and
Omicron variants. The specific bounds imposed on the optimization process are detailed in Table 2. The values are scaled
to match the weekly time-step of the fitting procedure. The fitted vector consisted of the four interval-specific
transmission coefficients, the three vaccination transmission modifiers, the recovery and disease-induced mortality
parameters and the three waning-immunity parameters reported as estimated quantities in the parameter table. All
demographic quantities and initial conditions were fixed before optimization. The criterion is a deterministic
least-squares criterion so the reported estimates should be interpreted as point estimates [3].

Uncertainty intervals were not computed in the present analysis because the available fitting source was a single case
series. This creates some limitations: interval-specific transmission and vaccine-effect modifiers can partly compensate
for each other when only cumulative cases are fitted. To reduce this confounding, change-point dates were fixed from the
inflection-point analysis and parameter bounds were restricted to ranges that biologically make sense taken from the
literature. As a structured sensitivity interpretation, the conclusions are strongest for directions of change that are
consistent across the imposed parameter bounds: higher transmission or lower vaccine protection increases projected
cases, whereas higher vaccination flow decreases susceptible individuals and suppresses peaks. However, precise
numerical magnitudes should be read as scenario estimates conditional on the fitted parameter set, not as formal
confidence intervals.

Table 2: Bounds Imposed on the Parameters in the Optimization Problem.
Parameter Bounds Notes / Source Scaled to Weekly
β (t) 0.19 – 2.14 Derived from R0 ∈ [1.9,6.5] and γ ∈

[0.10,0.33]; see [15] for R0 meta-
analysis.

1.33 - 14.98

cnn,cvn,cvv β (t)×[0.17–0.78] Multiplier = (1 – Vaccine
Efficacy(VE) infection); VE against
infection range 22%–83%. [42]

0.2261 - 11.6844

ωsv 0.0020 – 0.0200 Corresponds to immunity duration ≈50
– 500 days (1/ω); Vaccine-induced
immunity wanes substantially by 3–6
months for infection. [43]

0.014 - 0.14

ωrn 0.0010 – 0.0100 Natural immunity after infection may
last 100 – 1000 days before significant
waning. [44]

0.007 - 0.07

ωrv 0.000004 – 0.0050 Hybrid immunity appears more
durable; thus slower waning.

2.8 ×10−5 - 0.035

δn 1×10−6 – 5.5×10−3 Infection Fatality Rate (IFR)
≈0.53%–0.82%. [45]

7×10−6 −3.85×10−2

δv 1×10−7 – 5.5×10−4 Assume vaccinated severe outcome
reduction ≈50–95%.

7×10−7 −3.85×10−3

γn, γv 0.10 – 0.36 Infectious period ≈3–10 days so γ =
1/infectious period.

0.70 - 2.52
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The total population of South Africa was set at N = 60.14 million based on the mid-year population estimates for 2021
of Statistics South Africa (Stats SA) [46]. From the same source, using pre-pandemic (2020) life expectancy data, the
daily natural death rate was calculated as µ = 1/(65.4× 365.25). Assuming a stable population, the daily recruitment
rate was set to balance natural deaths, κ = µ ×N. The average daily vaccination rate, φ , was calculated from official
national data aggregated by Our World in Data throughout the study period [47]. The progression rate from exposed to
infectious (σn,σv) was set to 1/4 per day, corresponding to a 4-day latent period, which reflects the shorter incubation
times of the Delta and Omicron variants [48].

The initial conditions for the start date of the simulation which is March 28, 2021 were derived from public data. The
number of recovered unvaccinated individuals which Rn(0) = 1,545,431 was taken directly from cumulative case data
[30]. The initial vaccinated population, Sv(0) = 231,605, corresponds to official figures from the South African
Department of Health [28]. The active infectious population (In(0), Iv(0)) was estimated by multiplying the 7-day
moving average of new daily cases (≈ 1,150) by a 14-day infectious period, a duration suggested by some studies [49].
The exposed population (En(0),Ev(0)) was assumed to be twice the size of the infectious population, a standard
assumption to account for unobserved infections that will drive future transmission [50]. The remaining population was
assigned to the susceptible unvaccinated compartment, Sn(0). All fixed parameters were converted to weekly rates for the
fitting procedure.

Table 3: Model initial conditions and parameter values with associated units.

Symbol Value Unit Source or Deduction Logic

Initial Conditions (for March 28, 2021)
Sn(0) 58,314,706 Individuals Remainder of the total population N
Sv(0) 231,605 Individuals SA Dept. of Health data [28]
En(0) 14,000 Individuals Assumed 2× In(0) based on literature [50]
Ev(0) 70 Individuals Assumed 2× Iv(0)
In(0) 7,000 Individuals Deduced from 7-day avg. new cases × 14-day infectious period
Iv(0) 35 Individuals Proportional to the vaccinated population at the time
Rn(0) 1,545,431 Individuals Cumulative cases on start date from data [30]
Rv(0) 0 Individuals Assumed no recovered vaccinated individuals at start date

Fixed Parameters
N 60,140,000 Individuals Stats SA 2021 mid-year population estimate [46]
µ 1/(65.4×365.25) day−1 Inverse of avg. life expectancy [46]
κ µ ×N Indiv. · day−1 Assumes a stable population
φ 51825/N day−1 Avg. daily vaccination rate [47]
σn,σv 1/4 day−1 4-day latent period [48,51]

Estimated Parameters (Weekly Rates)
β1 1.9402 week−1 Fitted (Delta transmission)
β2 1.4582 week−1 Fitted (Wave tail)
β3 2.3625 week−1 Fitted (Omicron transmission)
β4 1.3361 week−1 Fitted (Wave tail)
cnv 0.3018 Dimensionless Fitted (70% protection )
cvv 0.0351 Dimensionless Fitted (High protection )
cvn 0.0735 Dimensionless Fitted (Medium protection)
γn 1.5444 week−1 Fitted (Avg duration ≈ 4.5 days)
γv 1.1834 week−1 Fitted (Avg duration ≈ 5.9 days)
δn 0.0291 week−1 Fitted (High mortality risk)
δv 0.0018 week−1 Fitted (Low mortality risk)
ωsv 0.0426 week−1 Fitted (Waning ≈ 5.5 months)
ωrn 0.0128 week−1 Fitted (Waning ≈ 1.5 years)
ωrv 0.0078 week−1 Fitted (Waning ≈ 2.5 years)

The model was fitted to weekly cumulative case data for South Africa for the period from March 28, 2021, to April 4,
2022. The estimated parameter values obtained from the lsqcurvefit optimization are presented in Table 3. The
resulting simulation demonstrates a sginificant correspondence with the observed data, as shown in Figure 4. The output
of the model (solid red line) closely tracks the trajectory of the actual cumulative cases (blue circles).

The model was first fitted to the weekly cumulative case data. The resulting fit was statistically strong, explaining 99.59
% of the variance (R2 = 0.9928). Notably, the adjusted R-squared (R2

ad j = 0.9898) remained high, indicating the 14-
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Fig. 4: Simulation Output Using Fitted Parameters on the Weekly Cumulative Cases - South Africa

parameter model is not over-fitted. The Root Mean Squared Error (RMSE) was 61,016, which represents a low relative
error given the cumulative totals. While these metrics validate the fit, the true test of an epidemiological model is its
ability to reproduce the dynamics of the epidemic (the ‘waves’), not just the cumulative total. Therefore, to further validate
the performance of the model, the estimated parameters were used to simulate the weekly new cases, which were then
compared against the actual weekly incidence data. This comparison, shown in Figure 5, confirms the ability of the model
to reproduce the wave-like behavior of the epidemic. The model accurately captures the timing and magnitude of the two
main waves in the study period. The first peak in the simulation corresponds to the third wave in South Africa, driven
by the Delta variant. The second peak, which is both steeper and higher represents the fast and aggressive transmission
dynamics of the Omicron variant, acknowledged for its notably increased transmissibility [33]. The ability of the model
to reproduce these distinct wave structures provides to a certain extent validation for the estimated parameters and the
overall model framework.

3.2 Impact of National Vaccination Initiation
To asses whether the national vaccination initiative worked or not, the validated model was used to simulate two
counterfactual scenarios: one with no vaccination (φ = 0) and another with double the increase in the vaccination rate.
The outcomes of these simulations, contrasted with the baseline model (reflecting the actual vaccination rate) and
observed data, are presented in Figure 6. In the equations, the no-vaccination scenario sets the vaccination flow to zero
for the entire simulation horizon. The enhanced scenario replaces the baseline vaccination flow by twice the estimated
average vaccination rate over the same calendar period, so the flows from non-vaccinated to vaccinated susceptible,
exposed, infectious and recovered classes are doubled simultaneously. All other fitted parameters, vaccine-effect
modifiers, waning rates and change-point dates are held fixed; therefore, the counterfactual isolates the effect of faster
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Fig. 5: Simulation Output Using Fitted Parameters on the Weekly New Cases - South Africa

uptake under the same vaccine effectiveness and epidemic timing assumptions. The primary outcomes emphasized are
peak weekly incidence, cumulative infections, and the susceptible, exposed and infectious trajectories; hospital burden is
not reported because no hospitalization compartment is included. The reproduction-number expression in Section 2.3 is
used to interpret interval-level transmissibility after substituting fitted parameters, but the scenario comparison is
reported primarily in cases.

The calculated baseline reproduction numbers at the starts of Intervals 1–4 were 1.2654, 0.74376, 1.4761 and 0.56624,
respectively, indicating growth during the Delta ascent and Omicron expansion intervals and decline during the
corresponding wave-tail intervals. Table 4 summarizes these.

Table 4: Baseline reproduction numbers at interval starts.

Interval Start date Baseline R

1 March 28, 2021 1.2654
2 July 11, 2021 0.74376
3 October 10, 2021 1.4761
4 December 12, 2021 0.56624

In the baseline scenario, the predicted peak was 146,200 weekly cases on Dec 05, 2021, with 2.1373 million total predicted
cases over the simulation horizon. In the no-vaccination scenario, the peak increased to 838,310 weekly cases on Dec
05,2021 and total predicted cases increased to 6.3375 million, which is 4.2003 million cases or 196.52 percent above
baseline. This finding illustrates the important role vaccination played in mitigating the impact of the variant. Conversely,
the enhanced vaccination scenario reduced the peak to 83,053 weekly cases on Jul 04,2021 and lowered total predicted
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cases to 1.1024 million, corresponding to 1.0349 million fewer cases and a 48.421 percent reduction relative to baseline.
Table 5 summarizes the exact scenario outcomes used for these comparisons.

Table 5: Predicted case outcomes under vaccination scenarios.

Scenario Peak weekly cases Peak date Total cases Difference from baseline

Baseline 146,200 December 05, 2021 2,137,300 0
No Vaccination 838,310 December 05, 2021 6,337,500 +4,200,300
Enhanced Vaccination 83,053 July 04, 2021 1,102,400 -1,034,900
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Fig. 6: Comparison of predicted weekly new cases under three vaccination scenarios: Baseline (actual vaccination rate),
No Vaccination, and an Enhanced (2x) rate. Actual weekly case data is shown for comparison.
The underlying drivers of these outcomes are revealed in the compartmental dynamics shown in Figure 7. In the ‘No
Vaccination’ scenario, the Omicron wave causes a rapid depletion of the susceptible population through widespread
infection, not immunization (Figure 7A). This uncontrolled transmission precipitates a subsequent enormous spike in
exposed and infectious populations (Figures 7B and 7C), far exceeding the baseline peaks. In contrast, the ‘Enhanced
(2x) Vax’ scenario preserves a larger susceptible pool by moving individuals into a protected state via vaccination. This,
in turn, significantly blunts the peaks in the exposed and infectious compartments.

4 Discussion
This study aimed to quantify the impact of the COVID-19 vaccination program on the trajectory of the pandemic in
South Africa. The results provide substantial quantitative evidence that the vaccination campaign was instrumental in
mitigating the severity of this wave. The counterfactual no-vaccination scenario projected a peak of 838,310 weekly
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Fig. 7: Dynamics of the (A) Total Susceptible, (B) Total Exposed and (C) Total Infectious populations for the Baseline,
No Vaccination, and Enhanced Vaccination scenarios.

cases, compared with 146,200 weekly cases under baseline vaccination and increased total predicted cases from 2.1373
million to 6.3375 million. In contrast, the enhanced vaccination strategy reduced total predicted cases to 1.1024 million,
averting 1.0349 million cases relative to baseline and reducing the total burden by 48.421 percent. These findings
highlight the immense public health value of mass vaccination as a primary pandemic control measure.

These conclusions are consistent with the wider body of literature on COVID-19 modeling. For example, studies
conducted in other regions using similar compartmental models have also demonstrated the effect of vaccines on
reducing transmission and disease burden during the Omicron wave [52]. A study focusing on the South African context
by Pratama et al. [12] similarly concluded that vaccination, despite the immune-evasive properties of Omicron, was the
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critical factor in preventing the collapse of the healthcare system. The model formulated in this study contributes to this
consensus by providing an estimate of the cases averted and the potential scale of the crisis that was avoided.

A primary strength of model proposed here is its direct calibration to weekly case data from South Africa, which grounds
scenario analyses in observed reality. The structure of the model, which stratifies the population into vaccinated and
non-vaccinated compartments, allows for a direct investigation of the intervention in question. However, the model is not
without limitations. Chief among these is the assumption of homogeneous mixing, which implies that all individuals in
the population have an equal chance of interacting. This simplification does not capture the complex contact patterns in
society, which can be better represented by network models or age-structured contact matrices. Furthermore, the model
does not explicitly stratify the population by age, which matters determining disease severity. The use of
piecewise-constant parameters for different time intervals is an approximation of the continuous changes in behavior and
viral characteristics that occur in reality. Another limitation is the absence of formal confidence intervals, so the reported
counterfactual differences should be interpreted as deterministic scenario contrasts rather than fully probabilistic
forecasts. The main conclusion is therefore strongest in qualitative direction, namely that removing vaccination increases
peak incidence while faster uptake reduces infections, whereas exact magnitudes require future uncertainty
quantification.

These limitations point to several avenues for future research. An immediate improvement would be the incorporation of
an age-structured model to explore the differential impact of vaccination across various age ranges. Second, developing
a more sophisticated framework that includes continuous functions for waning immunity would provide a more realistic
portrayal of population-level susceptibility over time. Future work could also integrate mobility data to better approximate
contact patterns or expand the model to include compartments for hospitalizations and deaths, thereby allowing an analysis
of the impact on severe disease outcomes, not just infections.

5 Conclusion
In conclusion, this modeling study demonstrates that South Africa’s national vaccination campaign was an effective
public health intervention. It substantially curtailed the trajectory of the COVID-19 pandemic. The findings show that
vaccination dramatically reduced the number of infections that would have otherwise occurred during the
Omicron-driven fourth wave. The key quantitative findings are that the no-vaccination counterfactual generated a peak of
838,310 weekly cases and 6.3375 million total predicted cases, whereas the baseline produced 146,200 peak weekly
cases and 2.1373 million total predicted cases. The enhanced uptake scenario reduced total predicted cases to 1.1024
million, averting 1.0349 million cases relative to baseline under the model assumptions. This outcome is particularly
significant given the context of the Omicron variant, which was first identified in South Africa and posed a global
challenge due to its high transmissibility and immune escape properties [33].

During the counterfactual analysis stage, it was revealed that in the absence of vaccination, South Africa would have likely
faced a catastrophic surge in infections, potentially overwhelming its healthcare system. This aligns with other research
which concluded that vaccination was the critical factor in preventing the collapse of healthcare services during this period
[12]. Despite challenges such as vaccine hesitancy and logistical hurdles in a country with significant socio-economic
disparities [53], the rollout achieved a level of coverage that averted a worst-case scenario. The policy implications for
South Africa are clear: continued investment in vaccination programs and public health infrastructure is not merely a
preventative measure but a vital component of national resilience against future pandemics. This study provides strong
evidence to support policies that prioritize vaccination strategies to safeguard public health and mitigate the impact of
evolving viral threats.
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