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Abstract: The connection between generalized convexity and mathematical inequalities is deeply rooted in convex analysis and
operator theory. To put the ideas of preinvexity and convexity even closer together, we might state that preinvex functions are extensions
of convex functions. In this article, we give a new definition for generalized convexity, which essentially generalizes harmonic convex,
Godunova-Levin, preinvex, and m-convex functions, and we named them (m,h)-harmonic Godunova and Levin preinvex functions.
In light of this new definition, we developed various new refinements and bounds for Hermite-Hadamard inequality, its product
and symmetric forms, along with several interesting remarks and corollaries that lead to their results with other convex mappings,
specifically s-convex, tgs-convex, harmonic convex and a variety of others. In order to support the main results, a number of non-trivial
examples are provided.
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1 Introduction convex. For example, in some coordination games,
participants could have convex payoffs; see Ref. [3].
Additionally, for more details about a few other recent
advancements in other fields; see Ref. [4,5,6,7,8,9].

A generalized convex function broadens the idea of
convexity to encompass a wider variety of functions,
making it easier to explain varied events. These diverse
classes led to several academics creating the following
double inequality for convex functions, which is critical
for optimization. The Hermite and Hadamard inequality
[10] is presented as follows:

The concept of convexity simplifies optimization through
strong theoretical guarantees and efficient algorithms, but
non-convex preinvex mappings are a very important
concept in dealing with a broader range of real-world
problems. The following are some notable uses of convex
functions in various domains. Non-convexity is
introduced into neural networks by the combination of
non-linear activation functions. This means that a neural
network optimization problem’s loss or objective function

is typically non-convex in terms of network parameters;
see Ref. [1]. When budget limitations are taken into
account in utility theory, convex sets come into play. The
collection of viable consumption bundles (given a certain
budget) is frequently described as a convex one; see Ref.
[2]. Some games’ payout functions may be concave or

Let ¥ : K C R — R be a convex function, where
V1, Uy € K with v; < v;. Then

v+ 1 V2 ¥(v)+ ¥ (1)
q’( > )sz_vl/vl ”V)dvﬁz(l)-
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This inequality is generalized and enhanced in several
ways, such as authors employing multiple types of convex
classes, fractional operators, fuzzy integral operators,
different forms of order relations, as well as a stochastic
approach. Since preinvex functions are generalization of
convex type mappings recently various academics discuss
preinvex mappings and developed several inequalities. In
[11], authors used quantum integrals to create new
generalized Hadamard inequality on two dimensional
plane. Authors in [12] developed several new inequalities
by using preinvex Godunova-Levin functions with some
intriguing characteristics. Lai et al. [13] employed the
fractional integral operator to produce several novel forms
of Hermite-Hadamard inequality, modifying inclusion
order setting. Imran et al. [14] use first-time differentiable
mappings to create a novel class of preinvex mappings, a
generalization of classical preinvex and harmonically
preinvex functions. Khan et al. [15] used the fractional
integral operator to generate many new enhanced and
generalized forms of double inequalities. Santos et al.
[16] utilized the notion of two dimensional preinvex
fuzzy-valued mappings and the development of double
inequality and its several new variations on coordinates.
Lai et al. [17] used generalized preinvexity to create a
number of novel Hermite-Hadamard type inclusions and
its various new forms on coordinates. For some additional
recent developments concerning this form of inequality,
we direct readers; see Refs. [18,19,20,21]. Afzal et al.
[22] found a similar result by loosening the bifunction
restriction and establishing Hermite-Hadamard and
Jensen type results with center-radius-interval order
relations. In 2019, Ohud Almutairi and Adem Kiliman
demonstrated the following result based on the
h-Godunova and Levin function; see Ref. [23].

Theorem 1(see [23]). Let ¥ : [v;,1] - R If ¥
is h-Godunova-Levin function and h (%) %0, then

h(L v
(z)lp U + 12 < 1 ZlII(V)dV
2 Uz*U].‘Ul

1 46

(6)

Afzal et al. [24] conducted a recent study using
fractional caputo fabrizio integral operators and generated
several novel varieties of double inequalities, as well as
applications to special means.

< [P (o) +¥(v)] |

Theorem 2(see [24]). Let ¥ : [v;,12] — R be
h-Godunova-Levin mapping defined on [v1,2] and
o € (0,1), then we have

(D), (niv)
2 2
s () @ (e, w) - 2w

o(v2— 1) V2 B(o)

< o) +#w) [ o @

The term m-convexity which lies in between regular
convexity and star-shaped functions, is defined by the
author in [25]. We would like to emphasise the distinction
between m-convex functions and  harmonic
h-Godunova-Levin preinvex functions as two distinct
classes of convex functions. To tie these concepts
together, a new class of generalized convex functions
should be introduced. Specifically, we take motivation
from the results of Godunova-Levin preinvex [23],
m-convexity [25], and harmonic Godunova-Levin [26],
and constructed a new class by taking into account these
three notions, and developed various new bounds and
refinements of Hermite-Hadamard inequalities. In [27],
authors used operator m-convex type mappings and
discussed several new bounds for different types of
inequalities; in [28], authors used m-convex functions and
developed trapezoid type inequalities; in [29], authors
used Godunova-Levin preinvex functions and developed
different types of inequalities with applications; and in
[30], authors used Godunova-Levin functions and
developed several interesting results related to these
outcomes. For several other recent results relating to
developed outcomes, please see [31,32,33,34,35,36].

The work is organized into four sections, starting with
a brief introduction and preliminary discussion of the
topic. In section 3, we derive numerous novel forms of
Hermite-Hadamard inequalities using our newly
established convex mappings. Ultimately, we provide a
clear conclusion and some potential directions in section
4,

2 Preliminaries

This section initially recalls some necessary known
definitions from which we take motivation and give some
new class of generalized convex mappings. Next, we
define a bifunction that is used in various definitions and
plays a very significant role in demonstrating the
distinguishing feature between convex and preinvex
mappings. Let K C R and ¢(,-) : KXxK — R be a
continous bifunction.

Definition 1(see [25]). A set K is considered to be
m-convex in relation to the some fixed constant m € [0, 1],

if
(I=n)v+nv; €K,

forall vi,v €Kandn €0,1].

Definition 2(see [38]). The set K is considered invex in
reference to the bifunction ¢ (,-), iff

Vi +77¢(1)2,Ul) € Kv
forall v;,v2 € Kandn € [0,1].

Definition 3(see [38]). The set K is said to be invex with
respect to the bifunction ¢(,-), if

V1 (1)1 + ¢(m1)2, ‘01))
¢ (mv2, 1)

€K,
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forall v;,vy €K andm € (0,1).

Definition 4(see [38]). A mappping ¥ : K — R is said to
be m-convex, where m € [0,1), if

Y ((1=n)vi+nvz) <m¥(02) + (1 -1n) ¥(v1),
Jorall vy,v, €Kandn € [0,1].

Definition 5(see [38]). A mappping ¥ : K — R is said to
be harmonic m-convex, where m € (0,1], if

1)1(‘01 + (}5(!’11‘1)27 1)1))
qj( ¢ (mv, v1)

) <m¥(v)+(1-1n) ¥(v1),

forall v;,v, €Xandn € (0,1].

Definition 6(see [38]). A mappping ¥ : K — R defined on
invex set K is said to be preinvex with relation to the

bifunction ¢(,-) if

¥ (01419 (v2,01)) <N (v2) +(1-n) ¥(v),
Jorall vi,v2 €Kandn € [0,1].

Definition 7(see [38]). A function ¥ : K — R is called to
be supermultiplicative if

4 (’()1) 'I’(Dz) < lP(’Ul 1)2),
for all v1, v, €K.

Definition 8(see [37]). A mappping ¥ : K — R defined on
invex set X is said to be GL preinvex with relation to the

bifunction ¢ (,-) if

¥ (v +n¢(v2,01)) <

forall vi,v, €Kandn € (0,1).

Definition 9(see [38]). Let h : M= [0, 1] — R. A mappping
¥ : K — R defined on invex set K is said to be h-preinvex
with respect to the bifunction ¢(,-) if

(v +1n¢ (v2,01)) < h(n)¥(v2) +h(1—=n) ¥(v1),
Jorall vy,v, €Kand n €[0,1].

Definition 10(see [37]). Let h : M = (0,1) - R A
mappping ¥ : K — R defined on invex set K is said to be
h-GL preinvex with respect to the bifunction ¢ (,-) if

()
h(1-m)’

Y (v1+n¢(v2,01)) <

SJorall vi,v, €Kandn € (0,1).

Definition 11(see [38]). Let K C R" is said to be invex with
respect to the bifunction ¢(,-). For all V1,0, €K and n €
[0, 1], we have

O (v2,02+1M ¢ (v, m))=-n¢(v,02), ()

and

¢ (v, 2+1 ¢ (v, 1) =(1-7) ¢(v,v2). (4

for all v1,v; € K and ¢1,¢, € [0,1], and this is commonly
referred to as condition C, that is

(02402 0 (V1,12), 02+ 619 (V1,12)) = (¢2 — 1) ¢ (V1,02).

Since our findings are also presented in terms of
special functions, we recall the very well known gamma
and beta functions, respectively:

P) =/wn’tt”’1dt
0
1
Blpr.p2) = [ 11—t lae
0

_ I'(p)I(p2)

- . p1,p2>0. 5
T(p1 + ) P1,p2 )

3 The main results

In this section, we first provide a novel definition that uses
numerous classes of generalized convex mappings
simultaneously and generalizes various earlier definitions
under different scenarios.

Definition 12(see [38]). Let h : M = [0,1] - R A
mappping ¥ : K — R defined on invex set K is said to be
(m, h)-harmonic Godunova and Levin preinvex functions
with respect to the bifunction ¢(,-), where m € (0,1].

Then
) ‘I’

forall v;,v, €XKandn € (0,1).

w (UI(UI + ¢ (mvy,v1)
¢ ml)g,l)l

The class of all harmonic (m, h)-GL preinvex is denoted by
HPGL(( ) )a [U] ) DZ] )

Remark. =Setting m = 1 and ¢ (mv,,0;1)) = mv, — vy,
then Definition 12 recovers Definition 2.7 in [39].

=Setting m =1, ¢ (mv2,v1)) =mv, — vy and h(n) =
then Definition 12 recovers Definition 2.1 in [40].

—Setting m = 1 and h(n) = % then Definition 12

recovers Definition 2.4 in [41].

1
n’

Now we have demonstrated that two similarly ordered
(m,h)-harmonic Godunova and Levin preinvex functions
again belong to that class, which is
HPGL((m,h),[vy, 0], RT).
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Lemma 1.Ler ¥ and  be two similarly ordered harmonic
m premvex Godunova-Levin functions. If [ eEy %]

, then the product of these two functions Y is again
a (m, h)-harmonic Godunova and Levin preinvex function.

Proof. Let ¥ and ¢ be two (m, h)-harmonic Godunova and
Levin preinvex functions. Then

k(k+ ¢ (mn,k)) k(k+ ¢ (mn,k))
¥ (k+(1 n)cb(mn,k)) ¢ (k+(l n)¢>(mn,k)>

W) mP@) [ L0 mlmn)
_h(1* )+ (n) {h(ln)Jr h(n)}
( ( {(x) ) m¥ (k)¢ (n)
) h(1—n)h(n)
m¥(n)6(k) m¥(n)¢(n)
( mhm ")
WS () m
~ [h(1=7n)2 h(n)h(l_n)(‘P(k)C(n)—i—?’(n)C(k))
m2
+ [h(n)}ZW(H)C(n)
¥ (k)¢ (k) m
< B Ry L0+ P @) @)
m2
e
_[¥P&)E(K) K m¥(@0)C(n) 1 m
_[h(l—ﬂ)+ h(n) ]{h(l—n)+h(n)]'
Here
1 m
[ ) <!
This implies:
( k(k+ ¢ (mn,k)) ) ( k(k+ ¢ (mn,k)) )
+(1=n)¢(mn,k) k+ (1 —n)¢(mn,k)
< ¥(x)¢ (k) L m¥(n)¢(n)
~ h(l-m) h(n)

Hence proved.

3.1 Some new variants of Hermte-Hadamard
inequalities

In this section, we obtain Hermite-Hadamard inequalities
for (m,h)-harmonic Godunova and Levin preinvex
functions.  Throughout this section, we take
Iy = [v1,01 + ¢(mv2,v;1)] unless otherwise specified,
where V] < Uy + ¢ (mv2, V1).

Theorem 3.Let ¥ : Is C R™ — R be (m,h)-harmonic
Godunova and Levin preinvex function, where m € [0, 1].

If ¥ € L [v,01+¢(mvy,v1)] (space of Lebesgue
integrable functions), then

dk

v1(v1 + ¢ (mvy, V1)) /Dl+¢(mvz-,v1) ¥ (k)
v

¢(m1)2,1)1) 1 kz

< [P(01) +m¥P(v)] /O 1 %n)dn.

Proof. Let ¥ be (m,h)-harmonic Godunova and Levin
preinvex function, where m € [0,1]. Then we have

1)1(‘01 —|—¢(m1)271)1)) 'P(‘l)l) m'f’(l)g)
Y (o T o) < R R

Integrating over 1] € [0, 1], we obtain:

! 01 (V1 + ¢ (my, V1))
/0 ¥ (m +(1- n)¢(mvz,vl)> an

‘)/01 h(1

1 |
7_mdn+m‘f’(v2)/0 de. (6)

Consider and make use of some change in variables

1 1 d
Ahﬂ—n)m

for instance let

1-n=k
d(1-1) = d(x)
(0—1)dn =dx
an =—

If n=1thenk=0andif n =0, k =1 this further implies

that:
= [

1 1 J 0
/0 ha—m“" =), h

| |
——dk= | ——dn. 7
= v ”
Taking into account equation (6), we have
! 1 (V1 + ¢ (mv2, v1)) )
v d
/0 <v1+(1n)¢(mvz,v1) 1
| L |

It follows that
1
/IP( V1 (V1 + ¢ (m2, V1)) >d77
0 v+ (l—1n)¢ mvz,vl)

e

< ['P ’l)] +m‘P
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Now let’s integrate the left hand side of the inequality (8)
for instance we take

1 01 (V1 + ¢ (M2, V1))
/0 ¥ (Ul +(1 71)‘15("“)27”1)) an

Let and do simple calculations

_ v (V1 + ¢ (mvy, V1))
v+ (1 =n)¢(mvy,v1)’

dk_d[ V(v + ¢ (mv2,01)) }7

v+ (1=n)¢(mvy,v1)

di = v1 (01 + 9 (mvs, v1)) d {vl +(1 —n1)¢>(mvz ”1)] ’

dk = v (V1 + ¢ (mvy, V1))

|
xd L+¢(m1)2701) —71¢(m02701)} 7

dk = 1)1(1)1 +¢(m02,01)) (—1)(a+¢(m1)27‘l)1)
—N¢(mvy,v1)) 2 d(a+¢(mvy, 1) =N (mvs,v1)),

dk = 1)1(1)1 + ¢(mv2,v1)) (—l)(d+¢(m0271)1)
—N¢(mv,01)) 7 (0— 19 (mv2, v1)),

1)1(1)1 —I-(P(ml)z,l)l)) X ¢(m1)2,1)1)
(V1 + (1 =) (mva,v1))?

Multiply and divide by v;(vi + ¢(mv2,01)) in above
equation, we have

dk =

dmn.

1 (V1 + ¢ (mvy, V1)) X (mvs, V)
(V1 +(1=m)p(mv2, 1))
V1 (V1 + @ (mvy, V1))

-

dan.

dk:[ vy (V) + ¢ (mvy, 1)) ]ZX 0(mvy,01))
(v +(1=n)¢(mv2,v1)) V1 (V1 + ¢ (mv2, 1))
_ V1 (V1 + ¢ (mva,v1))
(i + (1 =) (mvy, v1))’

it follows that

¢ (mva,v1))

dk = k% x
v1 (V1 + ¢ (mva,v1))

i

1 vi(vi+¢(mvy,01))
k2 ¢(m1)2,1)1)

dk =dn,
if n =1 then

v (V1 + ¢ (ma, vy))
(V1 + (1 =1)¢(mv2,v1))’

~ V(v +¢(mvy, 1))

(014 (0)¢ (mv2,v1))”

- V1 (V1 + ¢ (m2, V1))
Vi ’

k= v;(v; + ¢ (mvy, 01)). )
Now if = 0, then we have

v1(v1 + ¢ (mvy, V1))
(v +(1-0)¢(mv2,v1))’

_ U1(V1 +¢(muvy,01))
(vt 9(mva,0r))

k= 0. (10)

Substituting the integral value into equation (8), we get:

V1 (V1 + @ (m2,01)) /”1+¢(’"”2’”‘) 'f’(k)dk
v

¢(mv2,1)1) 1 k2
L |
< [P (1) +m¥()] /0 ha

This completes the proof.

Example 1. Consider [v1,v; + ¢(mvy,v1)] = [1,2],
¢ (mvy, 1) =mvy —2v;,m= 1,00 =3,a=1,h(n) =
Let 9 : [v1, 01 + ¢ (mv2,v1)] — R is defined as

==

1

¥(o)=2-_, oe[l2]

First of all we show that above defined function is belong
to the class of HPGL((h,m),[vy, v2],RT).

Consider
< V1 (V1 + ¢ (my, V1)) >< P(v))  m¥ ()
v+ (1=n)¢(mvy,v1) ) ~ h(1—=m)  h(n) ’
it follows that
1 2-3  2—4
T Dremnay = L M
v +(1-1)¢ (mvy,01) 1= n
1.25 < 1.33.

As the inequality holds, the provided function belongs to
HPGL((ham)a [U] ’ 1)2], R+)
Now consider

v1 (V1 + ¢ (mva, 1)) /vlw{mv"””‘) 'P(k)dk
v

muvy, Vi) , k2

o
2 r2/—1 1 5
=1/ (k+2)k2dk_4

© 2025 NSP
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and

[‘P(vl)—l—m‘f’(vz)]/ol %n)dn = (1+§> [nﬂ; = g.

Consequently, Theorem 3 is verified that is

<

B W
Wi H

Corollary 1.
If ¢(mvy,v1) = mvy — vy, then Theorem 3
reduces to harmonic (m,h)-Godunova-Levin functions:

dk

mv; Ly /”“)2 lP(k)
mvy — Uy k2

< [P(v1) +m¥ ()] b hn)”

Corollary 2.

If ¢(mvy,01) = mv; — V1 and h(n) = nP(1 —n)1
then Theorem 3 reduces to harmonic p-Godunova-Levin
functions:

dk

mv; v /"’UZ lf/(k)

mvy — Uy k2
Fp+1)I(q+1)
I'p+q+2

< [¥(v1) +m¥ (v)] )-

Remark. 1.If ¢(mvy,v1) =mvy,—v;,m=1and h(n)=
then Theorem 3.1 recovers Theorem 2.4 in [40].
2.If ¢ (mv2,v1) = mvy — vi,m =1 and h(n) = ;- then
Theorem 3.1 recovers Theorem 3.2 in [42].

3If m=1 and h(n) = % then Theorem 3.1 recovers
Theorem 2.1 in [41].

Theorem 4. Let ¥, { : Iy C RY — R be (m,h)-harmonic
Godunova and Levin preinvex functions, where m € [0,1].
If¥Y el [1)1,1)1 —l—(])(mvz,l)])], then

Vi (V1 + 9 (mvy,v1)) /“1“’(’"“2'“” FELE) < M(vy, )
v 12 =M

¢ (mvy,vy) !

where
M(v1,02) = [F(v1)§(01) + mP(02) 5 (02)]

<[ mdr} [ (01)C (02) + m(0:)¢ (vy)]

-1 1
“Jy s "

Proof. Let ¥, £ be (m,h)-harmonic Godunova and Levin
preinvex functions, we have:

V1 (V1 + @ (M2, V1)) (1)
¥ <v1 +(1 —n)¢(mvzavl)> = h(1—m)

m‘I’(Uz)
h(n) ~

V1 (V1 + ¢ (muvy, v1)) E(vi)  m(n)
C(Ul+(177)¢(mvz7vl)> = *1(1*77)—F h(n)
Now consider

V1 (V1 + @ (mvy, V1)) v (V) + ¢ (mvy,v1))
‘"(vw(vnw(mvz.v]))x (vl+<lfn>¢<mvz,vl))

Y(v)  m¥P(v) (o) | ml(v)
S[h(hn)* h(m) X[hwm h(n)]

¥ (v1)§ (01) + [ (v1) ¥ (v2) +m¥ (v1)¢ (02)]

1
D
1

< SRS +m* ¥ (1,)6(v)

- (2

Integrating over [0,1] we have

1 V1 (V) + ¢ (mvy, 1)) v (V1 + ¢ (mvy, V1))
I ‘"(vw(lfnm(mvz’m)) €(U,+<1,n)¢<mw,vl>)dn

1 1
) [ Rt

[mC(u])‘I’(vz)+m'i’(v|)§(vz)]/ol mdn
! 1
(o) (vr) [ B (13)

Using equations (7), (9), and (10), we obtain the needed result

dk

V1 (V1 + ¢ (mvy,v1)) /“1”’“””2‘“” P(k)E(k)
¢(mUz. V1 ) vy k2

< [P0 (0n) + P (o) (0] || oz an + ¥ (o) ()

h(n I?
+m¥(v2)¢(vr) / me (14)
Example 2. Consider [v,v1 + ¢(mv2,v1)] = [1,2],
O (mvy,v1) =mvy —2v;,m= 1,0, =3,a=1,h(n) = %

Let W, : [v1, 01 + @ (mvy,v1)] — RT are defined as

-1 1
4 =—+1land ¥ =—+1 1,2].
(o) G—i—an (o) G+, o <1,2]
Consider
V1 (V1 + ¢ (mv2, V1)) /v1+¢(mvz.,vl) (k)¢ (k) dk
o (mvy,vy) vy k2

1/ ( ><_k1+1>k12dk:152’

]/ [h(mP n)

+ [P (0)E (02) + mP(02) (0y) /md”

and

[#(v1)E(v1) +m¥P(12)8

Consequently, Theorem 4 is verified that is

1

(=]

<

© \

5
12

© 2025 NSP
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Corollary 3. If ¢ (mv,,v1) = mvy — vy, then Theorem 4
reduces to m-harmonic convex:

mv "2 ¥ (k) E (k)
muvy — U / k2 o
< [P(v1)¢(v1) +m¥ (v2)E(02)] /o1 de

+ [m¥(v1)E (v2) +m¥ (v2)E(v1)] /01 m‘m'

Corollary 4. If ¢ (mvy, 1) = mvy — vy and h(n)
then Theorem 4 reduces to s-harmonic convex:

= Tlis’

muivy "2 P(k)E(k) di
mvy — V1 Ju; k2
< F)60) +mP ()¢ (v2)]

2s+1

(00§ (02) + m(v3)g () DEE DL,

r(2s+2)
Corollary 5. If ¢(mvy,v1) = mv, — v and
h(n) = n?(1 — )% then Theorem 4 reduces to

tgs-harmonic convex:

muvy "2 P(k)E (k)

5 dk
mvy — Uy Jy, k

I'(2p+1)I'(29+1)
I'(2p+29+3)
I'(q+p+1)['(q+p+1)
I'(2p+2q+3)

<[P (01)¢(vr) +m¥(02)¢ (v2)]

+ [P (v1)§(v2) +m¥ (02)¢ (01)]

Theorem 5. Let ¥, { : Iy C RT™ — R be (m,h)-harmonic
Godunova and Levin preinvex function, where m € [0, 1].

If':P,C eL [1)1,1)1 —|—¢(m1)271)1)], then

{vl(vl+¢(mvz7vl))r

¢ (mvy,v1)

V1

1
h (k— )
R V1 + ¢ (mva, v1)

y {‘P(vl)c (1> +E ()P (i)} dx

2
1)1(01 + ¢ (mvy,vy)
m’l)z,l)l

]
QARSI
< [ovton (1) +mecone (1)

<[P0 (v1) +m¥(v2)¢ (v2)] /01 de

Proof. Let ¥ and § be (m,h)-harmonic Godunova and
Levin preinvex functions, we have:

< vl(v1+¢(mv2,vl)) ) ‘P(D]) m‘f’(‘L)z)
v +(1=m)¢(mva,v1) ) ~ h(1—m)  h(n) ’
C< V1 (V1 + ¢ (mvy, V1)) >< C)) | mE(w)
v+ (1=m)¢(mvz,v1) ) ~ h(1—=m)  h(n)
It follows that
vy (V) +¢ (M, V1))
IP<Ulbr(l 77)¢('"202101)> 1 (16)
(v )_|_mlP(v2) -
h(1-m) h(m)
V1 (V149 (mvy,v1))
¢ (ot imns) _ -

Lo, mi(v)
h(i—m T h(m)

Multiplying the above equations (16) and (17), we get

V1 (V14 (mvy,01)) V1 (V14 (mvy,01))

¥ (Ul+(1 —n)p(muvy, Ul)) C<U|+(1*ﬂ)¢(mv2~,vl)> <1

P(v) _|_m‘P(Uz) C(M) _|_mC(Uz) -
h(1—n) h(n) n) " h(n)

(g ) o o)
I

(it b =
< [wi e (R ’"i(”i)]

e (Gt ) )

e () )

By simplifying equation (18), we have

¢(v1) V1 (V1 + ¢ (mvy, v1))

h(l—n)ql<vl+<1—n)¢(mvz,v1)>
mé(vz)lp( V1 (V1 + ¢ (ma, V1)) )
h(n) V1 + (1 =1)¢(mvy, 1)
':P(‘l)l) C( vl(vl—i—(p(mvz,vl)) )

h(1—n) > \vi+(1—n)¢(mv2, v1)
mlP(Dz) V1 (1)1 -+ ¢(m1)2, 1)1))

" h(n) C<vl+(1—n)¢(mvz,v1))

+

+

<Y (v)l(v1) 77— + [mP(v1){(v2)
+ ¥ (01)E (02) - m¥(02)E (V1) / o )h; jan [h(1 ni]
mn(t = P ()G (0)] s
(UlJrq)("wzaUl))/"‘“Z> 2,1} (k)C(k) - h(m)h( Tz o ;
¢ (mvy,v1) v k2 m v1 (V1 + ¢ (M2, vy
o (15) TThmpE [h(n +ly<vl+ mvz,vl)>
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%~ N SS l’)
1)1<1)1 +¢(m02,01))

<6 (Ul +(1=n)¢(mv2, 1)

Integrating over [0,1], we have

).

So, we have

f i (

1
1-n)

V1 (V1 + ¢ (mv2,01))
v+ (1—n)9(mv2, 1)

Jon

1)/1 1 ‘P( V1 (V1 +¢(mvy, v1)) )dn :/W 1
o h(I—mn) v+ (1 =) (mv2,01) o h(kfm)
| V1 (V1 + ¢ (mvy, 1)) ) 1 (v + ¢ (mvy, ;)
+mé (v / P d (L) (-p 2l otmov)
mé (v2) o h(n) <v1+(1—n)¢(mv2,1)1) n <k> ¢(mvz, vy) 1
v o v (V19 (mvz, 1)) = Wﬁ'ww”%%ﬁ)“
+ ‘U]) — g — 2,1 o h(k_W)
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1 1 X W (E) ¢ (vy)dx, (20)
+ [m¥ (v1)E(v2) + m¥ (02) (01 /mdn
n it follows that
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0 Ul+(1_n)¢(m027vl) 1)1(1)1+¢(m1)2,v1))]2
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Now consider
1 < rone () oo () s
/' 1 lP( ’l)](’l)]—‘r(P(mUz,’l)])) )d
o h(1—=1)" \vi+(1—=n)¢(mvs,01) e
put 1 1 1
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n o(mop,v) My i :
V1 (V1 + ¢ (m2,v1))

x[v1 (V] + ¢ (mv2,01))] = V1 + (1 — 1) (mv2, V1),
k[01(01+¢(m1)2,1)1))] v = (1—71)45('"02,”1%
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d ¢ (mvy, 1) =4i-m)
v (V1 +9(muy,01))
omon,op) T A
(Vi +9(mvy,vr))
¢ (mvy,vy) dr=dn.
if 1 =0, then
U +(1 —O)¢(m02,1)1) - L
 vi(v Fo(muy,v)) vy
if n = 1, then we have
. vl+(l—1)¢(mvz,vl) . 1

1)1(1)1 —|—¢(m1)2,1)1)) o V1 +¢(mb,1)1)'

This completes the proof.

Corollary 6.If ¢(mvy, V1) = mv, — vy, then Theorem 5
reduces to m-harmonic convex:

()
X/Wh<kf

mu; Uy

mvy — U

1 1

b mw) [W(vng(i) +C(vl)lll(i
( )Z/ﬁ h(%,‘k)
X m

W(0,)¢ G) (o) (ﬁ)] dk

/’””2 (k) (k)

k2

)=

mv; Uy
mvy — Vg

mu ;.
<M(vy,0,) + ——2

dk.
muv; — Uy 1

4 Conclusions and future remarks

The main contribution in this article is that we propose a
new definition which generalizes several well known
existing definitions under different settings further to
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show the distinct features of our new class, we provide an
interesting example that demonstrates that classical
convex mappings belong in our newly proposed class,
while converse is not true in general. As a result of this
new definition, we have developed a number of new
refinements and bounds for Hermite and Hadamard
inequality, its product and its symmetric forms, together
with a number of interesting remarks and corollaries
relating their results to other convex mappings, including
s-convex, tgs-convex, harmonic convex, etc. There are a
number of non-trivial examples provided to illustrate the
main results. We suggest that readers derive these results
by using a following new fractional integral which
defined as follows:

(VI?:PS) (s) = m ./: exp {‘Pq’ (V(s) —V(u))}

(va’_lPS)(s) = W /: exp {ly;l (V(u) —V(s))}
x (V(u) = (s)))* "V (w)S(u) du.

Moreover in this work, comparable inequalities may
be identified for employing an integration with regard to
Brownian motion, which is a highly fresh thought for
readers.

t
/0 HdB:I}g{}o Z

[tifl -,ti] €My

Ctifl (Bti _Btifl) :

where dB is Brownian motion.
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