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Abstract: This paper presents analytic and numerical solutions to a one-dimensional advection-diffusion equation (ADE) in a bounded
domain in which the inlet boundary condition is exponentially decaying. The Laplace transform technique is utilized to obtain the
analytic solution and an optimal explicit scheme is used to obtain the numerical solution. One of the analytic solutions, which employs
a relatively recent technique, is not continuous at the end points, while the solution derived here is continuous at the ends of the domain.
The discrepancy between the two analytic solutions is explained. This paper also explains the correspondence between two different
forms of the dimensionless ADE often presented in the literature, making it straightforward for comparisons of analytical and numerical
solutions.
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1 Introduction

In a relatively recent study, [7] presented a general
framework for deriving analytical solutions of the
one-dimensional advection–diffusion equation (ADE)
with constant coefficients via a one-sided Laplace
transform method. The technique is relatively
straightforward to apply, provided certain conditions are
satisfied by the initial data and the inverse Laplace
transform. Building on the approach of [7], analytical
solutions to the one-dimensional ADE in a bounded
domain with an exponentially decaying inlet boundary
condition were derived in [12, 11]. However, the resulting
analytical solution fails to satisfy the boundary conditions
at both endpoints of the domain. In [12], the
exponentially decaying inlet boundary condition was
motivated by observational data obtained from a polluted
river at Fenaso in the Ashanti Region of Ghana.

This paper derives an analytical solution to the
one-dimensional ADE with an exponentially decaying
inlet boundary condition using the Laplace transform,
ensuring continuity at both endpoints. The solution is
used to explain the source of the discrepancy between the
continuous and discontinuous solutions. The continuous

solution is consistent with that of [5] for a fixed inlet
boundary condition. Among other significant uses,
analytic solutions are generally useful for comparison to
numerical solutions; to have an idea of the accuracy of a
numerical method. Even though analytic solutions with
discontinuities at one or both end points have been
derived and utilized (e.g., [3] (section 4.7, page 144),
[8, 7]), it is useful under many circumstances to obtain
analytic solutions that are continuous at both end points.

In a recent study, [1] addressed a similar problem with
an exponentially decaying inlet boundary condition, but
employed a non-zero derivative boundary condition at the
exit. Their results compared favorably with previous
solutions that used a zero-derivative outlet condition, as
well as with an explicit finite-difference numerical
method. Moreover, their work corrected an error in a
previously published analytical solution [13], which had
applied a zero-gradient condition at the outlet.

The ADE (or transport equation) is often solved after
non-dimensionalizing the equation and the corresponding
boundary and initial conditions. Two forms of
non-dimensional equations are often encountered in the
literature; the native form where the resulting equation
has a similar form as the dimensional equation (e.g., [4],
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[9], [10]), and the Peclet form which results in a single
coefficient in terms of the Peclet number (e.g., [2], [5],
[7]). For purposes of analytical and numerical
comparisons, it is useful to establish the correspondence
between these two forms of the ADE. The relationship
between these two forms is also presented in this paper. In
addition, an explicit finite difference scheme originally
derived by [9], is utilized for comparison and to illustrate
the importance of having continuity at the boundary for
analytic solutions.

Section 2 presents two forms of the non-dimensional
ADE and we establish the relationship between them.
Section 3 provides analytic solutions of the ADE via the
technique of [7] and by directly applying the Laplace and
inverse Laplace transforms. The solutions are reconciled
through a Fourier series approach. A numerical method
for solving the ADE is presented in section 4, and the
results are discussed in section 5.

2 Background Theory

In Cartesian coordinates, the one-dimensional ADE is
given by

∂φ

∂ t
+u

∂φ

∂x
= a

∂ 2φ

∂x2 (1)

where a is a constant diffusion coefficient and u is the
fluid velocity in the x direction respectively. Equation (1)
represents a transport equation that models how heat or
dissolved substances move within a fluid. The movement
occurs through two main mechanisms: advection (or
convection), which is transport due to the motion of the
fluid, and diffusion (or conduction), which accounts for
spreading caused by molecular processes. In heat transfer
applications, φ(x, t) denotes the temperature, while in
material transport problems it represents the
concentration at position x and time t.

2.1 Non-dimensionalizations

2.1.1 Method 1

The coordinates of the transport equation will be
non-dimensionalised so that the boundaries in each
direction will be located at 0 and 1, the time will be
non-dimensionalized so that a typical time period in the
solution φ will be unity, and the speed of the fluid flow
will be non-dimensionalized accordingly.

Let L be a typical length, such that 0 ≤ x ≤ L. Replace
the x variable by the dimensionless space variable

xs = x/L (2)

such that the domain is now defined by 0 ≤ xs ≤ 1. Let
T be a characteristic interval of time associated with the

given problem, such as the period of an oscillation in the
dependent variable φ . Replace t by ts = t/T , so that in
terms of ts the period of oscillation is now unity. Substitute
the new independent variables xs and ts into (1) to get

∂φ

∂ ts
+

uT
L

∂φ

∂xs
=

aT
L2

∂ 2φ

∂x2
s
. (3)

We are left with non-dimensionalizing φ . Suppose φ0 is
a typical value of the dependent variable φ , then let φs =
φ/φ0 and substitute into (3) to get

∂φs

∂ ts
+us

∂φs

∂xs
= α

∂ 2φs

∂x2
s
, (4)

where

us = uT/L, ts = t/T, α =
aT
L2 . (5)

Equation (4) is what we refer to as the native-form of the
dimensionless ADE because it has the same form as the
original equation (1).

The relative importance of advection with respect to
diffusion is given by the Peclet number, Pe. It is typically
established using scaling analysis of the advective and
diffusive terms. For instance, if U , Φ , L and D are typical
scales for u, φ , x, and α respectively, then

u
∂φ

∂x
∼U

Φ

L
and α

∂ 2φ

∂x2 ∼ D
Φ

L2 .

Therefore

Pe =
advection
diffusion

=
UΦ/L
DΦ/L2 =

UL
D

.

2.1.2 Method 2

An alternative method of non-dimensionalizing the 1D
ADE resulting in a single coefficient in terms of the
Peclet number is presented next. Consider equation (1),
and define

φb = φ/φ0, tb = at/L2,
xb = x/L, Pe = 2λ = Lu/a,

}
(6)

where 0 ≤ xb ≤ 1. Substituting (6) into (1) yields:

∂φb

∂ tb
+Pe

∂φb

∂xb
=

∂ 2φb

∂x2
b
. (7)

For mathematical convenience (7) is sometimes written in
the form:

∂φb

∂ tb
+2λ

∂φb

∂xb
=

∂ 2φb

∂x2
b
, (8)

where λ = Pe/2.
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2.1.3 Correspondence between the two non-dimensional
forms

Comparing the two forms of the dimensionless ADE, we
have T = (αL2)/a such that

us =
uT
L

=
uαL

a
=⇒ Pe =

us

α
=

uL
a

and λ =
us

2α
.

(9)

Hence, the ratio of the coefficients in (4) yields the Peclet
number in (7) or (8). Equation (9) partially relates the
native-form of the ADE to the Peclet-form in (7) or (8).
Since time in the two forms is non-dimensionalized
differently, it is additionally important to find the
relationship between their time variables before a
complete comparison can be undertaken. From (5), we
have

ts =
t
T
, T =

αL2

a
=⇒ ts =

at
αL2 , (10)

and from (6), we have

tb =
at
L2 . (11)

Hence, equations (10) and (11) yield

tb = αts. (12)

In summary, given a scheme that solves the native-form of
the dimensionless ADE,

∂φ

∂ t
+u

∂φ

∂x
= α

∂ 2φ

∂x2 , (13)

an equivalent method for solving the dimensionless Peclet-
form,

∂φ

∂ tb
+2λ

∂φ

∂x
=

∂ 2φ

∂x2 , (14)

and vice versa, is to employ the relations:

λ =
u

2α
and tb = αt. (15)

3 Analytic solutions to a 1D ADE

Consider the dimensionless Peclet-form of the ADE:
∂φ

∂ t
=

∂ 2φ

∂x2 −2λ
∂φ

∂x
, 0 ≤ x ≤ 1, (16)

subject to:

φ(0, t) = φ0e−γt , t > 0 (17)
φ(1, t) = φ1, t > 0, (18)

and initial condition

φ(x,0) = ω0, 0 ≤ x ≤ 1. (19)

Applying the Laplace transform to equation (16) and using
the boundary conditions yields (see [12, 11]):

Φ(x, p) =
[

φ0 sinh[β (1− x)]
sinhβ

]
eλx

p+ γ

+

[
φ1e−λ sinh(βx)

sinhβ

]
eλx

p

−

[
ω0 sinh[β (1− x)]+ω0e−λ sinh(βx)

sinhβ

]
eλx

p

+
ω0

p
, (20)

where

β =
√

λ 2 + p, (21)

and p is the Laplace transform variable. We split equation
(20) into partial solutions of the form:

ΦBC1(x, p) = φ0eλx
[

sinhβ (1− x)
(p+ γ)sinhβ

]
, (22)

ΦBC2(x, p) = φ1eλx−λ

[
sinh(βx)
psinhβ

]
, (23)

ΦIC1(x, p) =−ω0eλx
[

sinhβ (1− x)
psinhβ

]
, (24)

ΦIC2(x, p) =−ω0eλx−λ

[
sinh(βx)
psinhβ

]
, (25)

ΦIC3(x, p) =
ω0

p
. (26)

Only the inverse Laplace transform of (20) (equivalently
the set of equations (22)-(26)) is required to obtain the
general solution φ(x, t). The inversion can be carried out
by using a complex integral approach and investigation of
the positioning of the poles of the function. In this case
the poles occur at:

p = 0, p =−γ, (27)
sinh(β ) = 0, (28)

and the inversion becomes the sum of the residues
associated with these poles. For instance, the residue
associated with a pole at z = z0 for the function
ΦBC1(x, p) can be found as

lim
z→z0

[
(z− z0)ΦBC1(x,z)e

zt]= φ0exλ−z0tR[ fBC1 ] (29)

where p is replaced by the complex variable z, and
R[ fBC1 ] is the specific residue of ΦBC1 to be determined
for z = z0. A technique introduced by [7] (see also [12],
[11]) avoids finding the specific residues associated with
the pole at sinhβ = 0, instead, they cleverly apply the
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initial condition to get the final solution

φ(x, t) = φ0eλx
[

sinhλ (1− x)
sinhλ

](
e−γt − e−λ 2t

)
+ φ1eλx

[
sinh(λx)

sinhλ

](
1− e−λ 2t

)
e−λ

− ω0eλx

(
sinhλ (1− x)+ e−λ sinh(λx)

sinhλ

)
×

(
1− e−λ 2t

)
+ω0. (30)

This solution is consistent with that of [7] for γ = 0.
However, the solution in (30) is discontinuous at the end
points. Kim states that the discontinuities may be
technically resolved using Fourier series, nevertheless, the
discrepancy was not resolved for γ = 0. Kim refers to the
Fourier series solution derived by [8] for γ = 0, φ0 = 1
and φ1 = 0. The paper by [5] corrects some mistakes in
the solution of [8] though his paper appears to be less
known in the literature. We later explain the source of the
discontinuities in (30) after we determine a solution that
is continuous at both end points. This is achieved by
directly finding the inversions of (22)-(26) via tables of
Laplace transforms (e.g., [6]), using the residue theorem,
and employing a property of Laplace transforms that

L −1{φ̂(x, p+b)}= exp(−bt)L −1{φ̂(x, p)}. (31)

For equation (22), we have

ΦBC1(x, p) = φ0eλx

[
sinh

√
λ 2 + p(1− x)

(p+ γ)sinh
√

λ 2 + p

]
,

and replacing p by p−λ 2 gives

ΦBC1(x, p−λ
2) = φ0eλx

[
sinh

√
p(1− x)

(p− (λ 2 − γ))sinh
√

p

]
,

such that

L −1{ΦBC1(x, p)}= e−λ 2tL −1{
ΦBC1(x, p−λ

2)
}
.

∴ L −1{ΦBC1(x, p)}=

φ0eλx−λ 2tL −1
{

sinh
√

p(1− x)
(p− (λ 2 − γ))sinh

√
p

}
(32)

By referring to the table of integrals in [6] yields (see
Appendix A.2)

L −1{ΦBC1(x, p)}=

φ0eλx
{

sinhω(1− x)
sinhω

e−γt

−2π

∞

∑
n=1

nsin(nπx)
ω2 +n2π2 e−(λ 2+n2π2)t

}
(33)

where
ω =

√
λ 2 − γ.

Similarly, we have

L −1{ΦBC2(x, p)}=

φ1e−λ (1−x)
{

sinhλx
sinhλ

+

2π

∞

∑
n=1

(−1)nnsin(nπx)
λ 2 +n2π2 e−(λ 2+n2π2)t

}
and using the relation −nsin[π(1− x)] = (−1)n sin(nπx),
we get

L −1{ΦBC2(x, p)}= φ1e−λ (1−x)
{

sinhλx
sinhλ

−

2π

∞

∑
n=1

nsin[nπ(1− x)]
λ 2 +n2π2 e−(λ 2+n2π2)t

}
. (34)

Also,

L −1{ΦIC1(x, p)}=−ω0eλx
{

sinhλ (1− x)
sinhλ

−

2π

∞

∑
n=1

nsin(nπx)
λ 2 +n2π2 e−(λ 2+n2π2)t

}
, (35)

L −1{ΦIC2(x, p)}=−ω0e−λ (1−x)
{

sinhλx
sinhλ

−

2π

∞

∑
n=1

nsin[nπ(1− x)]
λ 2 +n2π2 e−(λ 2+n2π2)t

}
, (36)

L −1{ΦIC3(x, p)}= L −1
{

ω0

p

}
= ω0. (37)

Summing all the inverse Laplace transforms gives the final
solution in the form

φ(x, t) = L −1{ΦBC1}+L −1{ΦBC2}+L −1{ΦIC1}+
L −1{ΦIC2}+ω0, (38)

such that, upon rearranging, we get

φ(x, t) = eλx
[

φ0
sinhω(1− x)

sinhω
e−γt −ω0

sinhλ (1− x)
sinhλ

]
+e−λ (1−x) sinh(λx)

sinhλ
(φ1 −ω0)

+2πeλx

[
ω0

∞

∑
n=1

nsin(nπx)
λ 2 +n2π2

−φ0

∞

∑
n=1

nsin(nπx)
ω2 +n2π2

]
e−(λ 2+n2π2)t

−2πe−λ (1−x)(φ1 −ω0)×[
∞

∑
n=1

nsin[nπ(1− x)]
λ 2 +n2π2 e−(λ 2+n2π2)t

]
+ω0. (39)
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The solution in equation (39) is continuous at both end
points unlike equation (30). This is because, substituting
x = 0 in (39) yields φ(0, t) = φ0e−γt and substituting x =
1 gives rise to φ(1, t) = φ1 as expected. It is possible to
reconcile the two solutions given by (30) and (39) by using
Fourier series expansions of the terms

sinh[λ (1− x)]
sinhλ

and
sinh(λx)

sinhλ

that multiply the exponential terms exp(−λ 2t) in (30), to
give a solution that is continuous throughout the domain.
However, it should be noted that the term exp(−λ 2t),
arising from the pole sinhβ = 0 (see equation (28)),
should be exp[−(λ 2 +n2π2)t]. This is because

sinhβ = sinh
√

λ 2 + z =−isin[i
√

λ 2 + z] = 0,

=⇒
√

λ 2 + z =−inπ =⇒ z =−(λ 2 +n2
π

2),

instead of z = −λ 2 as employed in Kim’s method. Also
notice that the expressions in curly brackets in (33)-(36)
vanish for t = 0 upon application of the Fourier series
expansions of the ratio of sine hyperbolic functions,
giving φ(x,0) = ω0. So the resulting solution also
satisfies the initial condition. The Fourier series
expansions of the ratio of hyperbolic functions for x ̸= 0
are (see Appendix A.1):

sinh[λ (1− x)]
sinh(λ )

= 2π

∞

∑
n=1

nsin(nπx)
λ 2 +(nπ)2 , (40)

sinh(λx)
sinh(λ )

= 2π

∞

∑
n=1

nsin[nπ(1− x)]
λ 2 +(nπ)2 . (41)

For γ = 0, φ0 = 1, φ1 = 0, and ω0 = 0, the solution
converges to that of [5] (see also [7]; equation (24) in their
supplementary information):

φ(x, t) = eλx
[

sinhλ (1− x)
sinhλ

−

2π

∞

∑
n=1

nsin(nπx)
λ 2 +n2π2 e−(λ 2+n2π2)t

]
(42)

where we used the fact that ω =
√

λ 2 + γ = λ for γ = 0.
We next carry out a numerical discretization of the

ADE in its native form and establish the consistency and
stability properties of the explicit numerical scheme to be
employed. The numerical solution is later compared to
the analytic solutions, to explain some shortcomings of
analytic solutions which have discontinuities at the
endpoints of the domain of interest.

4 Numerical discretization

Consider the native-form of non-dimensional ADE:

∂φ

∂ t
+u

∂φ

∂x
= α

∂ 2φ

∂x2 (43)

for 0 < x < 1 and φ(x, t), subject to initial condition

φ(x,0) = w0 (44)

together with Dirichlet boundary conditions

φ(0, t) = φ0e−γt , φ(1, t) = φ1. (45)

At the ( j,n) grid point, the equation is discretized using a
weighted-average method:

∂φ

∂ t

∣∣∣n
j
+u

∂φ

∂x

∣∣∣n
j
= α

∂ 2φ

∂x2

∣∣∣n
j
.

Here, the forward difference is used for the time
derivative, the centered difference is applied to the
second-order spatial derivative, and a weighted
combination of backward and centered differences is
employed for the first-order spatial derivative, namely

∂φ

∂x

∣∣∣n
j
= ψ

∂φ

∂x

∣∣∣n
j
+(1−ψ)

∂φ

∂x

∣∣∣n
j
, 0 ≤ x ≤ 1. (46)

The backward difference is used for the spatial derivative
term with coefficient ψ , while the centered difference is
applied to the term associated with the weight (1 − ψ),
yielding (e.g., [9, 1]):

φ
n+1
j −φ n

j

∆ t
+O{∆ t}+u

[
ψ

(
φ n

j −φ n
j−1

∆x
+O{∆x}

)
+

(1−ψ)

(
φ n

j+1 −φ n
j−1

2∆x
+O{(∆x)2}

)]
= α

[
φ n

j+1 −2φ n
j +φ n

j−1

(∆x)2 +O{(∆x)2}
]
. (47)

Neglecting the terms of order O{∆ t, ψ∆x, (1−ψ)(∆x)2}
and rearrangeing yields the explicit finite difference
equation:

φ̄
n+1
j =

[
s+

1
2
(1+ψ)c

]
φ̄

n
j−1 +(1−2s−ψc)φ̄ n

j

+

[
s− 1

2
(1−ψ)c

]
φ̄

n
j+1 (48)

where j = 1,2, · · · ,J−1,

c = u
∆ t
∆x

and s = α
∆ t

(∆x)2 , (49)

where φ̄ denotes the approximate value of φ .

4.1 Consistency analysis

A formal consistency analysis of (48) shows that it is
consistent with the ADE, with a truncation error given by

E(x, t) =
1
2

ψu∆x
∂ 2φ

∂x2 − 1
2

∆ t
∂ 2φ

∂ t2 +O{(∆x)2, (∆ t)2}.
(50)
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A rearrangement of the ADE, differentiating the terms in
the equation, and substituting into (50) yields

E(x, t) =
1
2

u(ψ∆x−u∆ t)
∂ 2φ

∂x2 +O{∆ t, (∆x)2}. (51)

Thus, E(x, t)→ 0 as ∆x → 0 and ∆ t → 0, confirming that
equation (48) is consistent with the ADE. However, since
∆x and ∆ t are finite we are actually solving the equation
with additional terms on the right side, namely

∂φ

∂ t
+u

∂φ

∂x
= (α +α

′)
∂ 2φ

∂x2 +O{∆ t, (∆x)2} (52)

where

α
′ =

1
2

u(ψ∆x−u∆ t), (53)

referred to as artificial diffusion, is the change in the
diffusion coefficient α introduced by the use of (48). We
note that setting ψ = 1 yields the so-called upwind
scheme, which is diffusive, whereas ψ = 0 produces the
FTCS (forward in time, centered in space) scheme, which
can lead to negative diffusion. An optimal scheme that
eliminates artificial diffusion is obtained by setting

ψ∆x−u∆ t = 0 =⇒ ψ = u
∆ t
∆x

= c, (54)

to get:

φ̄
n+1
j =

[
s+

1
2
(1+ c)c

]
φ̄

n
j−1 +(1−2s− c2)φ̄ n

j

+

[
s− 1

2
(1− c)c

]
φ̄

n
j+1. (55)

4.2 Stability analysis

A von Neumann stability analysis gives the stability region
of (55) to be

0 < 2s ≤ 1− c2, (56)

as depicted in Figure 1. Details of the stability analysis
that produced (56) can be found in [1] (their Appendix
B). A discretized equation of the Peclet-form of the ADE
is provided in Appendix A.3, and compared to the
discretized native-form of the equation.

The optimal explicit scheme is second-order accurate
in space as depicted in Figure 2, where we plot the absolute
error, |E|, between the numerical and the analytic solution
(equation (39)) at the center of the domain (x = 0.5) at
a final time of t = 1.0 against the grid spacing. Keeping a
fixed value of the diffusion parameter s= 1/4, and varying
the advection parameter, c, we find that the equation of
best fit for each c yields a power for ∆x in the range 1.98−
3.02 (Figure 2a). For example, at s = 1/4 and c = 0.01, the
relationship between the error and grid spacing is

E = 9.03(∆x)2.03.

At a fixed value of c= 1/4, the equation of best fit for each
s yields O(∆x)3.02, indicating a much lower discretization
error (Figure 2b).

Fig. 1: Stability region for the optimal explicit method of
solving the ADE.

5 Discussion of results

The evolution of φ(x, t) from three analytic solutions and
the optimal numerical scheme is displayed in Figure 3.
The numerical solution closely matches the analytic
solution of [5] (see equation (42)) throughout the period
of evolution. The solution obtained by [7] deviates from
the other analytic solutions for t < 0.5, due to the
discontinuity at the end points. Thus, analytic solutions
that lack continuity of φ(x, t) at the end points are
challenging to use in comparing to numerical methods for
purposes of evaluation. Kim’s solution matches up closely
to the other analytic solutions for t ≥ 0.5. This implies
that care must be taken in comparing analytic solutions to
numerical solutions or observational data if the solutions
are discontinuous at the end points.

The time evolution of φ(x, t) for nonzero exit
boundary and initial values of φ1 = 0.3 = w0, and a
decaying inlet boundary value with γ = 2 are shown in
Figure 4. As expected, both the analytic and numerical
solutions show a decrease in the level of φ(x, t) with time
throughout the domain, except at the nonzero exit
boundary which maintains its prescribed value.

A contour map showing the time evolution of φ(x, t)
for all times in the range 0 ≤ t ≤ 1 is displayed in Figure
5. Apart from the fixed value at the exit boundary, the
largest values of φ(x, t) occur for times less than about
t = 0.5, after which the values decrease towards zero at
almost everywhere except in the region closer to the exit
boundary..

The analytic and numerical values of φ(x, t) may
become negative at some times and spatial positions
depending on the parameters utilized. For example, at
t = 0.0001, x = 0.9899 and Pe = 70, equation (42) gives a
value of φ(x, t) = −0.24. However, in this case, the
negative values disappear at longer times (t ≥ 0.002; not
shown here). Since in many practical applications, such as
the transport of pollutants, negative values of φ(x, t) have
no physical meaning, care must be taken in applying the
analytic and numerical solutions of the ADE. Such
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Fig. 2: The discretization error |E| plotted against grid spacing ∆x using the optimal technique of solving the ADE for (a)
fixed s = 1/4 and varying c, and (b) for fixed c = 1/4 and varying s. The linear relationship of best fit between E and ∆x
are displayed on each plot, indicating second-order accuracy on average. Here γ = 0.5 and w0 = 0.2.

Fig. 3: Analytic and numerical solutions to the ADE at various times for γ = 0, φ0 = 1, φ1 = w0 = 0, ∆x = 0.01, and
∆ t = 2.5×10−5.
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Fig. 4: Analytic and numerical solutions to the ADE at varying times for γ = 2, φ0 = 1, φ1 = w0 = 0.3, ∆x = 0.01, and
∆ t = 2.5×10−5.

negative values have also been reported in other studies
(e.g., [10]).

6 Conclusions

The Laplace transform method is used to derive an
analytical solution to the one-dimensional
advection–diffusion equation (ADE) in a bounded
domain with an exponentially decaying inlet boundary
condition, yielding a solution that is continuous at both
endpoints, unlike previous approaches [7, 12], which
result in discontinuities at the boundaries. The solution
derived in this paper is used to explain the source of the
discrepancy between the continuous and discontinuous
solutions. The continuous solution is consistent with that
of [5] for fixed inlet boundary conditions. Analytic
solutions are generally useful for comparison to
numerical solutions to determine the accuracy of a
numerical method. Thus, we also employed an explicit
finite difference numerical technique [9] to solve the
problem and compared that to the analytic solutions. The

numerical solution is second-order accurate and matches
the analytic solution quite well. Even though analytic
solutions with discontinuities at one or both end points
are useful and have been derived and utilized (e.g., [3]
(section 4.7, page 144), [8], [7], [12]), it is important
under many circumstances to obtain analytic solutions
that are continuous at the end points.

Two forms of non-dimensional advection-diffusion
equations are often presented in the literature; the native
form where the resulting equation has a similar form as
the dimensional equation, and the Peclet form which
results in a single coefficient in terms of the Peclet
number. We have established the relationship between
these two forms to make it easier for purposes of
analytical and numerical comparisons. We recognized
that there are other ways to non-dimensionalize the ADE
besides those presented here, and we hope our approach
would provide some guidance when confronted with
other forms of the non-dimensional equation.
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Fig. 5: Same as in Figure 4, but for all times in the range 0 ≤ t ≤ 1.
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A Appendix

A.1 Fourier series expansion of sine hyperbolic
functions

We seek the Fourier series sine expansions of

g(x) =
sinh[λ (1− x)]

sinh(λ )
and h(x) =

sinh(λx)
sinh(λ )

, (57)

where 0 ≤ x ≤ 1. Now, by definition, the Fourier series
expansion of

f (x) = sinh[λ (1− x)], 0 ≤ x ≤ 1. (58)

is given by

f (x) =
∞

∑
n=1

bn sin(nπx) (59)

where

bn = 2
∫ 1

0
sinh[λ (1− x)]sin(nπx)dx. (60)

Let u = 1− x =⇒ du =−dx, and thus

bn =−2
∫ 0

1
sinh(λu)sin[nπ(1−u)]du

= 2
∫ 1

0
sinh(λu)sin[nπ(1−u)]du.

Expanding sin[nπ(1−u)] and substituting into the integral
gives

bn =−2cos(nπ)
∫ 1

0
sinh(λu)sin(nπu)du. (61)

Using the following identity from tables of integrals:∫
sinh(ax)sin(cx)dx =

acosh(ax)sin(cx)
a2 + c2 −

csinh(ax)cos(cx)
a2 + c2 , (62)

and setting a = λ and c = nπ in (62), yields∫ 1

0
sinh(λx)sin(nπx)dx =[

λ cosh(λx)sin(nπx)
λ 2 +(nπ)2 − nπ sinh(λx)cos(nπx)

λ 2 +(nπ)2

]1

0

=
−nπ sinh(λ )cos(nπ)

λ 2 +(nπ)2 . (63)

Substituting (63) into (61) gives

bn = 2cos(nπ)
nπ sinh(λ )cos(nπ)

λ 2 +(nπ)2

= 2π
nsinh(λ )

λ 2 +(nπ)2 (64)

since cos(nπ) = (−1)n =⇒ cos(nπ)2 = 1. Substitute
equation (64) into (59) to get

f (x) = sinh[λ (1− x)] = 2π

∞

∑
n=1

nsinh(λ )
λ 2 +(nπ)2 sin(nπx).

(65)

Hence,

sinh[λ (1− x)]
sinh(λ )

= 2π

∞

∑
n=1

nsin(nπx)
λ 2 +(nπ)2 . (66)

Similarly, we have

sinh(λx)
sinh(λ )

= 2π

∞

∑
n=1

nsin[nπ(1− x)]
λ 2 +(nπ)2 . (67)

A.2 Some Inverse Laplace Transforms from
Tables

From [6] (Vol. I, page 259, equation (39)), we have

L −1

{
1

p− iω
sinh(xp1/2)

sinh(l p1/2)

}
=

sinh(xi1/2ω1/2)

sinh(li1/2ω1/2)
eiωt

+2π

∞

∑
n=1

n(−1)n sin(nπx/l)
n2π2 + iωl2 e−n2π2t/l2

, (68)

where l ≥ x > 0 and p is the Laplace transform variable of
t. Now, if we let l = 1 and ω =−ib, we get

L −1

{
1

p−b
sinh(p1/2x)
sinh(p1/2)

}
=

sinh(b1/2x)
sinh(b1/2)

ebt

+2π

∞

∑
n=1

n(−1)n sin(nπx)
b+n2π2 e−n2π2t , (69)

where 0 < x ≤ 1. By replacing x by 1− x, we get

L −1

{
1

p−b
sinh[p1/2(1− x)]

sinh(p1/2)

}
=

sinh[b1/2(1− x)]
sinh(b1/2)

ebt

+2π

∞

∑
n=1

n(−1)n sin[nπ(1− x)]
b+n2π2 e−n2π2t . (70)

L −1

{
1

p−b
sinh[p1/2(1− x)]

sinh(p1/2)

}
=

sinh[b1/2(1− x)]
sinh(b1/2)

ebt

−2π

∞

∑
n=1

nsin(nπx)
b+n2π2 e−n2π2t , (71)

where 0 < x ≤ 1, and we used

sin[nπ(1− x)] =−cos(nπ)sin(nπx) = (−1)n+1 sin(nπx).
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A.3 Discretization of the Peclet form

Consider the nondimensional 1D ADE given in what we
refer to as the Peclet-form:

∂φ

∂ t
+Pe

∂φ

∂x
=

∂ 2φ

∂x2 (72)

for 0 < x < 1 and Pe is the Peclet number. Here, the
forward difference is used for the time derivative, the
centered difference is applied to the second-order spatial
derivative, and a weighted combination of backward and
centered differences is employed for the first-order spatial
derivative, namely

∂φ

∂x

∣∣∣n
j
= ψ

∂φ

∂x

∣∣∣n
j
+(1−ψ)

∂φ

∂x

∣∣∣n
j
, 0 ≤ x ≤ 1. (73)

The backward difference is used for the spatial derivative
term with coefficient ψ , while the centered difference is
applied to the term associated with the weight (1 − ψ),
yielding

φ
n+1
j −φ n

j

∆ t
+O{∆ t}+Pe

[
ψ

(
φ n

j −φ n
j−1

∆x
+O{∆x}

)
+(1−ψ)

(
φ n

j+1 −φ n
j−1

2∆x
+O{(∆x)2}

)]
=

[
φ n

j+1 −2φ n
j +φ n

j−1

(∆x)2 +O{(∆x)2}
]

(74)

Neglecting the terms of order O{∆ t, ψ∆x, (1−ψ)(∆x)2}
and rearranging, produces the explicit finite difference
equation

φ̄
n+1
j =

[
ŝ+

1
2
(1+ψ) ĉ

]
φ̄

n
j−1 +(1−2ŝ−ψ ĉ)φ̄ n

j +[
ŝ− 1

2
(1−ψ)ĉ

]
φ̄

n
j+1 (75)

where j = 1,2, · · · ,J−1,

ĉ = Pe
∆ t
∆x

and ŝ =
∆ t

(∆x)2 , (76)

where φ̄ denotes the approximate value of φ . Note that the
form of (75) is the same as for (48), the difference being
the definitions in (76) as compared to (49).

If Pe is replaced by Pe = 2λ in (72), the
weighted-average scheme becomes

φ̄
n+1
j = [s̄+(1+ψ) c̄] φ̄ n

j−1 +(1−2s̄−2ψ c̄)φ̄ n
j

+[s̄− (1−ψ)c̄] φ̄ n
j+1 (77)

where

c̄ = λ
∆ t
∆x

and s̄ =
∆ t

(∆x)2 . (78)

Comparing the two schemes, (48) and (77), shows that

c̄ =
1
2

c =⇒ c = 2c̄. (79)

Thus, for an optimal scheme, we set

ψ = c = 2c̄ (80)

in (77) to get

φ̄
n+1
j = [s̄+(1+2c̄) c̄] φ̄ n

j−1 +[1−2s̄− (2c̄)2]φ̄ n
j

+[s̄− (1−2c̄)c̄] φ̄ n
j+1 (81)
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