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Abstract: In this paper, an efficient methodology is employed to solve nonlinear partial differential equations of non-integer
conformable order. This approach, which combines the popular Adomian decomposition method with the natural transform, can be
viewed as an analytic-approximate methodology. Some conformable order partial differential equations (CPDEs) that are related to
real-life phenomena such as Burgers equations and gas dynamics equation are solved using this method. Moreover, we discuss the
convergence of the analytic solution that results by our proposed methodology and give an upper bound of the expected error of
estimation. A nice advantage of this technique is that the exact solution is obtained in some examples. Moreover, computing the
absolute errors of approximations and comparing with other methods produces very small errors with small number of iterations which
indicates high accuracy. To demonstrate the effectiveness, simplicity, and correctness of our chosen method, analytical, numerical, and
graphic results are provided.
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1 Introduction

Because fractional calculus can be used to model
dynamic systems in fields like physics, engineering, and
finance, its study has attracted a lot of attention recently.
[1,2,3,4,5,6]. Due to the fact that fractional operators
have no unique definitions, we can find many approaches
such as Riemann-Liouville operators, Caputo derivative,
Grunwald-Letnikov derivative, and many other operators
[7,8,9,10]. One notable development in this area is the
introduction of the conformable fractional derivative,
which provides a more intuitive and straightforward
approach to fractional calculus. The concept of
conformable operators was first suggested by Khalil et al.
in 2014 [11]. It is defined as follows:
Definition 1.1. [11] Consider Ψ : [0,∞) → R, and
γ ∈ (0,1]. Then the conformable derivative (CD) of Ψ of
order γ for τ > 0 is

(C
τ T γ

0 Ψ
)
(τ) = lim

ε→0+

Ψ
(
τ + ετ1−γ

)
−Ψ(τ)

ε
. (1)

If C
τ T γ

0 Ψ exists over ( 0,a ), then Ψ is said to be
γ-conformable differentiable on ( 0,a ). If, additionally,
limτ→0+

(
C
τ T γ

0 Ψ
)
(τ) exists, then we define(

C
τ T γ

0 Ψ
)
(0) = limτ→0+

(
C
τ T γ

0 Ψ
)
(τ).

This definition was later modified by Abdeljawad [12]
as:
Definition 1.2. [12] The CD of Ψ : [a,∞) → R of order
γ ∈ (0,1] is defined by

(C
τ T γ

aΨ
)
(τ) = lim

ε→0+

Ψ
(
τ + ε(τ −a)1−γ

)
−Ψ(τ)

ε
. (2)

If C
τ T γ

aΨ exists over (a,b), then(
C
τ T γ

aΨ
)
(a) = limτ→a+

(
C
τ T γ

aΨ
)
(τ).
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A beautiful property of the γ- conformable differentiable
function is its relation with classical integer order
derivative which is:(C

τ T γ
a (Ψ)

)
(τ) = (τ −a)1−γ d

dτ
Ψ(τ). (3)

The definition of conformable derivative differs from other
well-known fractional definitions as it is based on the limit
definition of the classical derivative. So, it satisfies several
properties that make it suitable for applications, such as
the product rule, chain rule, and integration by parts. Some
of the nice properties of conformable derivative are in the
following theorem.
Theorem 1.1. [11] Let γ ∈ (0,1),ψ,P be γ-differentiable
functions at t > 0, and a,b, are real constants, then

1. C
τ T γ

0 (aψ +bP) = aC
τ T γ

0 (ψ)+bC
τ T γ

0 (P)

2. C
τ T γ

0 (τn) = nτn−γ , ∀n ∈ R

3. C
τ T γ

0 (ψ) = 0, for all constant functions ψ(τ) = λ

4. C
τ T γ

0 (ψP) = ψ C
τ T γ

0 (P)+P(τ)C
τ T γ

0 (ψ)

5. C
τ T γ

0

(
ψ

P

)
=

P(τ)C
τ T γ

0 (ψ)−ψ C
τ T γ

0 (P)
P2(τ)

.

As a result, it has been used in various applications that
are related to the study of fractional differential equations
(FDEs). For instance, Abdeljawad explored its properties
and its applications in solving FDEs [12], Segi Rahmat
introduced a new definition of conformable fractional
derivative on arbitrary time scales and investigated its
properties [13], and three-dimensional conformable order
Lotka-Volterra system that models population dynamics
was studied in [14,15]. Various studies and applications
of the CD can be found in [16,17,18,19,20].
On the other hand, most of the FDEs that result from
modeling dynamic systems have no exact solutions and
finding approximate solutions is still not an easy task.
Hence, many mathematicians devoted their research on
modifying analytical and numerical techniques to fit
FDEs [21]. One of the promising methods in this domain
is the natural decomposition method (NDM), which
facilitates finding the analytical solution of FDEs
especially nonlinear partial differential equations (PDEs)
[22,23,24]. This methodology is a combination between
the well-known Adomian decomposition method (ADM)
and the natural transform. The ADM is popular for its
precision and effectiveness in handling nonlinear
problems without requiring perturbation or linearization,
making it a valuable tool in the analysis of complex
systems. For more details about the ADM, its origin and
advantages. Reader can refer to [25,26].
Moreover, the natural transform is one of several integral
transforms such as Laplace, Sumudu, and Mellin
transforms [27,28,29]. It was suggested by Khan in 2008
[29] and was first employed to solve fluid flow problem

and Maxwell’s equations [29,30]. Recently, this
transform was generalized to double natural transform to
be used to solve telegraphs, wave and partial
integro-differential equations [27].
In this work, we extend the classical NDM to solve
various conformable-order PDEs (CPDEs), so we call the
method conformable natural decomposition method
(CNDM). This method enhances the classical
decomposition techniques by incorporating conformable
fractional derivatives, which provide a more intuitive
framework for analyzing dynamic systems. We explore
the application of the CNDM to get solutions of nonlinear
responsive gas dynamics equations [31], the KdV-Burgers
equation [32], a modified nonlinear Burgers equation
[33], and Schrödinger equation [37]. These equations are
pivotal in understanding various physical processes,
including fluid dynamics and wave propagation. The
KdV-Burgers equation, for instance, models the evolution
of waves in shallow water and incorporates effects of
viscosity. Through the CNDM, the problem is
decomposed into simpler components, and then an
approximate, or may be exact, solutions can be obtained.
This paper consists out of four sections including the
introduction. Section 2 presents the basics of the
conformable natural transform. In Section 3, we introduce
the methodology of the CNDM then we summarize its
main steps in an organized algorithm in the same section.
Numerical Applications are presented in Section 4 in
which we apply our technique to solve three CPDE’s that
play vital roles in real life models. Finally, the paper ends
with the conclusion section.

2 Basics of Conformable Natural Transform

In this Section, we present the definition of the
conformable natural transform (CNT), some of its
properties, and its relation with conformable Laplace
transform (CLT) which plays a central role in the CNDM.
However, these definitions require the following set of
functions [34]:

A =

{
ψ(τ) : ∃M, ε1, ε2 > 0 with |ψ(τ)|< Me

|τ|
ε j if

τ ∈ (−1) j ∗ [0,∞), j ∈ {1,2}
}
.

Before of introducing the main concepts of CNT, we give
a quick review for the classical natural transform.
In fact, the natural transform N [ψ(τ)] of the function
ψ(τ) for τ ∈ R is defined in [29,30,34] as:

N [ψ(τ)]=Ψ(s,u)=
∫

∞

−∞

e−sτ
ψ(uτ)dτ, s,u∈ (−∞,∞).

(4)
If we restrict s,u ∈ (0,∞), then its notation will be
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N +[ψ(τ)]=Ψ
+(s,u)=

∫
∞

0
e−sτ

ψ(uτ)dτ, s,u∈ (0,∞).

(5)
To notice the relation between this transform and

some well-known integral transform, we recall the
definitions of Laplace and Sumudu transforms that are
respectively defined as:

L [ψ(τ)] =
∫

∞

0
e−sτ

ψ(τ)dτ (6)

and
S[ψ(τ)] =

∫
∞

0
e−τ

ψ(uτ)dτ. (7)

Note that when s = 1 in Eq (5), it becomes the Sumudu
transform that is given in Eq (7), while when u = 1, then
Eq (5) reduced to the Laplace transform in Eq (6).

Many useful characteristics of the natural transforms
can be found in [34]. We are interested about the linear
property which can be stated as follows.

Let ψ(τ) and β (τ) be in the set A and a,b be constants.
Then

N +[aψ(τ)±bβ (τ)] = aN +[ψ(τ)]±bN +[β (τ)].

Now, we introduce the main concepts that are related
to the CNDM.
Definition 2.1. [12] The conformable Laplace transform
(CLT) for a function ψ : [0,∞)→ R at τ > 0 is defined
by

Lα [ψ(τ)] =Ψα(s) =
∫

∞

0
e
−sτα

α ψ(τ)τα−1dτ,0 < α ≤ 1.

(8)
Obviously, when α = 1, Eq. (8) is reduced to the

well-known Laplace transform.
A useful relationship between CLT Ψα(s) = Lα [ψ(τ)]
and the classical Laplace transform Ψ(s) = L [ψ(τ)] is as
follows [12]:

Ψα(s) = L
[
ψ(ατ)

1
α

]
. (9)

Some of the important rules in solving FDE using
CLT are the following [13,35].

(i) Lα

(
C
τ T α

0 ψ(τ)
)
= sΨα(s)−ψ(0),

(ii) Lα

(
C
τ Iα

0 ψ(τ)
)
= Ψα (s)

s , s > 0,

where C
τ Iα

0 is the conformable integral operator of order
α that is defined for ψ : [0,∞)→ R by the formula(C

τ Iα
0 ψ
)
(τ) =

∫
τ

0
ζ

α−1
ψ(ζ )dζ .

Definition 2.2. [36] Let ψ(τ) ∈ A,0 < α ≤ 1, then the
CNT is defined by

C
τ N +

α {ψ(τ)}= 1
u

∫
∞

0
e
−sτα

uα ψ(τ)τα−1 dτ, u > 0,s > 0

provided the integral exists.

Some of the most useful properties related to the CNT
are listed in the following theorem.
Theorem 2.1. [36] Let ψ : [0,∞) → R such that
C
τ N +

α {ψ(τ)} = ΨNα
(s,u) is the CNT and

Ψα(s) = Lα(ψ(τ)) is the CLT, and 0 ≤ α ≤ 1. Then

a. ΨNα
(s,u) = N +

{
ψ(ατ)

1
τ

}
,

b. C
τ N +

α {ψ(τ)}= 1
uΨα

( s
u

)
,

c. C
τ N +

α

{
C
τ T α

0 ψ(τ)
}
= s

uΨNα
(s,u)− ψ(0)

u ,

d. If ψ(n)(τ) exists for n ∈ N and 0 < α < 1, then

C
τ N +

α

{C
τ T nα

0 ψ(τ)
}
=

sn

unΨNα
(s,u)− sn−1

un ψ(0).

e. For α ∈ (n−1,n] with n ∈ N, we have

C
τ N +

α

{C
τ T α

0 ψ(τ)
}
=

sα

uα
ΨNα

(s,u)

−
n−1

∑
k=0

sα−(k+1)

uα−k

(
C
τ T k−1

0 ψ

)
(0).

The CNT for basic functions are collected in the
following theorem.

Theorem 2.2. [36] Let a,c ∈ R and 0 < α ≤ 1. Then

1. C
τ N +

α {1}= uα

sα+1 ,

2. C
τ N +

α

{
τα

α

}
=

uα+1

sα+2 ,

3. C
τ N +

α

{
τn−1

(n−1)!

}
=

uα+n−1

sα+2 , n = 0,1,2, . . .,

4. C
τ N +

α

{
τn−1

Γ (n)

}
=

uα+n−1

sα+2 , n < 0, n /∈ Z,

5. C
τ N +

α

{
e

aτα

α

}
=

uα

sα(s−au)
,
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6. C
τ N +

α

{
sin
(

a τα

α

)}
=

au
s2 +a2u2 , s > 0,

7. C
τ N +

α

{
cos
(

a τα

α

)}
=

s
s2 +a2u2 , s > 0,

8. C
τ N +

α

{
sinh

(
a τα

α

)}
=

au
s2 −a2u2 , s > |au|,

9. C
τ N +

α

{
cosh

(
a τα

α

)}
=

s
s2 −a2u2 , s > |au|.

3 Description of the CNDM for Solving
CPDE’s

In this section, we present the basic idea of the CNDM
which is a combination of CNT and the well-known
Adomian decomposition method. We describe it for
solving nonlinear CPDE’s in which the simplicity of the
CNDM will be clear since all nonlinear terms are easily
to be handled with the Adomian polynomials.

Consider the general nonlinear nonhomogeneous
CPDE of the form:

C
τ T α

0 ψ(ξ ,τ)+K(ξ ,τ,ψ)+M(ξ ,τ,ψ) = Z(ξ ,τ),
0 < α ≤ 1, (ξ ,τ) ∈ [a,b]× [0,T )

(10)

subject to initial condition (IC):

ψ(ξ ,0) = g(ξ ), (11)

where K is a linear differential operator, M represents the
general nonlinear differential operator, and Z(ξ ,τ) is the
source term.
To apply the CNDM, we first take the CNT to both sides
of Eq (10), so we get

C
τ N +

α

{C
t T α

0 ψ(ξ ,τ)
}
+C

τ N +
α {K(ξ ,τ,ψ(ξ ,τ))}

+C
τ N +

α {M(ξ ,τ,ψ(ξ ,τ))}
= C

τ N +
α {Z(ξ ,τ)} .

(12)

Applying the basic rules of the CNT, we get

s
u

ΨNα
(ξ ,s,u)− ψ(ξ ,0)

u
+C

τ N +
α {K(ξ ,τ,ψ(ξ ,τ))}

+C
τ N +

α {M(ξ ,τ,ψ(ξ ,τ))}
= C

τ N +
α {Z(ξ ,τ)} .

(13)
Using the IC in Eq (11) and rearranging the terms of Eq
(13), we obtain

ΨNα
(ξ ,s,u) =

g(ξ )
s

− u
s

{C
τ N +

α {K(ξ ,τ,ψ(ξ ,τ))}
}

− u
s

{C
τ N +

α {M(ξ ,τ,ψ(ξ ,τ))}
}

+
u
s

{C
τ N +

α {Z(ξ ,τ)}
}
.

Now, we take the inverse conformable natural transform
(ICNT), C

τ N −1
α , so we have

ψ(ξ ,τ) = H(ξ ,τ)−C
τ N −1

α

{u
s

C
τ N +

α {K(ξ ,τ,ψ)}
}

−C
τ N −1

α

{u
s

C
τ N +

α {M(ξ ,τ,ψ)}
}
,

(14)

where H(ξ ,τ) = C
τ N −1

α

{
g(ξ )

s + u
s

{
C
τ N +

α {Z(ξ ,τ)
}}

.

The idea of the CNDM is based on replacing the unknown
function ψ(ξ ,τ) in the linear term by the infinite series

ψ(ξ ,τ) =
∞

∑
k=0

wk(ξ ,τ) (15)

and the nonlinear term by a series of the Adomian
polynomials. That is

M(ξ ,τ,ψ(ξ ,τ)) =
∞

∑
k=0

Ak, (16)

where the Ak are polynomials of w0,w1,w2,w3, . . . ,wk
and can be calculated by the successive relations:

Ak =
1
k!

dk

dηk M

(
k

∑
ı=0

η
ıwı

)∣∣∣∣∣
η=0

;k = 0,1,2, . . . . (17)

Applying the general formula in Eq. (17), Ak can be
further simplified as follows:

A0 = M (w0) ,

A1 = w1M′ (w0) ,

A2 = w2M′ (w0)+
1
2!

w2
1M′′ (w0) ,

A3 = w3M′ (w0)+w1w2M′′ (w0)+
1
3!

w3
1M′′′ (w0) ,

...

Now, we substitute Eq. (15) and Eq. (16), into Eq. (14), to
get:

∞

∑
k=0

wk(ξ ,τ) = H(ξ ,τ)

−C
τ N −1

α

{
u
s

C
τ N +

α

{
M

(
ξ ,τ,

∞

∑
k=0

wk(ξ ,τ)

)

+
∞

∑
k=0

Ak

}}
(18)

which produces the recurrence relations:
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w0(ξ ,τ) = H(ξ ,τ),

wk+1(ξ ,τ) =−C
τ N −1

α

{u
s

C
τ N +

α {M (ξ ,τ,wk(ξ ,τ))

+Ak}} , for k = 0,1,2, . . .
(19)

Hence, from the general recursive relation in Eq. (19),
we can easily compute the remaining components of
ψ(ξ ,τ) in Eq. (15) as w1(ξ ,τ),w2(ξ ,τ), . . ..

Computing finite number of components leads to the
approximate solution which can be considered as the Nth

truncated series as follows

ψN(ξ ,τ) =
N

∑
k=0

wk(ξ ,τ). (20)

Surely, the large number of iterations, N, leads to more
accuracy. In fact, under some assumptions, it can be shown
that

lim
N→∞

ψN(ξ ,τ) = ψ(ξ ,τ). (21)

This idea which is related to the convergence and the
error of approximation is discussed through the following
theorems.

Theorem 3.1. Assume W is a Banach space and
∥w0(ξ ,T )∥ < M over [a, b]× [0,T ] for some constant M.
Then the series ∑

∞
k=0 wk(ξ ,τ) in Eq. (15) converges in W

if ∃β ∈ [0,1) with ∥wk(ξ ,τ)∥⩽ β ∥wk−1(ξ ,τ)∥ ,∀k ∈ N.

Proof: First, define the jth partial sum of Eq. (15), as
σ j = ∑

j
k=0 wk(ξ ,τ).

We proceed by proving that
{

σ j
}∞

j=0 is Cauchy sequence
in the Banach space W . To do so, notice that

∥∥σ j+1 −σ j
∥∥= ∥∥∥∥∥ j+1

∑
k=0

wk(ξ ,τ)−
j

∑
k=0

wk(ξ ,τ)

∥∥∥∥∥
=
∥∥w j+1(ξ ,τ)

∥∥
⩽ β

∥∥w j(ξ ,τ)
∥∥ from the assumption.

Consequently,

∥∥σ j+1 −σ j
∥∥≤ β

∥∥w j(ξ ,τ)
∥∥

≤ β
2∥∥w j−1(ξ ,τ)

∥∥
...

≤ β
j+1 ∥w0(ξ ,τ)∥ .

(22)

Now, for any j, i ∈ N with j ⩾ i, we have:∥∥σ j −σi
∥∥= ∥

(
σ j −σ j−1

)
+
(
σ j−1 −σ j−2

)
+ · · ·

+(σi+1 −σi)∥
⩽
∥∥σ j −σ j−1

∥∥+∥∥σ j−1 −σ j−2
∥∥+ · · ·

+∥σi+2 −σi+1∥+∥σi+1 −σi∥
⩽ β

j ∥w0(ξ ,τ)∥+β
j−1 ∥w0(ξ ,τ)∥+ · · ·

+β
i+2 ∥w0(ξ ,τ)∥+β

i+1 ∥w0(ξ ,τ)∥

=
β i+1

(
1−β j−1−i

)
1−β

∥w0(ξ ,τ)∥

⩽
β i+1

1−β
∥w0(ξ ,τ)∥ since β ∈ (0,1)

<
β i+1

1−β
·M by assumption.

This implies that limi, j→∞

∥∥σ j −σi
∥∥ = 0. That is,{

σ j
}∞

j=0 is Cauchy sequence. As a result, the series
∑

∞
k=0 wk(ξ ,τ) in equation (15) must converge in the

Banach space W, which completes the proof.

Theorem 3.2. If EN(ξ ,τ) denotes the error of
approximating ψ(ξ ,τ) in Eq. (15) by ψN(ξ ,τ) in Eq(20),
i.e.,

EN(ξ ,τ) = ∥ψ(ξ ,τ)−ψN(ξ ,τ)∥ ,
then under the assumptions of Theorem 3.1, the upper

bound of EN(ξ ,τ) is

β N+1

1−β
∥w0(ξ ,τ)∥ , (ξ ,τ) ∈ [a, b]× [0,T ]. (23)

Proof: Using Eq (22), we have for any N,N∗ ∈N with
N∗ ⩾ N:

∥σN∗ −σN∥=

∥∥∥∥∥ N∗

∑
k=0

wk(ξ ,τ)−
N

∑
k=0

wk(ξ ,τ)

∥∥∥∥∥
⩽

β N+1

1−β
∥w0(ξ ,τ)∥ .

(24)

But σN converges to ψ(ξ ,τ) by Theorem 3.1. So, as
N∗ → ∞, we may rewrite Eq (24) as

∥∥∥∥∥ψ(ξ ,τ)−
N

∑
k=0

wk(ξ ,τ)

∥∥∥∥∥⩽ β N+1

1−β
∥w0(ξ ,τ)∥ .

Equivalently,

EN(ξ ,τ)⩽
β N+1

1−β
∥w0(ξ ,τ)∥ ,

which completes the proof.
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Now, we summarize the proposed CNDM to solve a
given nonlinear CPDEs in the following algorithm.
Algorithm 3.1. To apply the CNDM to solve nonlinear
CPDEs in Eq (10) with IC as in Eq (11), we follow the
steps:

Step (i) Separate the right-hand side of the CPDE into
linear and nonlinear functions.

Step (ii) Take the CNT to both sides of the equation
and use the IC.

Step (iii) Make suitable manipulations and take the
ICNT of both sides of the CPDE.

Step (iv) Replace the unknown function ψ(ξ ,τ) in
the linear terms with the infinite series
ψ(ξ ,τ) = ∑

∞
k=0 wk(ξ ,τ).

Step (v) Replace the nonlinear term with the series of
Adomian polynomials in Eq. (16) and calculate them
using Eq. (17).

Step (vi) Get a suitable recurrence relation and apply
it to get the terms of the approximate solution
ψN(ξ ,τ) = ∑

N
k=0 wk(ξ ,τ). Choose N to achieve the

desired accuracy.

4 Applications of CNDM for Solving
Real-Life Models

In this section, we apply our adopted technique to deal
with modified forms of some well-known dynamic
systems. These models are the gas dynamics equation,
Burgers equations, and Schrödinger equation. For each
model, we carry out the CNT methodology then present
some numerical and graphical results including
comparison with other methods. Fortunately, the CNDM
leads to the exact solution in most of our examples unlike
other methods.

4.1 Homogeneous gas dynamics equation

Assuming no external forces or source terms are present,
the conservation of mass, momentum, and energy in a
compressible gas is governed by a system of PDEs known
as the homogeneous gas dynamics equations (HGDE’s).
Often called the Euler equations, they offer an idealized
mathematical framework for explaining fluid motion [31].
A numerical example of the HGDE’s is as follows.
Example 4.1 Consider the nonlinear conformable HGDE

C
τ T α

0 ψ(ξ ,τ)+ 1
2

d
dξ

ψ
2(ξ ,τ)−ψ(ξ ,τ)

(
1−ψ(ξ ,τ)

)
= 0,

0 < α ≤ 1
(25)

with IC:
ψ(ξ ,0) = e−ξ . (26)

Its exact solution is found to be

ψ(ξ ,τ) = e−ξ+ τα

α . (27)

In order to obtain analytic-approximate solution for
arbitrary α ∈ (0,1], we apply the CNDM as follows.

We first take the CNT both sides in Eq (25), so we get

C
τ N +

α

[C
τ T α

0 ψ(ξ ,τ)
]
+C

τ N +
α

{
1
2

d
dξ

ψ
2(ξ ,τ)

}
−C

τ N +
α

{
ψ(ξ ,τ)

(
1−ψ(ξ ,τ)

)}
= 0

which gives

s
u

ΨNα
(ξ ,s,u)− ψ(ξ ,0)

u
+C

τ N +
α

{
1
2

d
dξ

ψ
2(ξ ,τ)

}
−C

τ N +
α {ψ(ξ ,τ)}+C

τ N +
α {ψ

2(ξ ,τ)}= 0
(28)

where ΨNα
(ξ ,s,u) = C

τ N +
α {ψ(ξ ,τ)}.

Using the IC in (26) and rearranging the terms of (28), we
obtain

ΨNα
(ξ ,s,u) =

e−ξ

s
− u

s
C
τ N +

α

{
1
2

d
dξ

ψ
2(ξ ,τ)+ψ

2(ξ ,τ)
}

+
u
s

C
τ N +

α {ψ(ξ ,τ)}.

Now, we take the ICNT, so we get

ψ(ξ ,τ) = e−ξ

−C
τ N −1

α

{
u
s

C
τ N +

α { 1
2

d
dξ

ψ
2(ξ ,τ)+ψ

2(ξ ,τ)}

}

+C
τ N −1

α

{
u
s

C
τ N +

α {ψ(ξ ,τ)}

}
.

(29)
The CNDM presents the solution of system Eq (25) in

the form of infinite series as

ψ(ξ ,τ) =
∞

∑
k=0

wk(ξ ,τ)

while it expresses the nonlinear terms
d

dξ
ψ2(ξ ,τ),ψ2(ξ ,τ) in term of Adomian polynomials as

follows:

d
dξ

ψ
2(ξ ,τ) =

∞

∑
k=0

Ak(ξ ,τ),

Ak =
1
k!

dk

dηk
d

dξ

(
k

∑
δ=0

η
δ wδ

)2

, k = 0,1,2, . . .
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and

ψ
2(ξ ,τ) =

∞

∑
k=0

Bk(ξ ,τ),

Bk =
1
k!

dk

dηk

(
k

∑
δ=0

η
δ wδ

)2

, k = 0,1,2, . . .

The first some Adomian polynomials are:

A0 = w2
0

A1 = 2w0w1

A2 = 2w0w2 +w2
1

A3 = 2w0w2 +2w1w2

B0 = w2
0ξ

B1 = 2w0ξ w1ξ

B2 = 2w0ξ w2ξ +w2
1ξ

B3 = 2w0ξ w2ξ +2w1ξ w2ξ

Substituting into Eq (29) implies:

∞

∑
k=0

wk(ξ ,τ) = e−ξ

+C
τ N −1

α

{
−u

s
C
τ N +

α

{
1
2

∞

∑
k=0

Ak(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

wk(ξ ,τ)

}}

−C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Bk(ξ ,τ)

}}

which produces the recurrence relations:

w0(ξ ,τ) = e−ξ

wk+1(ξ ,τ) =−C
τ N −1

α

{
u
s

C
τ N +

α {1
2
Ak(ξ ,τ)}

}
+C

τ N −1
α

{u
s

C
τ N +

α {wk(ξ ,τ)}
}

−C
τ N −1

α

{u
s

C
τ N +

α {Bk(ξ ,τ)}
}
.

Hence, for k = 0,

w1(ξ ,τ) = −C
τ N −1

α

{
u
s

C
τ N +

α

{
1
2
A0(ξ ,τ)

}}
+C

τ N −1
α

{u
s

C
τ N +

α {w0(ξ ,τ)}
}

−C
τ N −1

α

{u
s

C
τ N +

α {B0(ξ ,τ)}
}

= C
τ N −1

α

{u
s

C
τ N +

α

{
e−2ξ + e−ξ − e−2ξ

}}
= C

τ N −1
α

{u
s

C
τ N +

α

{
e−ξ

}}
=

e−ξ τα

α
.

Similarly, for k = 1,

w2(ξ ,τ) =
C
τ N −1

α

{
u
s

C
τ N +

α

{
−1

2
A1(ξ ,τ)

}}
+C

τ N −1
α

{u
s

C
τ N +

α {w1(ξ ,τ)}
}

−C
τ N −1

α

{u
s

C
τ N +

α {B1(ξ ,τ)}
}

= C
τ N −1

α

{u
s

C
τ N +

α

{
2τe−2ξ + τe−ξ −2τe−2ξ

}}
= C

τ N −1
α

{u
s

C
τ N +

α

{
τe−ξ

}}
=

e−ξ τ2α

2α
.

Repeating this process for k = 2,3,4 produces:

w3(ξ ,τ) =
e−ξ τ3α

6α3 ,

w4(ξ ,τ) =
e−ξ τ4α

24α4 ,

w5(ξ ,τ) =
e−ξ τ5α

120α5 .

In fact, the fifth approximate solution of Eq (25) can
be taken as the fifth truncated series as

ψ5(ξ ,τ) =
5

∑
k=0

wk(τ) = e−ξ +
e−ξ τα

α
+

e−ξ τ2α

2α2 +
e−ξ τ3α

6α3

+
e−ξ τ4α

24α4 +
e−ξ τ5α

120α5 .

To achieve high accuracy, we repeat the process using
the Mathematica software for more iterations. We carry
out the CNDM for 20th iterations and get
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ψ20(ξ ,τ) = e−ξ

(
1+

τα

α
+

τ2α

2α2 +
τ3α

6α3 +
τ4α

24α4 +
τ5α

120α5 +

τ6α

720α6 +
τ7α

5040α7 +
τ8α

40320α8 +
τ9α

362880α9 +

τ10α

3628800α10 +
τ11α

39916800α11 +
τ12α

479001600α12 +

τ13α

6227020800α13 +
τ14α

87178291200α14 +

τ15α

1307674368000α15 +
τ16α

20922789888000α16 +

τ17α

355687428096000α17 +
τ18α

6402373705728000α18 +

τ19α

121645100408832000α19 +
τ20α

2432902008176640000α20

)
.

In order to notice the efficiency of the proposed
technique in solving nonlinear HGDE’s, we use
Mathematica 13 to get some tabulated and graphical
results for α ∈ {1,0.95,0.85,0.75,0.65} over the domain
τ ∈ [0,5]. Moreover, the accuracy of CNTDM is revealed
through Table 1 which shows small absolute errors for
different values of the conformable orders. The effect of
conformable derivative to the solution of nonlinear
HGDE is obvious in Figure 1.

Fig. 1: Comparison between the exact solution (Dotted)
and the 20th approximate solutions (solid) for the HGDE
in Example 4.1.

.

Table 1: Absolute errors |ψ20(1,τ)−ψ(1,τ)| of
approximation for Example 4.1

.
τ α = 1 α = 0.95 α = 0.85 α = 0.75 α = 0.65

0.0 0. 0. 0. 0. 0.
0.5 0. 0. 1.1×10−16 2.2×10−16 0.
1.0 0. 0. 0. 0. 0.
1.5 2.2×10−16 4.4×10−16 2.2×10−16 1.8×10−15 1.6×10−14

2.0 1.7×10−14 2.4×10−14 5.7×10−14 1.9×10−13 8.8×10−13

2.5 1.8×10−12 2.1×10−12 3.1×10−12 6.4×10−12 1.9×10−11

3.0 8.7×10−11 8.1×10−11 8.3×10−11 1.1×10−10 2.3×10−10

3.5 2.3×10−9 1.8×10−9 1.3×10−9 1.3×10−9 1.9×10−9

4.0 3.9×10−8 2.6×10−8 1.5×10−8 1.1×10−8 1.2×10−8

4.5 4.7×10−7 2.8×10−7 1.2×10−7 7.2×10−8 6.2×10−8

5.0 4.4×10−6 2.4×10−7 8.3×10−7 3.9×10−7 2.6×10−7

On the other hand, it can be easily noticed that the 20th

approximate solution can be rewritten as

ψ20(ξ ,τ) = e−ξ

(
1+

τα

α
+

(
τα

α

)2

2!
+

(
τα

α

)3

3!
+

(
τα

α

)4

4!
+

(
τα

α

)5

5!

+

(
τα

α

)6

6!
+

(
τα

α

)7

7!
+

(
τα

α

)8

8!
+

(
τα

α

)9

9!
+

(
τα

α

)10

10!

+

(
τα

α

)11

11!
+

(
τα

α

)12

12!
+

(
τα

α

)13

13!
+

(
τα

α

)14

14!
+

(
τα

α

)15

15!

+

(
τα

α

)16

16!
+

(
τα

α

)17

17!
+

(
τα

α

)18

18!
+

(
τα

α

)19

19!
+

(
τα

α

)20

20!

)

= e−ξ
20

∑
k=0

(
τα

α

)k

k!
.

So, we have

ψ(ξ ,τ) = lim
n→∞

ψn(ξ ,τ) = e−ξ
∞

∑
k=0

(
τα

α

)k

k!
= e−ξ+ τα

α ,

which is identical to the exact solution in Eq (27).

4.2 KdV-Burgers equation

Another real-life application of CPDEs is the
Korteweg-de Vries (KdV) Burgers equation which
derived by Su and Gardner [31]. It is applicable to fluid
dynamics, plasma physics, and other domains because it
describes situations in which nonlinearity, dispersion, and
dissipation coexist. In this subsection, we consider the
conformable KdV equation (CKdVE) as given in [32].
Example 4.2. Consider the following CKdVE:

C
τ T α

0 ψ(ξ ,τ)+ εψ(ξ ,τ)
d

dξ
ψ(ξ ,τ)− r

d2

dξ 2 ψ(ξ ,τ)

+µ
d3

dξ 3 ψ(ξ ,τ) = 0, 0 < α ≤ 1 (30)
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with IC:
ψ(ξ ,0) =−2sech2(ξ ). (31)

In order to solve the CKdVE in (30) and (31), we start by
taking the CNT to both sides in (30) as follows:

C
τ N +

α

{C
τ T α

0 ψ(ξ ,τ)
}
+C

τ N +
α

{
εψ(ξ ,τ)

d
dξ

ψ(ξ ,τ)

}
−C

τ N +
α

{
r

d2

dξ 2 ψ(ξ ,τ)

}
+C

τ N +
α

{
µ

d3

dξ 3 ψ(ξ ,τ)

}
= 0.

Which gives

sΨα(ξ ,s,u)
u

− ψ(ξ ,0)
u

+C
τ N +

α

{
ε ψ(ξ ,τ)

d
dξ

ψ(ξ ,τ)

}
−C

τ N +
α

{
r

d2

dξ 2 ψ(ξ ,τ)

}
+C

τ N +
α

{
µ

d3

dξ 3 ψ(ξ ,τ)

}
= 0 (32)

where Ψα(ξ ,s,u) = C
τ N +

α {ψ(ξ ,τ)}.
Using the initial conditions in Eq (31) and rearranging the
terms of Eq (32), we obtain

Ψ(ξ ,s,u) =
−2sech2(ξ )

s

+
u
s

C
τ N +

α

{
−ε ψ(ξ ,τ)

d
dξ

ψ(ξ ,τ)

}

+
u
s

C
τ N +

α

{
r

d2

dξ 2 ψ(ξ ,τ)

}

+
u
s

C
τ N +

α

{
µ

d3

dξ 3 ψ(ξ ,τ)

}
.

Now, we take the ICNT, so we have

ψ(ξ ,τ) =−2sech2(ξ )

+C
τ N −1

α

{
u
s

N +
α

{
−ε ψ(ξ ,τ)

d
dξ

ψ(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
r

d2

dξ 2 ψ(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
µ

d3

dξ 3 ψ(ξ ,τ)

}}
.

(33)

The CNDM presents the solution of Eq (30) and Eq
(31) in the form of infinite series as

ψ(ξ ,τ) =
∞

∑
k=0

wk(ξ ,τ) (34)

while it expresses the nonlinear term
ψ(ξ ,τ) d

dξ
ψ(ξ ,τ) in term of Adomian polynomials as

follows:

ψ(ξ ,τ)
d

dξ
ψ(ξ ,τ) =

∞

∑
k=0

Ak(ξ ,τ),

Ak =
1
k!

dk

dηk

[( k

∑
l=0

η
lwl

)
d

dξ

(
k

∑
l=0

η
lwl

)]
η=0

,

k = 0,1,2, . . . .

Hence, the first few Adomian polynomials can be
obtain from the formulas:

A0 = w0w0ξ ,

A1 = w0ξ w1 +w0w1ξ ,

A2 = w0ξ w2 +w1w1ξ +w2ξ w0,

A3 = w0ξ w3 +w2w1ξ +w2ξ w1 +w3ξ w0,

...

Substituting into Eq (33) implies:

∞

∑
k=0

wk(ξ ,τ) = −2sech2(ξ )

+C
τ N −1

α

{
u
s

C
τ N +

α

{
−ε

∞

∑
k=0

Ak(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

{
r

d2

dξ 2 wk(ξ ,τ)

−µ
d3

dξ 3 wk(ξ ,τ)

}}}

which produces the recurrence relations:

w0(ξ ,τ) =−2sech2(ξ ) = g0(ξ )

wk+1(ξ ,τ) =
C
τ N −1

α

{u
s

C
τ N +

α {−εAk(ξ ,τ)}
}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
r

d2

dξ 2 wk(ξ ,τ)

−µ
d3

dξ 3 wk(ξ ,τ)

}}
.
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Hence, for k = 0, A0(ξ ,τ) =−8sech4
ξ tanhξ = b0(ξ ),

w1(ξ ,τ) =
C
τ N −1

α

{u
s

C
τ N +

α {−εb0(ξ )}
}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
r

d2

dξ 2 g0(ξ )−µ
d3

dξ 3 g0(ξ )

}}
= C

τ N −1
α

{u
s

C
τ N +

α

{
−εb0(ξ )+ rg′′0(ξ )−µg′′′0 (ξ )

}}
= C

τ N −1
α

{ u
s2

{
−εb0(ξ )+ rg′′0(ξ )−µg′′′0 (ξ )

}}

=
τα

Γ (α +1)
{
−εb0(ξ )+ rg′′0(ξ )−µg′′′0 (ξ )

}
=

τα

Γ (α +1)
g1(ξ ),

where

g1(ξ ) = −2sech5(ξ )
(
−3r cosh(ξ )+ r cosh(3ξ )

−4sinh(ξ )(−µ cosh(2ξ )+5µ + ε)
)
.

To compute w2(ξ ,τ), let k = 1 and proceed as follows:

A1(ξ ,τ) =
−tα

α
b1(ξ ),

where

b1(ξ ) = 8sech8(ξ )
(

44µ +2µ cosh(4ξ )−7vsinh(2ξ )

+ vsinh(4ξ )−2cosh(2ξ )(19µ +3ε)+8ε

)

w2(ξ ,τ) =
C
τ N −1

α

{
u
s

C
τ N +

α

{
ετα

Γ (α +1)
b1(ξ )

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
τα

Γ (α +1)

{
r

d2g1

dξ 2 (ξ )

−µ
d3g1

dξ 3 (ξ )

}}}

= C
τ N −1

α

{
u2

s3

{
εb1(ξ )+ r

d2g1

dξ 2 −µ
d3g1

dξ 3

}}

=
τ2α

Γ (2α +1)

(
εb1(ξ )+ r

d2g1

dξ 2 −µ
d3g1

dξ 3

)
.

So, w2(ξ ,τ) = τ2α

Γ (2α+1) g2(ξ ), where

g2(ξ ) = εb1(ξ )+ r d2g1
dξ 2 −µ

d3g1
dξ 3 .

Using Mathematica software, we compute
wk(ξ ,τ),k = 1,2, . . . ,10 in order to get the tenth
approximate solution Eq (30) as the truncated series

ψ10(ξ ,τ) = ∑
10
k=0 wk(ξ ,τ). However, for

r = 0,ε = −6,µ = 1, the exact solution is
ψ(ξ ,τ) =−2sech2

(
ξ − 4τα

α

)
, and the 10th approximate

solution is

ψ10(ξ ,τ) =− 1
120α5 sech7(ξ )

(
15α

5 cosh(5ξ )+240α
4
τ

α sinh(ξ )

+360α
4
τ

α sinh(3ξ )+120α
4
τ

α sinh(5ξ )

+480α
3
τ

2α cosh(5ξ )−12800α
2
τ

3α sinh(ξ )

−11520α
2
τ

3α sinh(3ξ )+1280α
2
τ

3α sinh(5ξ )

+10α
(
15α

4 −384α
2
τ

2α +10240τ
4α
)

cosh(ξ )

+5α
(
15α

4 −96α
2
τ

2α −12800τ
4α
)

cosh(3ξ )

+1236992τ
5α sinh(ξ )−233472τ

5α sinh(3ξ )

+4096τ
5α sinh(5ξ )+2560ατ

4α cosh(5ξ )
)
.

Therefore we can check the accuracy of our methodology
by computing the absolute errors for our approximations
for different conformable orders. In Table 2, some values
of the absolute errors | ψ(ξ ,τ)− ψ10(ξ ,τ) | for
α ∈ {0.95,0.85,0.75,0.65} are presented. In Table 3, we
compare the absolute errors resulting from our technique
with those resulting by the variational iteration method
(VIM) as given in [31] for classical integer order α = 1.
The 3D plots for the exact and approximate solutions are
presented in Figure 2 for α = 0.95 and α = 0.75.

Table 2: Absolute errors |ψ(ξ ,τ)−ψ10(ξ ,τ)| of
approximation for the CKdVE in Example 4.2

τ ξ α = 0.95 α = 0.85 α = 0.75 α = 0.65

0.01

-7.5 4.8×10−15 1.5×10−13 4.8×10−12 1.7×10−10

-2.5 2.5×10−11 8.0×10−10 2.8×10−8 1.1×10−6

2.5 2.4×10−11 7.2×10−10 2.3×10−8 7.4×10−7

7.5 4.9×10−15 1.5×10−13 5.3×10−12 2.1×10−10

0.02

-7.5 2.4×10−13 4.9×10−12 1.0×10−10 2.5×10−9

-2.5 1.3×10−9 2.8×10−8 6.5×10−7 1.7×10−5

2.5 1.2×10−9 2.3×10−8 4.6×10−7 8.3×10−6

7.5 2.6×10−13 5.4×10−12 1.2×10−10 3.2×10−9

0.03

-7.5 2.4×10−12 3.8×10−11 6.3×10−10 1.1×10−8

-2.5 1.4×10−8 2.3×10−7 4.1×10−6 8.3×10−5

2.5 1.2×10−8 1.7×10−7 2.5×10−6 2.6×10−5

7.5 2.6×10−12 4.3×10−11 7.×10−10 1.6×10−8

0.04

-7.5 1.2×10−11 1.6×10−10 2.3×10−9 3.4×10−8

-2.5 7.3×10−8 1.0×10−6 1.5×10−5 2.6×10−5

2.5 5.8×10−8 7.0×10−7 7.8×10−6 3.3×10−4

7.5 1.4×10−11 1.9×10−10 3.0×10−9 5.3×10−8

0.05

-7.5 4.3×10−11 5.0×10−10 6.1×10−9 7.9×10−8

-2.5 2.6×10−7 3.2×10−6 4.2×10−5 6.2×10−5

2.5 2.0×10−7 2.0×10−6 1.7×10−5 4.5×10−6

7.5 5.0×10−11 6.1×10−10 8.3×10−9 1.3×10−14
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Table 3: Comparison between the absolute errors using
CNDM and VIM when α = 1 for the CKdVE in Example
4.2

τ ξ CNDM VIM[32]

0.01

-7.5 8.81×10−16 6.70×10−14

-2.5 4.65×10−12 9.51×10−9

2.5 4.45×10−12 9.79×10−9

7.5 9.01×10−16 6.70×10−14

0.02

-7.5 5.57×10−14 2.08×10−12

-2.5 3.03×10−10 3.00×10−7

2.5 2.78×10−10 3.20×10−7

7.5 5.84×10−14 2.20×10−12

0.03

-7.5 6.28×10−13 1.56×10−11

-2.5 3.52×10−9 2.25×10−6

2.5 3.07×10−9 2.47×10−6

7.5 6.72×10−13 1.69×10−11

0.04

-7.5 3.49×10−12 6.50×10−11

-2.5 2.01×10−8 9.33×10−6

2.5 1.67×10−8 10.59×10−6

7.5 3.82×10−12 7.22×10−11

0.05

-7.5 1.32×10−11 1.96×10−10

-2.5 7.77×10−8 2.81×10−5

2.5 6.17×10−8 3.29×10−5

7.5 1.48×10−11 2.23×10−10

Fig. 2: The 3D plots for ψ(ξ ,τ) and ψ10(ξ ,τ) for the
CKdVE in Eq (30) for α = 0.95 and α = 0.75.

4.3 Burgers equation

Burgers’ equation appears in fluid dynamics, traffic flow,
and other applied mathematics fields. It is used to
investigate shock waves, turbulence, and wave
propagation and is frequently thought of as a simplified
model for the Navier-Stokes equations. A numerical
example of the modified conformable Burgers’ equation
(MCBE) is in the following example.

Example 4.3. [33] Consider the MCBE:

C
τ T α

0 ψ(ξ ,τ)+ψ
2(ξ ,τ)

d
dξ

ψ(ξ ,τ)−µ
d2

dξ 2 ψ(ξ ,τ) = 0,

0 < α ≤ 1,
(35)

with IC:
ψ(ξ ,0) = g0(ξ ). (36)

In order to solve the MCBE in Eq (35) and Eq (36) by the
CNDM, we start by taking the CNT to both sides of Eq
(35) as

C
τ N +

α

{C
τ T α

0 ψ(ξ ,τ)
}
+C

τ N +
α

{
ψ

2(ξ ,τ)
d

dξ
ψ(ξ ,τ)

}
−C

τ N +
α

{
µ

d2

dξ 2 ψ(ξ ,τ)

}
= 0.

Which gives

sψ(ξ ,s,u)
u

− ψ(ξ ,0)
u

+C
τ N +

α

{
ψ

2(ξ ,τ)
d

dξ
ψ(ξ ,τ)

}
−C

τ N +
α

{
µ

d2

dξ 2 ψ(ξ ,τ)

}
= 0.

Using the IC in Eq (36) and rearranging the terms, we
obtain

C
τ N +

α {ψ(ξ ,τ)}= ψ(ξ ,0)
s

− u
s

C
τ N +

α

{
ψ

2(ξ ,τ)
d

dξ
ψ(ξ ,τ)

}

+
u
s

C
τ N +

α

{
µ

d2

dξ 2 ψ(ξ ,τ)

}
= 0.

Now, we take the inverse CNT, so we have

ψ(ξ ,τ) = ψ(ξ ,0)

−C
τ N −1

α

{
u
s

C
τ N +

α

{
ψ

2(ξ ,τ)
d

dξ
ψ(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
µ

d2

dξ 2 ψ(ξ ,τ)

}}
.

(37)
The CNDM solution has the infinite series form as

ψ(ξ ,τ) =
∞

∑
k=0

wk(ξ ,τ), (38)

and the nonlinear term ψ2(ξ ,τ) d
dξ

ψ(ξ ,τ) is rewritten
in term of Adomian polynomials as follows:

ψ
2(ξ ,τ)

d
dξ

ψ(ξ ,τ) =
∞

∑
k=0

Ak(ξ ,τ) (39)
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where the k-th Adomian polynomial for k = 0,1,2, . . .
is derived from the formula:

Ak =
1
k!

dk

dηk

[(
k

∑
l=0

η
lwl

)2
d

dξ

(
k

∑
l=0

η
lwl

)]
η=0

. (40)

So the first four Adomian polynomials for the MCBE in
Eq (40) are:

A0 = w2
0w0ξ

A1 = w2
0w1ξ +2w1w0w0ξ

A2 = w2
1w0ξ +2w0w1w1ξ +w0

(
2w2w0ξ +w0(ξ )w2ξ

)
A3 = w2

1w1ξ +2w1

(
w2w0ξ +w0w2ξ

)
+w0

(
2w3w0ξ +2w2w1ξ +w0w3ξ

)
Substituting Eq (40) and Eq (38) into Eq (37) implies:

∞

∑
k=0

wk(ξ ,τ) = ψ(ξ ,0)−C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Ak(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

µ
d2

dξ 2 wk(ξ ,τ)

}}

which produces the recurrence relations:

w0(ξ ,τ) = g0(ξ ),

wk+1(ξ ,τ) =−C
τ N −1

α

{u
s

C
τ N +

α {Ak(ξ ,τ)}
}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
µ

d2

dξ 2 wk(ξ ,τ)

}}
,

k = 0,1,2, . . .

For k = 0,

A0(ξ ,τ) = g2
0(ξ )g′0(ξ ) = b0(ξ ),

w1(ξ ,τ) =−C
τ N −1

α

{u
s

C
τ N +

α {b0(ξ )}
}

+C
τ N −1

α

{u
s

C
τ N +

α

{
µ g′′0(ξ )

}}
= C

τ N −1
α

{ u
s2

{
−b0(ξ )+µ g′′0(ξ )

}}

=
τα

Γ (α +1)
(
−b0(ξ )+µ g′′0ψ(ξ )

)
.

That is, w1(ξ ,τ) = τα

Γ (α+1)g1(ξ ), where
g1(ξ ) =−b0(ξ )+µg′′0ψ(ξ ).
Similarly, for k = 1,A1(ξ ,τ) =

τα

Γ (α+1)b1(ξ ),where b1(ξ ) =

b0(ξ )
(
2g1(ξ )b′0(ξ )+b0(ξ )g′1(ξ )

)
.

w1(ξ ,τ) =−C
τ N −1

α

{
u
s

C
τ N +

α

{
τα

Γ (α +1)
b1(ξ )

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
µ

d2

dξ 2

(
τα

Γ (α +1)
g1(ξ )

)}}

= C
τ N −1

α

{
u2

s3

{
−b1(ξ )+µg′′1(ξ )

}}

=
τ2α

Γ (2α +1)

(
−b1(ξ )+µg′′1(ξ )

)
=

τ2α

Γ (2α +1)
g2(ξ ), where g2(ξ ) =−b1(ξ )+µg′′1(ξ ).

A2(ξ ,τ) =
τ2α

Γ (2α +1)
b2(ξ ), where

b2(ξ ) =
1

Γ (α +1)2

(
Γ (α +1)2b0(ξ )

(
2g2(ξ )b′0(ξ )

+b0(ξ )g′2(ξ )
)
−Γ (2α +1)g2

1(ξ )b
′
0(ξ )

−2Γ (2α +1)b0(ξ )g1(ξ )g′1(ξ )
)
.

w2(ξ ,τ) =−C
τ N −1

α

{
u
s

C
τ N +

α

{
τ2α

Γ (2α +1)
b2(ξ )

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
µ

d2

dξ 2

(
τ2α

Γ (2α +1)
g2(ξ )

)}}

= C
τ N −1

α

{
u3

s4

{
−b2(ξ )+µg′′2(ξ )

}}

=
τ3α

Γ (3α +1)

(
−b2(ξ )+µg′′2(ξ )

)
.

Using Mathematica software, with
g0(ξ ) =−

√
3c√

1−cosh
(

2c(ξ+3rµ)
µ

)
−sinh

(
2c(x+3rµ)

µ

)
where c = 0.1,r = 0.01,µ = 1, we compute the fourth
approximate solution of (35) and compare it with the exact
solution
ψ(ξ ,τ) = −

√
3c√

−sinh
(

2c
µ
(− cτα

α
+ξ+3µr)

)
−cosh

(
2c
µ
(− cτα

α
+ξ+3µr)

)
+1

as presented in Table 4 in which the absolute errors for our
approximations for different conformable orders are listed. The
same MCBE was solved in [37] by an analytic approximate
technique which is known as the conformable residual power
series method (CRPSM), so we also tabulated the absolute
errors that resulted in [37] in Table 4. The 3D plots for the exact
and approximate solutions are presented in Figure 3 for α = 0.5
and α = 0.75. Finally, at ξ = −1, Figure 4 presents how the
solution curves of the MCBE are affected by different
conformable orders.
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Table 4: Absolute errors |ψ(−1,τ)−ψ4(−1,τ)| of
approximation for CMBE in Example 4.3

τ α = 0.95 α = 0.75 α = 0.5
CNDM CRPSM [37] CNDM CRPSM [37] CNDM CRPSM [37]

0. 0. 0. 0. 0. 0. 0.
0.1 8.1×10−11 6.9×10−11 2.6×10−9 2.2×10−9 3.4×10−7 2.9×10−7

0.2 2.1×10−9 1.8×10−9 3.4×10−8 3.0×10−8 1.9×10−6 1.6×10−6

0.3 1.5×10−8 1.3×10−8 1.6×10−7 1.3×10−7 5.1×10−6 4.3×10−6

0.4 5.7×10−8 4.9×10−8 4.5×10−7 3.9×10−7 1.0×10−5 8.8×10−5

0.5 1.6×10−7 1.4×10−7 1.0×10−6 8.9×10−7 1.8×10−5 1.5×10−5

0.6 3.8×10−7 3.3×10−7 2.0×10−6 1.7×10−6 2.8×10−5 2.4×10−5

0.7 7.9×10−7 6.8×10−7 3.6×10−6 3.1×10−6 4.0×10−5 3.5×10−5

0.8 1.5×10−6 1.3×10−6 5.8×10−6 5.0×10−6 5.6×10−5 4.8×10−5

0.9 2.5×10−6 2.2×10−6 9.0×10−6 7.8×10−6 7.4×10−5 6.4×10−5

1. 4.2×10−6 3.6×10−6 1.3×10−5 1.1×10−5 9.5×10−5 8.2×10−5

Fig. 3: The 3D plots for ψ(ξ ,τ) and ψ4(ξ ,τ) for the KdV-
Burgers equation in. Example (4.3) for α = 0.95 and α =
0.75.

Fig. 4: Solution curves of the MCBE in. Example 4.3 for
different conformable orders (Dashed: ψ(−1,τ); Solid:
ψ4(−1,τ) ).

4.4 Schrödinger equation

The conformable Schrödinger equation with a nonzero trapping
potential is a fractional extension of classical quantum models
by replacing integer order derivative by conformable derivative.
This mathematical formulation enables accurate simulation of
quantum systems with memory-dependent and non-local
dynamics, particularly in the presence of dissipative forces or
spatially constrained potentials. More generally, fractional
Schrödinger equations are crucial to many engineering
specialties, such as electronics, mechanics, materials science,
and architecture, by increasing simulation accuracy and aiding
in the development of innovative technologies such as
nanodevices, smart materials, and responsive structural systems.
An example of the conformable Schrödinger differential
equation (CSDE) that is popular in quantum mechanics [37] is
qiven below.
Example 4.4. Consider the following CSDE with nonzero
trapping potential:

iCτ T α
0 Z(ξ ,τ)+

d2

dξ 2 Z(ξ ,τ)+2|Z(ξ ,τ)|2Z(ξ ,τ) = 0, (41)

τ ≥ 0, 0 < α ≤ 1,

subject to the IC:
z(ξ ,0) = eiξ . (42)

The exact solution for the CPDE in Eq (41) and its IC in
Eq( 42) is found to be

Z(ξ ,τ) = ei(ξ+ τα

α
) (43)

To apply our methodology to the CSDE in Eq (41), we start
by converting Eq (41) into a system of real-valued functions since
Z(ξ ,τ) can be decomposed as Z(ξ ,τ) = ψ(ξ ,τ)+ iµ(ξ ,τ). As
a result the CSDE in Eq (41) can be rewritten in the form of the
following system

C
τ T α

0 ψ(ξ ,τ)+
∂ 2

∂ξ 2 µ(ξ ,τ)+2ψ
2(ξ ,τ)µ(ξ ,τ)+2µ

3(ξ ,τ) = 0,

C
τ T α

0 µ(ξ ,τ)− ∂ 2

∂ξ 2 ψ(ξ ,τ)−2µ
2(ξ ,τ)ψ(ξ ,τ)−2ψ

3(ξ ,τ) = 0,

0 < α < 1,
(44)

subject to initial conditions:

ψ(ξ ,0) = cos(ξ ),

µ(ξ ,0) = sin(ξ ).
(45)

Applying the CNT for both sides of each in system (44) and
using the IC’s in system (45), we get

C
τ N +

α

{
C
τ T α

0 ψ(ξ ,τ)
}
+C

τ N +
α

{
d2

dξ 2 µ(ξ ,τ)

}
+C

τ N +
α

{
2ψ

2(ξ ,τ)µ(ξ ,τ)+2µ
3(ξ ,τ)

}
= 0,

C
τ N +

α

{
C
τ T α

0 µ(ξ ,τ)
}
−C

τ N +
α

{
d2

dξ 2 ψ(ξ ,τ)

}
−C

τ N +
α

{
2µ

2(ξ ,τ)ψ(ξ ,τ)+2ψ
3(ξ ,τ)

}
= 0

(46)
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Which gives

ΨNα
(ξ ,s,u)+C

τ N +
α

{
d2

dξ 2 µ(ξ ,τ)

}
+C

τ N +
α

{
2ψ

2(ξ ,τ)µ(ξ ,τ)+2µ
3(ξ ,τ)

}
= 0,

µNα
(ξ ,s,u)−C

τ N +
α

{
d2

dξ 2 ψ(ξ ,τ)

}
−C

τ N +
α

{
2µ

2(ξ ,τ)ψ(ξ ,τ)+2ψ
3(ξ ,τ)

}
= 0

(47)

where ΨNα
(ξ ,s,u) = C

τ N +
α {ψ(ξ ,τ)} and

µNα
(ξ ,s,u) = C

τ N +
α {µ(ξ ,τ)}.

Using the IC’s in system (45) and rearranging the terms of
system (44), we obtain

ΨNα
(ξ ,s,u) =

cos(ξ )
s

− u
s

C
τ N +

α

{
d2

dξ 2 µ(ξ ,τ)

}
+

u
s

C
τ N +

α

{
−2ψ

2(ξ ,τ)µ(ξ ,τ)+µ
3(ξ ,τ)

}
,

µNα
(ξ ,s,u) =

sin(ξ )
s

+
u
s

C
τ N +

α

{
d2

dξ 2 ψ(ξ ,τ)

}
+

u
s

C
τ N +

α

{
2µ

2(ξ ,τ)ψ(ξ ,τ)+ψ
3(ξ ,τ)

}
.

Now, we take the ICNT, so we have

ψ(ξ ,τ) = cos(ξ )−C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2 µ(ξ ,τ)

}}
+C

τ N −1
α

{u
s

C
τ N +

α

{
−2
(
ψ

2(ξ ,τ)µ(ξ ,τ)
)
+µ

3(ξ ,τ)
}}

,

µ(ξ ,τ) = sin(ξ )+C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2 ψ(ξ ,τ)

}}
+C

τ N −1
α

{u
s

C
τ N +

α

{
2
(
µ

2(ξ ,τ)ψ(ξ ,τ)
)
+ψ

3(ξ ,τ)
}}

.

(48)
Now, we replace ψ(ξ ,τ) and µ(ξ ,τ) in the linear terms by the
series forms:

ψ(ξ ,τ) =
∞

∑
k=0

wk(ξ ,τ),

µ(ξ ,τ) =
∞

∑
k=0

mk(ξ ,τ),

(49)

and the nonlinear terms −2
(
ψ2(ξ ,τ)µ(ξ ,τ)+µ3(ξ ,τ)

)
and

2
(
µ2(ξ ,τ)ψ(ξ ,τ)+ψ3(ξ ,τ)

)
by the Adomian polynomials as

follows:

−2
(

ψ
2(ξ ,τ)µ(ξ ,τ)+µ

3(ξ ,τ)
)
=

∞

∑
k=0

Ak(ξ ,τ),

2
(

µ
2(ξ ,τ)ψ(ξ ,τ)+ψ

3(ξ ,τ)
)
=

∞

∑
k=0

Bk(ξ ,τ),

(50)

where

Ak =− 2
k!

dk

dηk

( k

∑
i=0

η
iwi

)2( k

∑
i=0

η
imi

)
+

(
k

∑
i=0

η
imi

)3
 ,

Bk =
1
k!

dk

dηk

( k

∑
i=0

η
imi

)2( k

∑
i=0

η
iwi

)
+

(
k

∑
i=0

η
iwi

)3
 ,

k = 0,1,2, . . . .
(51)

Hence, the first few Adomian polynomials are
A0 =−2sin(ξ ),

A1 = 2m1(ξ )(cos(2ξ )−2)−2w1(ξ )sin(2ξ ),

A2 =−2
(

2m1(ξ )w1(ξ )cos(ξ )+3m1(ξ )
2 sin(ξ )

−m2(ξ )(cos(2ξ )−2)+ sin(ξ )
(
w1(ξ )

2 +2w2(ξ )cos(ξ )
))

,

B0 = 2cos(ξ ),

B1 = 2
(
m1(ξ )sin(2ξ )+w1(ξ )(cos(2ξ )+2)

)
,

B2 = 2
(

2m1(ξ )w1(ξ )sin(ξ )+m2(ξ )sin(2ξ )+m1(ξ )
2 cos(ξ )

+2w2(ξ )+3w1(ξ )
2 cos(ξ )+w2(ξ )cos(2ξ )

)
.

Substituting in system (49) and system (51) in system (48)
implies:

∞

∑
k=0

wk(ξ ,τ) = cos(ξ )−C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2

∞

∑
k=0

mk(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Ak(ξ ,τ)

}}
,

∞

∑
k=0

mk(ξ ,τ) = sin(ξ )+C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2

∞

∑
k=0

wk(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Bk(ξ ,τ)

}}
.

(52)
This produces the recurrence relations:

w0(ξ ,τ) = cos(ξ ),

m0(ξ ,τ) = sin(ξ )

wk+1(ξ ,τ) =−C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2

∞

∑
k=0

mk(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Ak(ξ ,τ)

}}
,

mk+1(ξ ,τ) =
C
τ N −1

α

{
u
s

C
τ N +

α

{
d2

dξ 2

∞

∑
k=0

wk(ξ ,τ)

}}

+C
τ N −1

α

{
u
s

C
τ N +

α

{
∞

∑
k=0

Bk(ξ ,τ)

}}
,

k = 0,1,2, . . .

(53)
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Putting k = 0 in system (53), we have

w1(ξ ,τ) =−C
τ N −1

α

{u
s

C
τ N +

α {−sin(ξ )}
}

+C
τ N −1

α

{u
s

C
τ N +

α {−2sin(ξ )}
}

= C
τ N −1

α

{
−usin(ξ )

s2

}
=− τα

α
sin(ξ ).

m1(ξ ,τ) =
C
τ N −1

α

{u
s

C
τ N +

α {−cos(ξ )}
}

+C
τ N −1

α

{u
s

C
τ N +

α {2cos(ξ )}
}

= C
τ N −1

α

{u
s

cos(ξ )
}

=
τα cos(ξ )

α Γ (2)
.

Similarly, for k = 1, the recurrence relation in system (53)
yields.

w2(ξ ,τ) =−C
τ N −1

α

{
u
s

C
τ N +

α

{
∂ 2

∂ξ 2

{
τα

α
cos(ξ )

}}}
+C

τ N −1
α

{
u
s

C
τ N +

α

{
−2cos(ξ )τα

α

}}
=C

τ N −1
α

{
u
s

C
τ N +

α

{
−cos(ξ )

α
τ

α

}}
=C

τ N −1
α

{
−u

s
Γ (2)u

s2 cos(ξ )
}

=C
τ N −1

α

{
−u2

s3 cos(ξ )
}

=− τ2α

2α2 cos(ξ ),

m2(ξ ,τ) =
C
τ N −1

α

{
u
s

C
τ N +

α

{
∂ 2

∂ξ 2

{
− τα

α
sin(ξ )

}}}
+C

τ N −1
α

{
u
s

C
τ N +

α

{
−2sin(ξ )

τα

α

}}
=C

τ N −1
α

{
u
s

C
τ N +

α

{
−sin(ξ )

τα

α

}}
=C

τ N −1
α

{
−u

s
sin(ξ )

u
s2 Γ (2)

}
=− τ2α

2α2 sin(ξ )

Continuing this process for k = 2,3, · · · ,9, we get

w3(ξ ,τ) =
τ3α sin(ξ )

6α3 , m3(ξ ,τ) =− τ3α cos(ξ )
6α3 ,

w4(ξ ,τ) =
τ4α cos(ξ )

24α4 , m4(ξ ,τ) =
τ4α sin(ξ )

24α4 ,

w5(ξ ,τ) =− τ5α sin(ξ )
120α5 , m5(ξ ,τ) =

τ5α cos(ξ )
120α5 ,

w6(ξ ,τ) =− τ6α cos(ξ )
720α6 , m6(ξ ,τ) =− τ6α sin(ξ )

720α6 ,

w7(ξ ,τ) =
τ7α sin(ξ )

5040α7 , m7(ξ ,τ) =− τ7α cos(ξ )
5040α7 ,

w8(ξ ,τ) =
τ8α cos(ξ )
40320α8 , m8(ξ ,τ) =

τ8α sin(ξ )
40320α8 ,

w9(ξ ,τ) =− τ9α sin(ξ )
362880α9 , m9(ξ ,τ) =

τ9α cos(ξ )
362880α9 ,

w10(ξ ,τ) =− τ10α cos(ξ )
3628800α10 , m10(ξ ,τ) =− τ10α sin(ξ )

3628800α10

Consequently, the 10th approximate sock for in system (44)
is

ψ10(ξ ,τ) =
10

∑
k=0

wk(ξ ,τ)

= cos(ξ )− sin(ξ )
τα

α
− cos(ξ )

τ2α

2!α2 + sin(ξ )
τ3α

3!α3

+ cos(ξ )
τ4α

4!α4 − sin(ξ )
τ5α

5!α5 − cos(ξ )
τ6α

6!α6 + sin(ξ )
τ7α

7!α7

+ cos(ξ )
τ8α

8!α8 − sin(ξ )
τ9α

9!α9 − cos(ξ )
τ10α

10!α10

= cos(ξ )
(

1− τ2α

2!α2 +
τ4α

4!α4 − τ6α

6!α6 +
τ8α

8!α8 − τ10α

10!α10

)
− sin(ξ )

(
τα

α
− τ3α

3!α3 +
τ5α

5!α5 − τ7α

7!α7 +
τ9α

9!α9

)

= cos(ξ )
5

∑
j=0

(−1) j
(

τα

α

)2 j

(2 j)!
− sin(ξ )

4

∑
j=0

(−1) j
(

τα

α

)2 j+1

(2 j+1)!
.

And

µ10(ξ ,τ) =
10

∑
k=0

mk(ξ ,τ)

= sin(ξ )+ cos(ξ )
τα

1!α
− sin(ξ )

τ2α

2!α2 − cos(ξ )
τ3α

3!α3

sin(ξ ) · τ4α

4!α4 + cos(ξ )
τ5α

5!α5 − sin(ξ ) · τ6α

6!α6 − cos(ξ )
τ7α

7!α7

+ sin(ξ ) · τ8α

8!α8 + cos(ξ )
τ9α

9!α9 − sin(ξ )
τ10α

10!α10

= sin(ξ )
(

1− τ2α

2!α2 +
τ4α

4!α4 − τ6α

6!α6 +
τ8α

8!α8 − τ10α

10!α10

)
+ cos(ξ )

(
τα

1!α
− τ3α

3!α3 +
τ5α

5!α5 − τ7α

7!α7 +
τ9α

9!α9

)

= sin(ξ )
5

∑
j=0

(−1) j
(

τα

α

)2 j

(2 j)!
+ cos(ξ )

4

∑
j=0

(−1) j
(

τα

α

)2 j+1

(2 j+1)!
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The series form that has resulted in the 10th approximate solution
leads us to the form of the Nth approximate solution as

ψN(ξ ,τ) = cos(ξ )
[ N

2 ]

∑
k=0

(−1)j
(

τα

α

)2j

(2 j)!

− sin(ξ )
[ N−1

2 ]

∑
k=0

(−1)j
(

τα

α

)2j+1

(2 j)!
,

and

µN(ξ ,τ) = sin(ξ )
[ N

2 ]

∑
k=0

(−1)j
(

τα

α

)2j

(2 j)!

+ cos(ξ )
[ N−1

2 ]

∑
k=0

(−1)j
(

τα

α

)2j+1

(2 j)!
.

As a result, the exact solution of system (4) is

ψ(ξ ,τ) = lim
N→∞

ψN(ξ ,τ)

= cos(ξ )
∞

∑
k=0

(−1)j
(

τα

α

)2j

(2 j)!
− sin(ξ )

∞

∑
k=0

(−1)j
(

τα

α

)2j+1

(2 j)!

= cos(ξ )cos
(

τα

α

)
− sin(ξ )sin

(
τα

α

)
= cos

(
ξ +

τα

α

)
and

µ(ξ ,τ) = lim
N→∞

µN(ξ ,τ)

= sin(ξ )
∞

∑
k=0

(−1)j
(

τα

α

)2j

(2 j)!
+ cos(ξ )

∞

∑
k=0

(−1)j
(

τα

α

)2j+1

(2 j)!

= sin(ξ )cos
(

τα

α

)
+ cos(ξ )sin

(
τα

α

)
= sin

(
ξ +

τα

α

)
.

In fact, ψ(ξ ,τ) = cos
(

ξ + τα

α

)
and µ(ξ ,τ) = sin

(
ξ + τα

α

)
satisfy the system in (44 and 45) which ensures that they are the
exact solution. Consequently, the solution of the CSDE in Eq
( 41) is

z(ξ ,τ) = cos
(

ξ +
τα

α

)
+ isin

(
ξ +

τα

α

)
= e

i
(

ξ+ τα

α

)

However, to evaluate the accuracy of our methodology
when using a few iterations only, Table 5 present the absolute
errors for α ∈ {1,0.9,0.8,0.7,0.6} with limited number of
iterations. Moreover, the effect of the conformable operator is
clearly observed when comparing the 2D plots for various
values of α and ξ = 0.1, as shown in Figure 5, and the 3D plots
as illustrated in Figure 6.

Fig. 5: Comparison between the exact (Dotted) and
approximate (solid) curves of the solution of CSDE in
(44).

Table 5: Absolute errors for the CSDE in system (44) for
different values of α

|ψ(0.1,τ)−ψ10(0.1,τ)|
τ α = 1 α = 0.9 α = 0.8 α = 0.7 α = 0.6

0.0 0. 0. 0. 0. 0.
0.2 1.1×10−16 1.1×10−15 2.6×10−14 7.3×10−13 2.6×10−11

0.4 1.4×10−13 1.3×10−12 1.4×10−11 1.8×10−10 2.9×10−9

0.6 1.4×10−11 8.0×10−11 5.5×10−10 4.5×10−9 4.7×10−8

0.8 3.6×10−10 1.5×10−9 7.6×10−9 4.5×10−8 3.5×10−7

1.0 4.6×10−9 1.5×10−8 5.9×10−8 2.7×10−7 1.6×10−6

|µ(0.1,τ)−µ10(0.1,τ)|
τ α = 1 α = 0.9 α = 0.8 α = 0.7 α = 0.6

0.0 0. 0. 0. 0. 0.
0.2 6.1×10−16 9.5×10−15 2.0×10−13 5.2×10−12 1.7×10−10

0.4 1.0×10−12 9.1×10−12 9.1×10−11 1.1×10−9 1.6×10−8

0.6 9.0×10−11 5.0×10−10 3.2×10−9 2.4×10−8 2.3×10−7

0.8 2.1×10−9 8.6×10−9 4.0×10−8 2.2×10−7 1.5×10−6

1.0 2.5×10−8 7.8×10−8 2.8×10−7 1.2×10−6 6.7×10−6

Fig. 6: The 3D plots for ψ(ξ ,τ) and µ(ξ ,τ) for the
(CSDE) in. Example (4.4) for α = 0.1 ,α = 0.8 and α =
0.6.
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5 Conclusion

In this paper, an effective technique that depends on both the
natural transform and the wellknown Adomian polynomials was
employed to develop approximate and analytic solutions of
nonlinear CPDEs. Dealing with conformable derivative reduced
the complexities of other fractional derivatives due to its
resemblance with the classical integer order derivative in most
features. On the other hand, the CNDM proved its efficiency
through its ability to solve different nonlinear real-life models
with high accuracy.

We applied the proposed method to solve four nonlinear
CPDEs that are related to real-life phenomena. We compared
the approximate solution with the exact solution and with
another methodology to check the accuracy of our proposed
method. The results showed that a small number of iterations
may achieve very small error. Comparing our results with the
exact solutions, we noticed that the error tends to zero when
increasing the number of iterations. Indeed, the approximate
solutions rapidly converged to the exact solutions. The exact
solution was obtained for some examples using the CNDM
which is an advantage cannot be found in most approximate
methodologies.

The effect of the CD to the solution of different models was
obvious through plotting the solution curves for different
conformable orders. Also, the results showed that the solutions
of all examples and models approach the solution of classical
integer order systems as the conformable order approaches the
integer order. We did not face any difficulties or round off errors
when using Mathematica especially when obtaining many terms
in the approximate solution.

References

[1] Podlubny, I. (1998). Fractional differential equations: an
introduction to fractional derivatives, fractional differential
equations, to methods of their solution and some of their
applications (Vol. 198). elsevier.

[2] Khan, M. A., & Atangana, A. (2023). Numerical methods
for fractal-fractional differential equations and engineering:
simulations and modeling. CRC Press.

[3] Kilicman A, Al-Zhour Z. Kronecker operational matrices
for fractional calculus and some applications. Appl Math
Comput 2007;187:250-65.

[4] Atangana, A., Tuluce Demiray, S., & Bulut, H. (2014).
Modelling the nonlinear wave motion within the scope of the
fractional calculus. In Abstract and Applied Analysis (Vol.
2014, No. 1, p. 481657). Hindawi Publishing Corporation.

[5] Hasan, S., Al-Smadi, M., Dutta, H., Momani, S., and
Hadid, S. (2022). Multi-step reproducing kernel algorithm
for solving Caputo-Fabrizio fractional stiff models arising in
electric circuits. Soft Computing, 26(8), 3713-3727

[6] Hasan, S., Al-Zoubi, A., Freihet, A., Al-Smadi, M., and
Momani, S. (2019). Solution of fractional SIR epidemic
model using residual power series method. Applied
Mathematics and Information Sciences, 13(2), 153-161.

[7] Herzallah, M. A. (2014). Notes on some fractional calculus
operators and their properties. J. Fract. Calc. Appl, 5(19), 1-
10.

[8] Miller KS, Ross B. An introduction to the fractional calculus
and fractional differential equations. NY, USA: Wiley and
Sons; 1993.

[9] Oldham, K., and Spanier, J. (1974). The fractional calculus
theory and applications of differentiation and integration to
arbitrary order. Elsevier.

[10] Kilbas, A. A., Srivastava, H. M., and Trujillo, J. J. (2006).
Theory and applications of fractional differential equations
(Vol. 204). elsevier.

[11] Khalil, R., Al Horani, M., Yousef, A., and Sababheh, M.
(2014). A new definition of fractional derivative. Journal of
computational and applied mathematics, 264, 65-70.

[12] Abdeljawad, T. (2015). On conformable fractional calculus.
Journal of computational and Applied Mathematics, 279, 57-
66.

[13] Segi Rahmat, M. R., & Noorani, M. S. M. (2021). A new
conformable nabla derivative and its application on arbitrary
time scales. Advances in Difference Equations, 2021(1), 238.

[14] Yousef, F., Semmar, B., & Al Nasr, K. (2022).
Incommensurate conformable-type three dimensional Lotka-
Volterra model: Discretization, stability, and bifurcation.
Arab Journal of Basic and Applied Sciences, 29(1), 113-120.

[15] Yousef, F., Semmar, B., & Al Nasr, K. (2022). Dynamics and
simulations of discretized Caputo-conformable fractional-
order Lotka-Volterra models. Nonlinear Engineering, 11(1),
100111.

[16] Hasan, S., Al Zurayqat, M., Dradka, M., & Momani, S.
(2024). Investigation of the Solution of a Smoking Model
with Conformable Derivative. Appl. Math, 18(6), 1429-1442.

[17] Thabet, H., & Kendre, S. (2018). Analytical solutions
for conformable space-time fractional partial differential
equations via fractional differential transform. Chaos,
Solitons & Fractals, 109, 238-245.

[18] Abdelhakim, A. A., & Machado, J. A. T. (2019). A critical
analysis of the conformable derivative. Nonlinear Dynamics,
95(4), 3063-3073.

[19] Chen, C., & Jiang, Y. L. (2018). Simplest equation method
for some time-fractional partial differential equations with
conformable derivative. Computers & Mathematics with
Applications, 75(8), 2978-2988.

[20] Bouchenak, A., Batiha, I. M., Aljazzazi, M., Anakira,
N., Odeh, M., & Hajaj, R. I. (2025). Numerical and
Analytical Investigations of Fractional Self-Adjoint
Equations and Fractional Sturm-Liouville Problems via
Modified Conformable Operator. Journal of Robotics and
Control (JRC), 6(3), 1410-1424.

[21] Jameel, A., Anakira, N. R., Alomari, A. K., Hashim, I.,
& Shakhatreh, M. A. (2016). Numerical solution of n’th
order fuzzy initial value problems by six stages. Journal of
nonlinear science and applications.

[22] Chindhe D, Kiwne B. Application of combine Natural
transform and Adomian decomposition method in Volterra
integro-differential equations; 2016.

[23] Khandelwal R, Kumawat P, Khandelwal Y. A study of
Natural transform based on decomposition method for
solving non-linear ordinary differential equation. Inter J Stat
Appl Math 2018;3(2):664-9.

[24] Khalouta A, Kadem A. Fractional natural decomposition
method for solving a certain class of nonlinear timefractional
wave-like equations with variable coefficients. Acta Univ
Sapientiae, Math 2019;11(1):99-116.

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


168 R. Al-Rababa’h et al.: A Novel Method for Solving CPDEs...

[25] Adomian G. Solving frontier problems of physics the
decomposition method. Kluwer Academic Publishers; 1994.

[26] Mittal R, Nigam R. Solution of fractional integral-
differential equations by A domian decomposition method.
Inter J Appl Math Mech 2008;4(2):87-94.

[27] Kilicman, A. and Omran, M., 2017. On double Natural
transform and its applications. J. Nonlinear Sci. Appl, 10(4),
pp.1744-1754.

[28] Belgacem, F. B. M., & Karaballi, A. A. (2006).
Sumudu transform fundamental properties investigations and
applications. International Journal of Stochastic Analysis,
2006(1), 091083.

[29] Khan ZH, Khan WA. N-transform properties and
applications. NUST J Eng Sci 2008;1(1):127-33.

[30] Belgacem, F. B. M., Silambarasan, R., & Sivasundaram, S.
(2012, January). Advances in the natural transform. In AIP
Conference Proceedings-American Institute of Physics (Vol.
1493, No. 1, p. 106).

[31] El-Tawil, M. A., and S. N. Huseen. ”The q-homotopy
analysis method (q-HAM).” Int. J. Appl. Math. Mech 8.15
(2012): 51-75.

[32] Soliman, A. A. (2006). A numerical simulation and explicit
solutions of KdV-Burgers’ and Lax’s seventh-order KdV
equations. Chaos, Solitons & Fractals, 29(2), 294-302.

[33] Senol, M., Tasbozan, O., & Kurt, A. (2019). Numerical
solutions of fractional Burgers’ type equations with
conformable derivative. Chinese Journal of Physics, 58, 75-
84.

[34] Belgacem, F. B. M., & Silambarasan, R. (2012). Theory of
natural transform. Math. Engg. Sci. Aeros, 3, 99-124.

[35] Khan NA, Razzaq OA, Ayaz M. Some properties and
applications of conformable fractional Laplace transforms
(CFLT). J Fract Calc Appl 2018;9 (1). pp. 72-81.D.-F.

[36] Al-Zhour, Zeyad, et al. ”New theoretical results and
applications on conformable fractional Natural transform.”
Ain Shams Engineering Journal 12.1 (2021): 927-933.

[37] Shqair, M., Al-Smadi, M., Momani, S., & El-Zahar, E.
(2020). Adaptation of conformable residual power series
scheme in solving nonlinear fractional quantum mechanics
problems. Applied Sciences, 10(3), 890.

Rashed Al-Rababah
is a PhD candidate in Applied
Mathematics at the Penang,
Malaysia-based Universiti
Sains Malaysia (USM).
His areas of interest in research
are mathematical modeling
and its applications in the natural
sciences and engineering, with
a focus on complex systems,

partial differential equations, numerical techniques, and
modeling biological and physical phenomena. Rashed wants to
create mathematical instruments that help solve practical issues
in engineering and science settings. He is currently conducting
doctoral-level research and has a solid background in both pure
and applied mathematics. He intends to publish his research in
respectable peer-reviewed international journals and has just
started attending academic conferences.

Shatha Hasan graduated from the University of Jordan in
2006 with a B.S. in Mathematics; and an M.S. degree in
Mathematics in 2009. In 2016, she received her Ph.D. from the
University of Jordan in applied mathematics.She then began
work at the Al-balqa applied university in 2017 as an assistant
professor of applied mathematics. Her research interests are in
the areas of applied mathematics specially in mathematical
analytical methods, numerical analysis, dynamical systems, and
fuzzy and fractional differential equations.

Farah Aini Binti Abdullah
graduated with a BSc (Hons)
from USM in 2002. She
furthered her studies, earning
an MSc (IT) from USM in 2003
and a PhD from the University
of Queensland, Australia
in 2008, with her thesis focusing
on ”Numerical Methods For
Fractional Differential Equations

And Their Applications To The System Biology.” She is
currently a University Lecturer . Her specialization lies in
Numerical Computation, Mathematical Modelling, Fractional
Differential Equations, Epidemiology, and Computational
Biology Modelling.

ADILA AIDA AZAHAR
started her career as an
academician at the School
of Mathematical Sciences,
Universiti Sains Malaysia,
Penang, in October 2020,
after completing my PhD
in Computing at the University
of Leeds. Her research interests
revolve around numerical

methods, mathematical modelling, and computational fluid
dynamics, particularly in understanding the behaviour of
non-Newtonian fluids (viscoelastic polymer melts) in
geometrical flows. Recently, she has begun extending her
research to cover fractional, and fuzzy differential equations.

Shaher Momani received
his Ph.D from the university
of Wales (UK) in 1991.
He then began work at Mutah
university in 1991 as assistant
professor of applied mathematics
and promoted to full Professor in
2006. He left Mutah university to
the university of Jordan in 2009
until now. His research interests

focus on the numerical solution of fractional differential
equations in fluid mechanics, non-Newtonian fluid mechanics
and numerical analysis. Prof. Momani has written over 500
research papers and warded several national and international
prizes. Also, he was classified as one of the top ten scientists in
the world in fractional differential equations according to ISI
web of knowledge.

© 2026 NSP
Natural Sciences Publishing Cor.


	Introduction
	Basics of Conformable Natural Transform
	Description of the CNDM for Solving CPDE's
	Applications of CNDM for Solving Real-Life Models
	Conclusion

