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Abstract: In this paper, an efficient methodology is employed to solve nonlinear partial differential equations of non-integer
conformable order. This approach, which combines the popular Adomian decomposition method with the natural transform, can be
viewed as an analytic-approximate methodology. Some conformable order partial differential equations (CPDEs) that are related to
real-life phenomena such as Burgers equations and gas dynamics equation are solved using this method. Moreover, we discuss the
convergence of the analytic solution that results by our proposed methodology and give an upper bound of the expected error of
estimation. A nice advantage of this technique is that the exact solution is obtained in some examples. Moreover, computing the
absolute errors of approximations and comparing with other methods produces very small errors with small number of iterations which
indicates high accuracy. To demonstrate the effectiveness, simplicity, and correctness of our chosen method, analytical, numerical, and
graphic results are provided.
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1 Introduction
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(1)
Because fractional calculus can be used to model

dynamic systems in fields like physics, engineering, and If fTOV'P exists over ( 0,a ), then ¥ is said to be
finance, its study has attracted a lot of attention recently. y-conformable differentiable on ( 0,a ). If, additionally,
[1,2,3,4,5,6]. Due to the fact that fractional operators lim, o+ (g TOYlP) (1) exists, then we  define
have no unique deﬁpltlops, we can find many appr.oac'hes ((T:Tohp) (0) = lim, o+ ((r:ToylP) (7).

such as Riemann-Liouville operators, Caputo derivative,

Grunwald-Letnikov derivative, and many other operators This definition was later modified by Abdeljawad [12]
[7,8,9,10]. One notable development in this area is the as:
introduction of the conformable fractional derivative, Definition 1.2. [12] The CD of ¥ : [a,0) — R of order

which provides a more intuitive and straightforward

. v € (0,1] is defined by
approach to fractional calculus. The concept of

conformable operators was first suggested by Khalil et al. Coy Sy (r +e(t— a)lﬂ') —¥(1)

in 2014 [11]. It is defined as follows: (CTP) (1) = 81£(1)1+ c ()
Definition 1.1. [11] Consider ¥ : [0,0) — R, and

y € (0,1]. Then the conformable derivative (CD) of ¥ of ~ If ‘i exists over (a,b), then
order yfor T > 01is (STIP) (a) =lim,; o+ (STSP) (7).
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A beautiful property of the y- conformable differentiable
function is its relation with classical integer order
derivative which is:

d

FTI) (1) =(r—a)' 7

(). 3)

The definition of conformable derivative differs from other
well-known fractional definitions as it is based on the limit
definition of the classical derivative. So, it satisfies several
properties that make it suitable for applications, such as
the product rule, chain rule, and integration by parts. Some
of the nice properties of conformable derivative are in the
following theorem.

Theorem 1.1. [11] Let y € (0,1), y, P be y-differentiable
functions at r > 0, and a, b, are real constants, then

1. STY(ay+06P) = aST) (w) + ST (P)
2. ¢/ (") =nt"?, VneR
3. ¢T)(y)=0, forall constant functions y(7) = 4

4. (rooy(‘I/P) = y/fToy(P)+P(1)fT07(y/)

P(7) ST (w)—ywST) (P
5. €1 () = R YR,

As a result, it has been used in various applications that
are related to the study of fractional differential equations
(FDEs). For instance, Abdeljawad explored its properties
and its applications in solving FDEs [12], Segi Rahmat
introduced a new definition of conformable fractional
derivative on arbitrary time scales and investigated its
properties [13], and three-dimensional conformable order
Lotka-Volterra system that models population dynamics
was studied in [14, 15]. Various studies and applications
of the CD can be found in [16,17,18,19,20].

On the other hand, most of the FDEs that result from
modeling dynamic systems have no exact solutions and
finding approximate solutions is still not an easy task.
Hence, many mathematicians devoted their research on
modifying analytical and numerical techniques to fit
FDEs [21]. One of the promising methods in this domain
is the natural decomposition method (NDM), which
facilitates finding the analytical solution of FDEs
especially nonlinear partial differential equations (PDEs)
[22,23,24]. This methodology is a combination between
the well-known Adomian decomposition method (ADM)
and the natural transform. The ADM is popular for its
precision and effectiveness in handling nonlinear
problems without requiring perturbation or linearization,
making it a valuable tool in the analysis of complex
systems. For more details about the ADM, its origin and
advantages. Reader can refer to [25,26].

Moreover, the natural transform is one of several integral
transforms such as Laplace, Sumudu, and Mellin
transforms [27,28,29]. It was suggested by Khan in 2008
[29] and was first employed to solve fluid flow problem

and Maxwell’s equations [29,30]. Recently, this
transform was generalized to double natural transform to
be wused to solve telegraphs, wave and partial
integro-differential equations [27].

In this work, we extend the classical NDM to solve
various conformable-order PDEs (CPDEs), so we call the
method conformable natural decomposition method
(CNDM). This method enhances the classical
decomposition techniques by incorporating conformable
fractional derivatives, which provide a more intuitive
framework for analyzing dynamic systems. We explore
the application of the CNDM to get solutions of nonlinear
responsive gas dynamics equations [31], the KdV-Burgers
equation [32], a modified nonlinear Burgers equation
[33], and Schroédinger equation [37]. These equations are
pivotal in understanding various physical processes,
including fluid dynamics and wave propagation. The
KdV-Burgers equation, for instance, models the evolution
of waves in shallow water and incorporates effects of
viscosity. Through the CNDM, the problem is
decomposed into simpler components, and then an
approximate, or may be exact, solutions can be obtained.
This paper consists out of four sections including the
introduction. Section 2 presents the basics of the
conformable natural transform. In Section 3, we introduce
the methodology of the CNDM then we summarize its
main steps in an organized algorithm in the same section.
Numerical Applications are presented in Section 4 in
which we apply our technique to solve three CPDE’s that
play vital roles in real life models. Finally, the paper ends
with the conclusion section.

2 Basics of Conformable Natural Transform

In this Section, we present the definition of the
conformable natural transform (CNT), some of its
properties, and its relation with conformable Laplace
transform (CLT) which plays a central role in the CNDM.
However, these definitions require the following set of
functions [34]:

A:{y/(r) : M, e, & >0with |y(1)] <Me® if

T€ (—1) %[0,00), je{l,z}}.

Before of introducing the main concepts of CNT, we give
a quick review for the classical natural transform.

In fact, the natural transform .4 [y(7)] of the function
y(7) for 7 € R is defined in [29,30,34] as:

2=}

A ()] =¥ (s) = |

—oo0

e *Ty(ut)dt, s,u€ (—oo,00).

“

If we restrict s, u € (0,0), then its notation will be
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N ()] =¥ (s,u) = /Owefsrl//(ur)d‘r, s,u € (0,00).

®)

To notice the relation between this transform and

some well-known integral transform, we recall the

definitions of Laplace and Sumudu transforms that are
respectively defined as:

Ly = [ ey ©

and
S = [ e Tylumde. @)

Note that when s = 1 in Eq (5), it becomes the Sumudu
transform that is given in Eq (7), while when u = 1, then
Eq (5) reduced to the Laplace transform in Eq (6).

Many useful characteristics of the natural transforms
can be found in [34]. We are interested about the linear
property which can be stated as follows.

Let w(7) and B(7) be in the set A and a,b be constants.
Then

N ay (1) £bB(1)] = a At [y(1)] £bA H[B(2)].

Now, we introduce the main concepts that are related
to the CNDM.
Definition 2.1. [12] The conformable Laplace transform
(CLT) for a function y : [0,00) — R at 7 > 0 is defined
by

Lalw ()] = als) :/O e y(t) 0 < a < 1.
(®)
Obviously, when o = 1, Eq. (8) is reduced to the
well-known Laplace transform.
A useful relationship between CLT ¥y (s) = L[y (7)]
and the classical Laplace transform ¥'(s) = Z[y(7)] is as
follows [12]:

Wo(s) = & [w(an)e]. ©

Some of the important rules in solving FDE using
CLT are the following [13,35].

i) L CTEW(D) = sFals) - W(0),

i) Lo (C10w(r)) = >0,

N

where 5151 is the conformable integral operator of order
o that is defined for y : [0,00) — R by the formula

C8w) ()= [ 6oyt

Definition 2.2. [36] Let w(7) € A,0 < a < 1, then the
CNT is defined by

—st%

1 00
AW} = /0 e y(r)r ! dr,

u>0,s>0

provided the integral exists.

Some of the most useful properties related to the CNT
are listed in the following theorem.
Theorem 2.1. [36] Let y : [0,00) — R such that
S w(t)} = W,(s,u) is the CNT and
¥ (s) = Zu(w(7)) is the CLT, and 0 < o < 1. Then

a. ‘I’Na(s,u):e/i/+{l//(06’f)%},
b SAH{Y(D)} = 1 (2),

e ST ETRW(T)} = Sy, (s,u) — Y,

u

d. If y" (1) exists forn € Nand 0 < o < 1, then

n snfl

n S
g%+ {gTO a‘l/(f)} = ﬁleNoc (s,u) — 7‘/’(0)-

e. Fora e (n—1,n] withn € N, we have

S(X
gf/‘ff {fTO"‘y/(r)} = uTleNa (s,u)

n—1 saf(k+1) B
—— (c7"'v) 0.

The CNT for basic functions are collected in the
following theorem.

Theorem 2.2. [36] Let a,c € Rand 0 < & < 1. Then

C 4+ u®
1. A% {1}:W,
5 Cc/V_'_{ﬂ}iuocH
e |« g2’
C</1/+ - 7 ua+n—1 012
3. S {(nfl)!}_ gat+2 n=0,12,...,
CJ‘/+ . uoH»nfl
4. S {F(H)}: s n<0n¢Z,
at® Ma
5 C</1/+{ T}: ,
oo ¢ s%(s —au)
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6. Cagt{sin(a% )} = 57, 50,
7. St {cos (a%)} = s2+sa2u2’ s >0,
8. St {sinh (a%)} =3 aZZMZ’ s > |aul
9. St {cosh (a%)} =3 Sazuz, s > |aul

3 Description of the CNDM for Solving
CPDE’s

In this section, we present the basic idea of the CNDM
which is a combination of CNT and the well-known
Adomian decomposition method. We describe it for
solving nonlinear CPDE’s in which the simplicity of the
CNDM will be clear since all nonlinear terms are easily
to be handled with the Adomian polynomials.

Consider the general nonlinear nonhomogeneous
CPDE of the form:

T, T) +K(E, T, w)+M(E, T, y) =Z(§,7), (10)
O<a<l, (&r1)€lab]x]|0,T)
subject to initial condition (IC):
v(£,0) =¢(S), (11)

where K is a linear differential operator, M represents the
general nonlinear differential operator, and Z(&, 7) is the
source term.

To apply the CNDM, we first take the CNT to both sides
of Eq (10), so we get

AT W&, D+ 56 {K(E T, w(6,1)}
FCAM(E, T p(E 7)) (12)

=M {Z(E, D)}
Applying the basic rules of the CNT, we get

Sy )~ YED L k(e oy o)

+eMe AM(E, Ty (&, 7))}
=M H{ZE D)}
(13)
Using the IC in Eq (11) and rearranging the terms of Eq
(13), we obtain

s8)_ e ke n e o)
_;{g%+{M(§7Taw é’af }}

+ S zE Y-

o (§,5,u) =

Now, we take the inverse conformable natural transform
(ICNT), €47, so we have

V(&) = HE D) =S { SR (E m )} )

—fﬂﬁ”{%%%iﬁwﬁwnwﬂ},
(14)

where (2, 7) = €1 {460 1 (€ 20891}

The idea of the CNDM is based on replacing the unknown
function y(&, 7) in the linear term by the infinite series

0= Y wil&,) (15)
k=0

and the nonlinear term by a series of the Adomian
polynomials. That is

M, 7 y(& Z , (16)

where the o7, are polynomials of wg, w1, wa, w3, ..., wy
and can be calculated by the successive relations:

/()

Applying the general formula in Eq. (17), <7 can be
further simplified as follows:

1 d*

—— ;k=0,1,2,.... (17
k'dnk 7k 07 y <y ( )

n=0

k=

% :M(W0)7
A = WlM/ (W()),

1

oy = W3M (WQ) +W1W2M (W()) + —

wiM” (wy),

3' 1M/// (W()),

Now, we substitute Eq. (15) and Eq. (16), into Eq. (14), to
get:

ZWk (&.1)=H(E,7)
_C {“g,/yoj {M (5,1,2%(577))
N k=0

(18)
which produces the recurrence relations:
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WO(§7T) =H(§,r),
Wi (6,7) = = {S6A (MG mmd§.7)

+a}}, fork=0,1,2,...
(19)
Hence, from the general recursive relation in Eq. (19),
we can easily compute the remaining components of

w(&,7) in Eq. (15) as wy(&,7),w2(€,7),.. ..

Computing finite number of components leads to the
approximate solution which can be considered as the Nt
truncated series as follows

=

WN(&;T) =
k

wi(&, 7). (20)
0

Surely, the large number of iterations, N, leads to more
accuracy. In fact, under some assumptions, it can be shown
that

]égrloWN(g’T)ZW(é’T)' 21

This idea which is related to the convergence and the
error of approximation is discussed through the following
theorems.

Theorem 3.1. Assume W is a Banach space and
lwo(&,T)|| < M over [a, b] x [0,T] for some constant M.
Then the series Y; o wi (&, 7) in Eq. (15) converges in W
if 36 € [0,1) with [[wi (S, T)[| < B [lwi—1(§,7)[|, vk € N.

Propf: First, define the jth partial sum of Eq. (15), as
o;=YI_,w(&,7). i
We proceed by proving that {Gj}j:() is Cauchy sequence
in the Banach space W. To do so, notice that

H"j+1 —GJH =

jH j
Zw;c(é,f)—];)w(i»f)

= ||Wj+l(§’T)H

< B ||w;(&,7)]|| from the assumption.

Consequently,

[ojs1—0j| < Bllw;(€.,7)

<B?|wj-1 (&7
(22)

<P wo(&, 7).

Now, for any j,i € N with j > i, we have:
loj = oil| =1l (6; = 6j-1) + (6j-1 — 0j2) + -+
+(6i1—0) |
<|loj—oj-1| +[loj-1 — g2+
+ 16142 = i1 [ + [ 051 — G|
< B wo(&, )| +B7" wo(§,7) ]|+
+B2 Iwo(&, )+ B wo (8, 7))

ﬁi—H 1_[3/—1—5
ﬁi+l
< =g (&l since p e (0,1)
ﬂi+l
< -M by assumption.
1-B
This implies that lim; . |l0;—0j| = 0. That is,

{Gj}jzo is Cauchy sequence. As a result, the series

Y owk(E,7) in equation (15) must converge in the
Banach space W, which completes the proof.

Theorem 3.2. If &y(&,7) denotes the error of

approximating y(&, 1) in Eq. (15) by wy(&, 1) in Eq(20),
i.e.,

en(s,7) = llv(S, o) —ww (S, DIl

then under the assumptions of Theorem 3.1, the upper
bound of &y (&, 1) is

ﬁN-H
B Iwo(S, DI, (6,7) €la, b]x[0,T].  (23)
Proof: Using Eq (22), we have for any N,N* € N with
N*>N:
N* N
low: —onll = || Y we(&.7) — Y wi(€,7)
k=0 k=0 (24)
ﬁNJrl
< —— .
= l—ﬁ ||W0(‘57T)||

But oy converges to y(&,7) by Theorem 3.1. So, as
N* — oo, we may rewrite Eq (24) as

N+1

1-B

N
HW(&T)—ZW(%,T) < [Iwo (8, ).
k=0

Equivalently,

N+1
(€0 < Ep I ),

which completes the proof.
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Now, we summarize the proposed CNDM to solve a
given nonlinear CPDEs in the following algorithm.
Algorithm 3.1. To apply the CNDM to solve nonlinear
CPDE:s in Eq (10) with IC as in Eq (11), we follow the
steps:

Step (i) Separate the right-hand side of the CPDE into
linear and nonlinear functions.

Step (ii) Take the CNT to both sides of the equation
and use the IC.

Step (iii) Make suitable manipulations and take the
ICNT of both sides of the CPDE.

Step (iv) Replace the unknown function w(&,7) in
the linear terms with the infinite series

w(&, 1) = Yo k(S 7).

Step (v) Replace the nonlinear term with the series of
Adomian polynomials in Eq. (16) and calculate them
using Eq. (17).

Step (vi) Get a suitable recurrence relation and apply
it to get the terms of the approximate solution
wv(&,7) = XX owik(&,7). Choose N to achieve the
desired accuracy.

4 Applications of CNDM for Solving
Real-Life Models

In this section, we apply our adopted technique to deal
with modified forms of some well-known dynamic
systems. These models are the gas dynamics equation,
Burgers equations, and Schrodinger equation. For each
model, we carry out the CNT methodology then present
some numerical and graphical results including
comparison with other methods. Fortunately, the CNDM
leads to the exact solution in most of our examples unlike
other methods.

4.1 Homogeneous gas dynamics equation

Assuming no external forces or source terms are present,
the conservation of mass, momentum, and energy in a
compressible gas is governed by a system of PDEs known
as the homogeneous gas dynamics equations (HGDE’s).
Often called the Euler equations, they offer an idealized
mathematical framework for explaining fluid motion [31].
A numerical example of the HGDE’s is as follows.

Example 4.1 Consider the nonlinear conformable HGDE

ﬁwwaw+%%w%aw—wawm—w@x»=a

0<a<i
(25)

with IC:
y(E0) =e®. 26)

Its exact solution is found to be

w(E 1) =t 27)

In order to obtain analytic-approximate solution for
arbitrary o € (0, 1], we apply the CNDM as follows.

We first take the CNT both sides in Eq (25), so we get

which gives

Sy - YED e 1 ay2e o)

— A HWE D+ AW (6. 7)) =0
where ¥y, (,s.u) = r%+{llf(§a7)}'

Using the IC in (26) and rearranging the terms of (28), we
obtain

(28)

e u
P, (os,) = = = 2En {LEVAE D) + VA (6T

N

u
+ECA wE D).
Now, we take the ICNT, so we get
y(E,1)=e*

—Sﬂa‘{Z%ﬂy{;éwaén»+w%arn}

v {2 tvie.on

(29)
The CNDM presents the solution of system Eq (25) in
the form of infinite series as

(a1 = Y wil€. 1)
k=0

while it expresses the nonlinear terms
%wz(é ,7), W2 (&, 1) in term of Adomian polynomials as
follows:

d o
sz(éaf) :kgoﬁfk(évf)v

2
1 df d [ &
R 5 k=0,1,2,...
k A dnkdé (gon WS) 9 y Ly 2y
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and

VAE1) = Y BlE. 1),
k=0

2
PR Zk: o k=0,1,2
k_k'dnk n-ws ) — Yy bysyen

6=0

The first some Adomian polynomials are:

o=w}
o = 2wowi

afh = 2wowy —l—w%

o3 = 2wowa + 2wiwy

By = W%g

By =2woewyg

By =2wpewae + W%é

B3 =2woewoe +2wiewoe

Substituting into Eq (29) implies:
Zwk(évf) = e_é
k=0
_ 1 &
+$ A 1{”%*{2 Zssz(é,r)}
$ k=0
1 u -
et {Eeo ]
1 u -
e {ten {Emen )]

k=0

—

which produces the recurrence relations:

WO(éa T) = eié

u

e 8,7 = St { B (e o |

N

P e nle D))

S B B o

Hence, for k =0,

v | =
)
Ry
—_~
=
(=)
—
g
Q
N~—
—
——

Similarly, for k =1,

n(@0) =S {26 {genen

#6 {E6A & o))

N

S B G, )

=St {%%/VJ {27@725 +1e % — 2772 }}

~eo (i { =

Repeating this process for k = 2, 3,4 produces:

-¢ 3a
e 5T
WB(gﬂ):&T;
- Lda
e °T
W4(§,T):W,
—& 50
e 5T
Ws(évf)zw-

In fact, the fifth approximate solution of Eq (25) can
be taken as the fifth truncated series as

e 61 e Sr2a o Ep3a
+ +

5
WS(&,T) = Z wi(T) = eié +
k=0

N 675 ‘640‘ N eﬂ: ,L.Sa
2404 12005 °

o 202 603

To achieve high accuracy, we repeat the process using
the Mathematica software for more iterations. We carry
out the CNDM for 20" iterations and get

© 2026 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

158

N S ¥

R. Al-Rababa’h et al.: A Novel Method for Solving CPDEs...

Table 1: Absolute errors
approximation for Example 4.1

|‘If20(1ﬂ') - W(I,T” of

£ IR 2o 3o o o
) =e [ 14+ —+-—— —_—
Va6 ) = | 1+ 4 2 T 5d T 2208t 1200
,L.6a N T7a N ,L.Soc N T9a N
72005 504007 4032008 362880a°
TlOoc Tlla 1120:
10 + 11 + 12+
36288000 39916800 479001600
T13a Tl4a

6227020800013 +

871782912000614Jr

“a=0385

T a=1 a =095 a=0.75 o =0.65
0.0 0. 0. 0. 0. 0.

0.5 0. 0. L.Ix107'0  22x107'0 0.

1.0 0. 0. 0. 0. 0.

1.5 22x107'%  44x107'®  22x107'% 1.8x10°"%  1.6x107'*
20 1.7x107%  24x107%  57x107%  19x10713  8.8x10713
25 1.8x1072  21x1072  31x1072?  64x1072  1.9x107!
30 87x107'" 81x107'""  83x107"  1.1x1071  23x10710
35 23x107° 1.8 x107° 1.3x107° 1.3x107° 1.9 x107°
40 39x1078 2.6x10°8 1.5x10°8 1.1x10°8 1.2x1078
45  47x1077 2.8x 1077 1.2x 1077 7.2x 1078 6.2x1078
50  44x107° 2.4x1077 8.3x 1077 3.9%x 1077 2.6x1077

TlSa TlGa
13076743680000;15 + 209227898880000:16 +
7o l8a

3556874280960000!7 * 6402373705728000¢ 18 *

Tl90¢

720a
1216451004088320000¢1° * 24329020081766400000¢20 |

In order to notice the efficiency of the proposed
technique in solving nonlinear HGDE’s, we use
Mathematica 13 to get some tabulated and graphical
results for o € {1,0.95,0.85,0.75,0.65} over the domain
7 € [0,5]. Moreover, the accuracy of CNTDM is revealed
through Table 1 which shows small absolute errors for
different values of the conformable orders. The effect of
conformable derivative to the solution of nonlinear
HGDE is obvious in Figure 1.

U20(§,1)
201

e g

f
1 2 3 4 5

Fig. 1: Comparison between the exact solution (Dotted)
and the 20" approximate solutions (solid) for the HGDE
in Example 4.1.

On the other hand, it can be easily noticed that the 20th
approximate solution can be rewritten as

D R 3 i 5
N (’i)ﬁ . (%!)7 N (’i;’!)g . (ﬁ)g N (I))
REONNCNCNC
LGN G
g (E)
So, we have

- (%)
. _ a _E4 %
W(é’f):&ﬂl”"(é’f):e 5]{;0 T —e ‘:Jra’

which is identical to the exact solution in Eq (27).

4.2 KdV-Burgers equation

Another real-life application of CPDEs is the
Korteweg-de Vries (KdV) Burgers equation which
derived by Su and Gardner [31]. It is applicable to fluid
dynamics, plasma physics, and other domains because it
describes situations in which nonlinearity, dispersion, and
dissipation coexist. In this subsection, we consider the
conformable KdV equation (CKdVE) as given in [32].
Example 4.2. Consider the following CKdVE:

Cra d d?
Ty w(é,r)HW(é,f)Ew(é,T)frd?zw(é,r)

d3
+ud—§3u/(§,r) —0, 0<a<l (30)
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with IC:
¥(§,0) = —2sech’(§). 31)

In order to solve the CKdVE in (30) and (31), we start by
taking the CNT to both sides in (30) as follows:

g v o feve o vien )

e {riwien)
+m+{uj;w<»:,r>}=o.
Which gives
s‘f'a<i,s7u)_w(570> c/+{€w(é 02 v (e, )}
e (i vie o)
+e M {u dd; w(é,r)} =0 (32)

where Wy (€, s,u) = CJV*{I//(& 7)}.
Using the initial conditions in Eq (31) and rearranging the
terms of Eq (32), we obtain

—2sech?(&)

e {evenvin)

Y(E, s,u)=

Hien e

3
u%w(é,f)}-

Now, we take the ICNT, so we have

u
+sg</1/a+{

s (e futowen} ).

The CNDM presents the solution of Eq (30) and Eq
(31) in the form of infinite series as

(33)

7= Y wil&,) (34)
k=0

while it  expresses the  nonlinear term
y/(é,r)%y/(é,’c) in term of Adomian polynomials as

follows:

% ) )
W(E D) V() = X (&)
1 dk k d k
Ay = k! dnk [(Zn Wl) E (lzzonlwl>]n07
—0,1,2,....

Hence, the first few Adomian polynomials can be
obtain from the formulas:

Ay = Wowoe

= woewr +wowe,

G = Woe w2 +Wiw g + Waewo,

G = Woe w3 +Waw g + Woe Wi + Wigwo,

Substituting into Eq (33) implies:

7) = —2sech?(&)

Y (€
k=0
k=0

S B i{rd—z

"o PR = d&z

e o))

which produces the recurrence relations:

Fe! {;‘m {—s 3 %(éﬂ)}}

Wk(évf)

wo(&,7) = —2sech’(&) = go(&)

Wit (€,7) = S {55 {—eah (€. D)} }

+Cw1{”cw+ {rdzw (&,7)
< a s déz kS

—u;’;wk@,r)}}.
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Hence, for k = 0, o4(&,7) = —8sech* & tanh & = by (&),

wi(&7) =St {EEe {—ebo(©)}

2
c y-tfuc ,+f d
s (M @ - s e0(E) G
_ u
= St { S {—ebo(8) +re (&) — gl (©)} }

=S {5 {—ebo &) + g5 (&) — ey (9} }

= 1—(;70:%{—8170@”@8(5) ugy (8)}
TO(
= mgl(f),

where
g1(&) = —2sech’ (&) ( —3rcosh(&) + rcosh(3&)
—4sinh(&) (—p cosh(28) +5[,L+8)).
To compute wy (&, 1), let k = 1 and proceed as follows:

— 1%

(8,7) = —~bi(8),

where

b1 (&) = 8sech®(&) <44u +2p cosh(4&) — 7vsinh(2£)

+vsinh(4€) —2cosh(2&)(19u + 3¢) + 88)

a6 =S {26 { @)}

s { ey {ﬁ {48

_ I/l2 d2g1 d3g1
“t {5 femr e g n g |

1205 ngl d3g1

[2o+1) (Ebl(é)wdé2 - d§3)
So, wa (&€, 1) (2a+1)g2(§) where

3
82(8) = b (&) + 1 — nH.

Using  Mathematica  software, we compute

wi(€,7),k = 1,2,...,10 in order to get the tenth
approximate solution Eq (30) as the truncated series

vio(&, 1) = Z}(O:Owk(é,r). However, for
r = 0,e = —6,u = 1, the exact solution is
v(&,7) = —2sech? (é - %) , and the 10 approximate
solution is

WlO(é?T) = 1200{5 SeCh7(§)(

150 cosh(5€) + 24004 t% sinh (&)

+3600* % sinh(3&) + 120a*t% sinh(5¢)

+ 4800 2% cosh(5€ ) — 128000t>73% sinh (&)
— 115200 03% sinh(3&) + 128002 73% sinh(5&)

+ 100 (15a* — 38402 7% + 102407**) cosh (&)

+5a(150* — 960> T>* — 128007**) cosh(3¢€)

+ 123699277 sinh (&) — 23347277 sinh(3€)

+409675% sinh(5€ ) + 25600 74% cosh(5§)>.

Therefore we can check the accuracy of our methodology

by computing the absolute errors for our approximations
for different conformable orders. In Table 2, some values
of the absolute errors | w(&,7)— wyio(E,7) | for
o € {0.95,0.85,0.75,0.65} are presented. In Table 3, we
compare the absolute errors resulting from our technique
with those resulting by the variational iteration method
(VIM) as given in [31] for classical integer order o = 1.
The 3D plots for the exact and approximate solutions are
presented in Figure 2 for oc = 0.95 and o = 0.75.

Table 2: Absolute errors |y (&,7)—yi0(E,7)| of
approximation for the CKdVE in Example 4.2

T g o=0.95 o =0.85 o=0.75 o =0.65
75 48x10°P  15x107 48x10°7 1.7x10°™
001 25 25x 107" 8.0x1071%  2.8x1078 1.1x107°
’ 25  24x107" 72x10710  23x1078 7.4%x1077
75  49x10°%  15x107% 53x107'2 2.1x10710
75 24x1000 49x1007 1.0x10°0  25x1077
002 25 13x 107 2.8x 1078 6.5x1077 1.7x107°
’ 2.5 1.2x107° 2.3x10°8 4.6x1077 8.3x107°
75  26x1078  54x1072 1.2x10710  32x107°
75 24x1007 38x10°TT 63x10°0  [.Ix107®
003 23 1.4x1078 2.3 %1077 4.1x107° 8.3x 107
’ 25 1.2x10°8 1.7x 1077 2.5%107° 2.6x107°
75 26x1072  43x107! 7.x 10710 1.6x 1078
75 12x10° 1T 1.6x1070  23x107° 3.4x10°%
004 25 713x 108 1.0x10°° 1.5x 107 2.6x107°
’ 2.5 5.8x 1078 7.0x 1077 7.8x 1070 3.3%x107*
7.5 1.4x101 1.9 x 10710 3.0x107° 5.3x10°%
75 43x10°TT 50x10°0  6.1x107° 7.9%107%
005 25 26x 1077 3.2x10°° 4.2 %1073 6.2x107°
’ 2.5 2.0x 1077 2.0x10°° 1.7x107° 45x107°
75  50x107" 61x10710  83x107° 1.3x 1071

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 1, 151-168 (2026) / www.naturalspublishing.com/Journals.asp

N SS 2= 161

Table 3: Comparison between the absolute errors using
CNDM and VIM when o = 1 for the CKdVE in Example
4.2

T & CNDM VIM[32]
75 881x1071 670x 10"
00l 25 4.65x10712  951x107°
: 25 445x10712 979x107°
75 9.01x10710 670x 1014
75 557x10°% 208x10°12
ooy 25 3.03x 10710 3.00x 1077
‘ 25 278x10710  320x1077
75 584x1071  220x10712
75 628x10° 13 156x10° 1T
003 25 352x 1079  225%x10°°
‘ 25 3.07x107°  247x10°°
75 672x1071B  1.69x 101
75 349x10°27 650x 10T
o004 25 200x 1078 9.33x10°°
‘ 25  1.67x107%  10.59x10°°
75 3.82x10712 7.22x10°!1
75 132x10°1T 1.96x 10710
005 25 T177x 1078 2.81x1073
‘ 25  6.17x107%  329x1073
75 1.48x 10711 223x10710

P(&, 1) fora =0.75 tﬂlo({,‘r)fora:‘ 0.75

Fig. 2: The 3D plots for y(&,7) and (&, 7) for the
CKdVE in Eq (30) for ¢ = 0.95 and a = 0.75.

4.3 Burgers equation

Burgers’ equation appears in fluid dynamics, traffic flow,
and other applied mathematics fields. It is used to
investigate shock waves, turbulence, and wave
propagation and is frequently thought of as a simplified
model for the Navier-Stokes equations. A numerical
example of the modified conformable Burgers’ equation
(MCBE) is in the following example.

Example 4.3. [33] Consider the MCBE:
CTEW(E D)+ P E D)L y(E D) - (€ 1) =0
740 v(G, v ) déllf ) ﬂdézw ) — Y,

O<a<l,
(35)

w(£,0) =2g0(&)- (36)

In order to solve the MCBE in Eq (35) and Eq (36) by the
CNDM, we start by taking the CNT to both sides of Eq
(35) as

with IC:

Sy {fTo"‘w(é,f)Hf%*{wz(é,f)jéw(éﬁ)}
2

d
i {udven )} -
Which gives

B W(i’o) +g%+{w2(€’f)ddgw(é’f)}

—%*{uj;w@,n} 0.

sy(&,s,u)

u

Using the IC in Eq (36) and rearranging the terms, we
obtain

v(§,0)

N

A w0} =

—Z?%*{wz(éﬂ)jéw(éﬂ)}

+ %ﬁf%f {uj;ll/(éﬁ)} =0.

Now, we take the inverse CNT, so we have

v(8.7)=y(E,0)
Cc -1)Uc + 2 d
et e {ve e
1 (u d>
st fugmwen})
(37
The CNDM solution has the infinite series form as

(D)= Y wilE.1), (38)
k=0

and the nonlinear term y?(, 1) % (&, 1) is rewritten
in term of Adomian polynomials as follows:

w%éw)%w(éwhi%(éw) (39)
k=0
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where the k-th Adomian polynomial for k =0,1,2,...
is derived from the formula:

1 dk k 2
il 2] o

So the first four Adomian polynomials for the MCBE in
Eq (40) are:

A = w(z)wog
) = w(z)wlg +2wiwowoe
o = w%wog +2wow g +wo (2wzw05 +wo(& )wzg)
oy = w%wlg + 2w, (wzwog +wow2§)
+ wo (2W3W0§ + 2wzw15 + WOW35)

Substituting Eq (40) and Eq (38) into Eq (37) implies:

Xl = viE0) - {jiw{iwm}}
k=0

h { “(Epiee))

which produces the recurrence relations:

wo(§,7) =go(8),
w1 (6,7) = =St {SEAG A& D}

v (Mg fubome. 0}
k=0,1,2,...
For k =0,
#)(&,7) = 85(8) 80(8) = bo(§),
wi(&7) = =Srg {26 (@)}

P R )

=St S h@)+u dE)})

~ Fray @ GwE).
That is, wi(€,T) #‘:l)gl(é), where

81(8) = —bo(&) +uggw(&). .
Similarly, for k = 1, (§,7) = mbl(é),where bi(&) =

bo(£)(281(8)b(E) +bo(€)8](£)).

=—b1(&) +usgi(£).

TZ(Z

—_— h
et where

(8,7) = ba(8),
bz(g):m(r (o0 +1)%b0(&) (282(£)

+bo(§)85(8)) - (20¢+1) 1(6)bp(8)
— 20200+ 1)bo(E )

i {ieoi o
,L.Zoc
{ { d§2< Qa+1)%
%

=St { {- b2(§)+#g2(5)}}

3a

@)}

= Figw) (= b2(8)+ g (©))-

Using Mathematica software, with

g0(8) =~ e

\/lfcosh(zr(gf'“) ) 7sinh(2‘():3’”) )
where ¢ = 0.1,r = 0.01,u = 1, we compute the fourth
approximate solution of (35) and compare it with the exact
solution
‘I/(§7T) = /3

—sinh(%(—%4—5-&-3/”))—cosh(%(—%+§+3ur))+l

as presented in Table 4 in which the absolute errors for our
approximations for different conformable orders are listed. The
same MCBE was solved in [37] by an analytic approximate
technique which is known as the conformable residual power
series method (CRPSM), so we also tabulated the absolute
errors that resulted in [37] in Table 4. The 3D plots for the exact
and approximate solutions are presented in Figure 3 for o = 0.5
and @ = 0.75. Finally, at & = —1, Figure 4 presents how the
solution curves of the MCBE are affected by different
conformable orders.
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Table 4: Absolute errors |y(—1,7)—wu(—1,7)| of
approximation for CMBE in Example 4.3

| =095 | a=0.75 | a=05

CNDM CRPSM [37] CNDM CRPSM 371 CNDM CRPSM 371
0. 0. 0. 0. 0. 0. 0.
0.1 8.1x 1071 6.9x 1011 26x 1079 22x1079 34x1077 291077
0.2 2.1x1079 1.8x1079 34x1078 3.0x1078 19x1070 1.6x1070
03 1.5x1078 13x1078 1.6x 1077 13x1077 5.1%1070 43% 1070
04 57x 1078 49x 1078 45x1077 39x 1077 1.0x 1073 8.8x1075
05 16x 1077 14x 1077 1.0x 1076 8.9x 1077 181075 15% 107
0.6 38x1077 33x1077 20x1070 171076 28x1077 24x107
0.7 7.9%1077 6.8x1077 3.6x107° 3.1x1070 40x1073 35x107
0.8 15%1070 1.3x10706 58x1070 50x107° 56x1070 48x1073
09 25% 1070 22x107° 9.0x1076 7.8x 1070 74%107° 64107
1 42x10°0 3.6x10°0 13x10°3 1.1x1073 9.5x 1073 82x 107

=

e

SESSSSSS 4

S22

LR,

LRI
=

L

Y(, 1) fora = 0.75 Y4 (§,7) fora = 0.75

Fig. 3: The 3D plots for y(&, 7) and yy (&, 7) for the Kd V-
Burgers equation in. Example (4.3) for ¢« = 0.95 and o =
0.75.

Y(-1,7)
-120
— a=1
-1.22¢ — a=0.95
— a=0.75
-1.24
— a=0.5
-126
-1.28
-1.30
0.0 02 04 06 038 10T

Fig. 4: Solution curves of the MCBE in. Example 4.3 for
different conformable orders (Dashed: y(—1,7); Solid:

1[/4(—1,’7:) )

4.4 Schrodinger equation

The conformable Schrodinger equation with a nonzero trapping
potential is a fractional extension of classical quantum models
by replacing integer order derivative by conformable derivative.
This mathematical formulation enables accurate simulation of
quantum systems with memory-dependent and non-local
dynamics, particularly in the presence of dissipative forces or
spatially constrained potentials. More generally, fractional
Schrodinger equations are crucial to many engineering
specialties, such as electronics, mechanics, materials science,
and architecture, by increasing simulation accuracy and aiding
in the development of innovative technologies such as
nanodevices, smart materials, and responsive structural systems.
An example of the conformable Schrodinger differential
equation (CSDE) that is popular in quantum mechanics [37] is
given below.

Example 4.4. Consider the following CSDE with nonzero
trapping potential:

2
iﬁ?ﬂ&ﬂ+392@wﬂﬂﬂ&ﬂfﬂ&ﬂza (41)
72>20,0<a<l,
subject to the IC:
2(€,0) = €6, 42)

The exact solution for the CPDE in Eq (41) and its IC in
Eq( 42) is found to be

Z(E,7) = 6+ %) 43)

To apply our methodology to the CSDE in Eq (41), we start
by converting Eq (41) into a system of real-valued functions since
Z(&,7) can be decomposed as Z(&,7) = w(&,7) +iu(€, 7). As
a result the CSDE in Eq (41) can be rewritten in the form of the
following system

2
‘;”To“w(é,m%u(m+2w2<é,r>u<a,r>+zu3<é,r>:o,

32
ST u(E,7) — nglll(i,f) —2u* (&, D)y(E,7) -2y (§,7) =0,
O<a<l,
(44)
subject to initial conditions:
Y(£.0) = cos(Z), )

1(&,0) =sin(g).

Applying the CNT for both sides of each in system (44) and
using the IC’s in system (45), we get

PR ) SAFER e

e {2 E e D+ 2’ (E ) | =0,
(46)

m*{ETo“u(é,r)}—m*{j—;wm)}

~Ca {22 (e, D) + 29 (€, )} =0
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Which gives

2
s+ S { puen |
+E e nE D+l @ | =0,

47
(€ s -5 L e}
S {2 v n+2viEn =0
where W, () = SAGH{w(E, 7)) and
i, (6,5.0) = E 0 {u(E )}

Using the IC’s in system (45) and rearranging the terms of
system (44), we obtain

sin u 2
(s = L 2 { i)
+ 2 {22 v E D+ E D)

Now, we take the ICNT, so we have

o3 o)
)

+Sty { Cﬁ{ 2V T)u(E, D) +

w(&,7) =sin(§) + { C'/V+{d }}

+Se {%‘MJ{( (EDV(E D)+ V(6T >(}4i).

7) in the linear terms by the

Now, we replace y(&,7) and u(&,

series forms:

=Y wi(E,0),
k=0

(49)

=Y m(E.q),
k=0

and the nonlinear terms —2 (y?(&,7)u(&,7)+u3(€,7)) and
2(u2(&,7)w(&,7) + y*(&,7)) by the Adomian polynomials as
follows:

2 (Ve D& D E D) = Y (8D,
k=0

(50)

o)

2(KAEDWE D)+ V(e

weEn

where

2 3
2 dk k ; k ; k ;
‘Q{k:iadink !(;)77 Wi) <§)n m,-) + <l_z(,)77 mi) ] )
1 dk 2/ k i ko 3
Be= i ant (an,) <;0n w,-) +<§6n w,-> ;

k=0,1,2,....

(5D
Hence, the first few Adomian polynomials are
oy = —2sin(£),

oy = 2my (£) (cos(28) —2) 2wy (&) sin(28),
oty = —2(2m1 (&)w1 (&) cos(§) + 3m (&) sin(€)
—m(€)(c0s(28) ~2) +sin(&) (w1 (§)” +2wa(€) cos(&)) )

Bo=2cos(£),
B1 =2(m1 (§)sin(28) + w1 (£)(cos(2£) +2)),
By =2(2my (E)wi ()sin(&) +ma(§) sin(28) +m1 (&) cos(€)

+22(8) + 31 (£)” 0s(§) + wa (&) os(2) )

Substituting in system (49) and system (51) in system (48)
implies:

kgowk(&,r):cos@ A ‘{”Cw{dgzimk }}

sofrefgass)

ka ) =sin(E)+ Sy l{ucﬂ+{d§22wk }}

sofrelgoas))

This produces the recurrence relations:

wo(§,7) = cos(&),
mo(G,7) = sin(§)

(52)

wi1(8,7) = —SAy 1{”c/1/+{d62 Y m(&.t }}

+$<A@-'{“$w{zwm}},
s k=0
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Putting £ = 0 in system (53), we have

3a 3
wy(E )= TIE) (g = TN
4o 4o 3
Cc —1fUcC ) ~ T"%cos(&) ~ T%sin(§)
wilE0) =~ { S —sinE)}) wa(,n) = TSy = TS
C -1fUC o+ ~ 7%sin(&) 2% cos(&)
+ 7N — TN {—2sin _ _
T {ST .O‘(; (5)}} WS(gaT)__Wv mS(éaf)—W7
_ ¢ -1 usin 6at 60t o
=S {5 woq) =T g gy in)
o
- 77%sin(€) 7% cos(&)
o sin(¢). wi1(8,7) = 504007 m7(§’T)Z_W’
8% cos 8% sin
W8(§77)=W0(§8)7 m8(§777):w0(€8)7
e b o o
m(&,7) =g {2 S {—cos(8)}}  Pagne) %% cos(E)
cooifluc . W96 = ~3es000” (&Y = 36285000
+ e BE e {2e05(6)) | :
s (&.7) 710 o5 () (&.7) 710 gin(&)
= "7 m [
zg%*l{%cos(g)} 1015 36288000107 101> 3628800010
% cos(&) . Consequently, the 10" approximate sock for in system (44)
ar @) is
Similarly, for k = 1, the recurrence relation in system (53) yi0(&€,7) Z wi (€
yields.
) T« ,L.2¢x ) T3“
X :cos(&)—sm(é);—cos(’q’,)m—i-sm(é)m
__¢C ue v f 0 @ }}} 4o 5a 60 Ta
, TN N =5y — T . T T . T
w2(6.7) = {s’ ¢ {852 { a cos($) +COS(§)74!(X4 —sm(é)ﬁ—cos(é)m +Sm(5)ﬁ
u —2cos(&)r? 8 9a 10a
Sy Copro ===l T . T T
{s ¢ { a +COS(€)W*SIH(5)W*CO (é)m
C —1)Uc ,+ Cos(é) a}} T2 4o 6o 3o 710
=7 —7 M - T -
e {sf * { a 405(5)(“2!0@ T hat " 6la6 T BlaE 10!a10)
c 1) ulQu o  3a S Ta 90
=74 {77 cos(&) . T T T T T
o g 52 —si\ G 3w T T o
:?/Va”{—%m(é)} s (71)J‘(ﬂ>2" 4 (- )J(%)zﬁl
:cos(é)zi sin( 27
g2a =0 (2))! =0 +1)!
Z*ECOS@)’ And
n
Hi0(& ka &,7)
) o ) 1/.205 T3a
(& 7) = uCJV+ 92 ﬂsin(é) —sm(é)—i—cos(é)m—sm(é)w—cos(é)m
&2 o ‘ py: s 260 L7
ot LU L ogine) SInS) g +e08(8) 5755 ~8IN(8) - G —o0s(6) 7157
T st o . Sa oa . 710a
e fre o [ ne) ™ +in(S) gigw Te08(8) 5150 ~sin(C) 51510
=17 s sin( ); _sine) (1 2 . ha - ¢ . 8a - 710a
:g%fl{_ﬁsin(é)%r(z)} - 2002 4lot 6lad  8lad  10!al0
N § e Pl o s oo
20 - _
_ ;  sin(&) +Cos(§)<1!a 3107 5108 7!a7+9!a9)
./ a\2] 2j+1
5 (—1)7 (= (~1)]
=sin(§) ) (2(.)? ) +cos(§) ) (2<al))
Continuing this process for k =2,3,---,9, we get J=0 I j=0 It
©2026 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

166 N SS 2

R. Al-Rababa’h et al.: A Novel Method for Solving CPDEs...

The series form that has resulted in the 10 approximate solution
leads us to the form of the N approximate solution as

k=0 (2])'

2 ()
~sin(E) Y <‘,) ,

k=0 (2))!

uy (€. 1) =sin(§) ), —————

= @
e -1y ()
+cos(&) k:ZE) 27

As a result, the exact solution of system (4) is

W(é,r) = I\}E{}m WN(&?T)

i
=}
—

.
2
7~
"
+
2| %

- sm(&)kgb (2) +COS(§)1¢ 0 )
— sin(€)cos (%) +-cos(&)sin (TO(:)
= sin (é + %) '

In fact, y(&,7) = cos (é + %) and pu(&,7) = sin (5 + %)
satisfy the system in (44 and 45) which ensures that they are the
exact solution. Consequently, the solution of the CSDE in Eq
(41)is

a(6.0) —cos (g4 5 ) isin (545 ) - J(5+%)

However, to evaluate the accuracy of our methodology
when using a few iterations only, Table 5 present the absolute
errors for a € {1,0.9,0.8,0.7,0.6} with limited number of
iterations. Moreover, the effect of the conformable operator is
clearly observed when comparing the 2D plots for various
values of @ and & = 0.1, as shown in Figure 5, and the 3D plots
as illustrated in Figure 6.

04 04

02 02

02 04 06 08 10" T 02 04 06
Black: @ = 1; Blue: @ = 0.9; Brown: « = 0.8; Red: @ = 0.7.

Fig. 5: Comparison between the exact (Dotted) and
approximate (solid) curves of the solution of CSDE in

(44).

Table 5: Absolute errors for the CSDE in system (44) for

different values of o

[w(0.1,7) — y10(0.1,7)]

T a=1 o=09 o=0.8 o=0.7 a=06

0.0 0. 0. 0. 0. 0.

02 11x107'%  11x107%  26x107*  73x107%  2.6x107!"
04 14x1078%  13x1072  1.4x107! 1.8x10719  29x107°
06 14x107""  80x107'"  55x1071%  45x107° 47x1078
08 3.6x10710  15%x107° 7.6x107° 45x1078 3.5%x1077
1.0 46x107° 1.5x 1078 5.9%x1078 2.7x 1077 1.6 x 107

[1(0.1,7) — p110(0.1,7)]|

T a=1 a=09 o=0.8 o=0.7 a=06

0.0 0. 0. 0. 0. 0.

02  61x107'%  95x10°%  20x107%  52x10712  1.7x10710
04 1.0x1072  91x1072  9.1x107!! 1.1x107° 1.6x 1078
06 9.0x107""  50x1071  32x107? 2.4x10°8 2.3x1077
08 2.1x107 8.6x107° 4.0x1078 2.2x1077 1.5x 1076
1.0 25x10°8 7.8x1078 2.8x 1077 1.2x107° 6.7x107°

&(\\ .~ .\ x ) Q)
W AN AN WR ‘\ £\ R \ A\
MY W AN W \\\\\\\ AN
2 \\\\ ‘:\\\\\\\\\\\\; BV, o4 \ \\ \\\\\\ .&;\\\\ e \ \\\\\\\\\\\ :&
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Fig. 6: The 3D plots for w(&,7) and pu(&,7) for the
(CSDE) in. Example (4.4) for « = 0.1 ,0 = 0.8 and a0 =
0.6.
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5 Conclusion

In this paper, an effective technique that depends on both the
natural transform and the wellknown Adomian polynomials was
employed to develop approximate and analytic solutions of
nonlinear CPDEs. Dealing with conformable derivative reduced
the complexities of other fractional derivatives due to its
resemblance with the classical integer order derivative in most
features. On the other hand, the CNDM proved its efficiency
through its ability to solve different nonlinear real-life models
with high accuracy.

We applied the proposed method to solve four nonlinear
CPDE:s that are related to real-life phenomena. We compared
the approximate solution with the exact solution and with
another methodology to check the accuracy of our proposed
method. The results showed that a small number of iterations
may achieve very small error. Comparing our results with the
exact solutions, we noticed that the error tends to zero when
increasing the number of iterations. Indeed, the approximate
solutions rapidly converged to the exact solutions. The exact
solution was obtained for some examples using the CNDM
which is an advantage cannot be found in most approximate
methodologies.

The effect of the CD to the solution of different models was
obvious through plotting the solution curves for different
conformable orders. Also, the results showed that the solutions
of all examples and models approach the solution of classical
integer order systems as the conformable order approaches the
integer order. We did not face any difficulties or round off errors
when using Mathematica especially when obtaining many terms
in the approximate solution.
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