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Abstract: In this article, we use positive partial transpose blocks to establish a new set of singular value and unitarily invariant norm
inequalities. Some of these inequalities improve, generalize, and even interpolate various well-known inequalities in the literature.
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Let M, be the algebra of all n x n complex matrices.
For X € M, the singular values of X are the eigenvalues of
the positive semidefinite matrix |X| = (X*X)!/2. They are
denoted by s;(X),j = 1,2,...,n and are arranged so that
51(X) > $2(X) > ... > sp(X).

Recall that a matrix X € M, is called positive
semidefinite, denoted by X > 0, if (Xx,x) > 0 for all
x € C". Similarly, X is called positive definite, denoted by
X >0, if (Xx,x) > 0 for all x € C". For A,B,X € M, let
H be the 2 x 2 block matrix defined as follows

A X
ne (35

It is well known that H > 0 if and only if
B-X*A"'X >0, (1

provided that A is strictly positive. See [11].

Notice that the notation X > 0 (resp. X > 0) means that
X is positive semidefinite (resp. positive definite). For two
Hermitian X,Y € M,, X <Y means Y — X > 0.

We remark that the 2 x 2 block matrices are
fundamental in the study of matrices in general, and they
play a particularly significant role in the analysis of
sectorial matrices. For instance, see [2], [3], and [4]. See
also [5] and [6] for a broader discussion of matrix
inequalities.

The block H is said to be positive partial transpose, or

. A X*
PPT for short, if both H and ( X B

) are positive
semidefinite.
The class of PPT matrices has been thoroughly

studied in literature. For example see [1,12,13,18,19,21]

and the references therein.

In this article, our main goal is to utilize the PPT
blocks to present a new collection of singular value and
unitarily invariant norm inequalities. Some of these
inequalities extend, generalize and improve various well
known singular value and norm inequalities that exist in
the literature. Moreover, our proof methodology
simplifies certain proofs found in the literature. As an
illustrative example, refer to Theorem 2, Theorem 3,
Theorem 4, and Theorem 5 presented below. In the first
section, we establish singular value inequalities and
unitarily invariant norm inequalities that connect the main
and the off-diagonal of the PPT Block. Subsequently, in
the second section, we provide a new set of inequalities.

1 Positive Partial Transpose Blocks

In this section, we present a set of inequalities that
establish connections between the main diagonal and the
off-diagonal elements of a PPT Block. While the proofs
of some of these results are routine, we provide them here
for the sake of completeness.

Before stating the results of this section, let us recall
some important facts about geometric  and
weighted-geometric mean of two positive matrices. For
positive definite X,Y € M, and ¢ € [0, 1], the weighted
geometric mean of X and Y is defined as follows
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When ¢t = %, we drop ¢ from the above definition, and we
simply write X#Y and call it the geometric mean of X and
Y. It is well known that

X#Y < (1—1)X +1Y. 2)

See [11, Chapter 4].
We have for r > 0

|(x#Y)"|| < H(e<1—z>10g;(+ﬂogy>r

(l—f)rYrt/Z)H .

3)
See [10].
Before proceeding, we state the following lemma. Its
proof can be found in [1] and [14]; however, for the sake
of completeness, we include the proof here.

A X
X* B

_(A#B X
block( X* A#,_,B

Lemma 1.If ( > is PPT, then for every t € [0,1], the

> is PPT.

Proof.Since ( ;(4* )I;) is PPT, it is clear that both

A X 4 (BX
x*Bg ) X* A

are positive definite. Without loss of generality we may
assume they are positive definite, otherwise we use the
well known continuous argument. Therefore,

X*A"'X<B and X*B'X <A.

Observe,
X*(A#,B) "X = X* (A" '#B~ )X
=(x*A "X (x*B X
< B#;A (by the increasing property of means).
= A#,_,B. 4)

Hence, A#;_,B > X*(A#B)
(A#tB X

“1)X. This implies that

X+ A#, B) is positive semidefinite. Similarly, it
A#B X*
X A#lle

semidefinite. This completes the proof.

can be proved that > is also positive

We remark that the proof method used above is
similar to the one used in [7, Lemma 3.1] for establishing
the special case whent = 1/2.

Now, we state the following log majorization
inequalities which governs the off-diagonal and the main
diagonal of a PPT Block.

Theorem 1.If (? g) is PPT, then fork = 1,2, ....n and
fort €10,1].

k k
[1s7 (%) < ]s)(A#B)s;(A#:_,B).
Jj=1 Jj=1

Proof.Since )?* );) is PPT, Lemma 1 implies that the
A#B X . .. . .
block X* A#_,B is positive  semidefinite.

Therefore, by [11, page 13],

X = (A#,B)I/ZK(A#I_,B)I/2 for some contraction K.

Then,

k k
[T5500 = TTsi ((A#:B)' K (At .B)' )

A
—~ T

y ((A#,B)l/z) 5;(K)s; ((A#lftB)1/2)

~.
I

s/ (A#,B)) s}/ (At ,B))..

IN
1~

~.
I
—

This completes the proof.

Recall that a norm | -| on M, is called unitarily
invariant norm if |[UXV|| = ||X|| for all X € M, and all
unitary elements U,V € M,,.

Let R”| denote all the vectors Y = (%1, %2, ..., }a) in R"
withy; > > ... > 79, > 0.Foreach y € R'@ let || ||, be
the norm defined on M, as follows

[1X1ly =} %s;(X)
j=1

Let || - || be a unitarily invariant norm on M,,. Then there is
a compact set K| C R, | such that

[X]| = max{[|X||y: y€ K} forall Xe&M,. (5)

See [16].
Now, Theorem 1 implies the following inequality
concerning unitarily invariant norms.

A
Corollary 1.If < X* B

then

X) is PPT. Let r > 0 and t € [0,1],

IX1I1? < [ (A#B)" || | (A#1-,B)"]|.

Proof:- Theorem 1 implies that

k
H 2 (A#,B)
j=1

;»

j:
Lety= (71,7, %) € Kjj|. Then

k
H 1/2 r/2 A#t 71/2 r/Z(A# —tB)

~.
Il b
-
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Using Cauchy-Schwarz inequality and the fact that log
majorization implies weak majorization, we have for
k=1,2,....nand fort € [0,1]

k k
Z '}’]SS Z y]l/Z r/2 A# B yl/2 r/z(A#I,[B)
j=1

k 12 /4 1/2
< (Z ’)/ij(A#tB)r> <Z )/ij(A#ltB)r>

j=1

.
—_

1/2 1/2
A#BY |1yl (A#_,B) ||y
A#B) H1/2||(A#14 H1/24

— =

Hence,

X"y < [l (A#:B)" | V2| (At B) ||

The result follows by taking the maximum over all y €
K- The other inequalities follow from (3).

It is worth mentioning that the special cases (r = 1 and
t = 1/2) of Theorem 1 and Corollary 1 were previously
discussed in [19] and [7], respectively.

2 Applications

In this section, we introduce various applications of the
results discussed in the preceding section. However,
before proceeding, it is essential to consider the following
remarks.

Remark.Let A,B € M.

A*A A*B

1.Then the block ( AB* B'B

) is positive definite since

A*A A*B *
(AB* B*B> —(AB) (4B).
AXY\. .. . .
2If (4« p ) is positive definite block and X = U |X| is

U*AU X|> s

the polar decomposition of X, then < X| B

PPT since
UAU X\ _ (U 0\ [ AX\[UO
x| B )= \or)\xB)lor1)
2.1 The Sum of Products of pair of matrices

For j =1,2,...,
B;Aj.Then

i (Aj.Ai- Asz> _ ( AL ;-"IA;‘.B£->
=1 Aij Bij Z;”:lAjB}f Z’}Ll ‘Bj|

m, let Aj,B; € M, be such that AB; =

is PPT. Using Corollary 1 we have

r2

m
Y AjBj
j=1

- 2 - 2 '
Y A% ) |Bj]
=i =i

m m r
<Z AjlH- Y Bj|2> -

J=1 J=1
(6)

In the forthcoming theorem we consider a particular case
where A;,B; € M, are positive semidefinite.

Theorem 2.For j =1,2,...,m, let AJ,B € M, be positive
semidefinite such that for each J» Bj commutes with Aj.

Letr> 1, X, = ): 2/r and Y,—ijl B . Then for all
unitarily invariant norms

2

m
Y AB;
=

1l
< (ZAJ B; )

<) (Xt Y)' |
< H( (1—1)log(Xy)+tlog( Y,))

( zlog(&)ﬂl—z)log(ﬁ))’

<o s ) s )|

<oy = || eer =] @

Proof.By replacing A; and B; with A}/r and B}./r,
respectively, in (6) and using (3), we obtain the following:

% 1/rpl/r
(ZAj Bj )

2

<Nt X)Xt Y )l

< H(e(] —1)log(Xy)+tlog( n) | (ell(\g(Xr +(1-1)log(¥y) )
<[t o)

< | = || oo =

Note that the last inequality above follows from the
general facts that ||Re(X)| < ||X|| for all X € M, and if
the product XY is Hermitian, then | XY || < ||Re(YX)]|.
Given that for each index j , Bj and A; commute and
are both positive definite, we can express the product
AjB; as (A;-/ rB;-/ ")". Moreover, for every nonnegative
convex function f on [0,e0) such that f(0) =0 we have:

I FAanl < If (A

n [17]. In particular, when we choose f(x) = x" with

r>1, we get:
m r
1/rpl/
():Aj B; r) :
Jj=1
®)

Combining the inequalities in (7) and (8) implies the
result.

j) ||. This result is presented

(£ Gy

J=1
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In particular for # = 1/2, we have the following result.
Corollary 2.For j=1,2,...,m, let A;,B; € M, be positive

semidefinite such that, for each j, B; commutes with A;.
Then for all unitarily invariant norms

1)
()

(e% e(E A7)+ tog (T ”’))r

m
Y. AjBj
j=1

IN

IN

m m "/2 n r/4
() 50" (59
j=1 Jj=1
" r/2 m r/2
< <ZA,~> <ZB]-> vr>1. ©9)
j=1 j=1

Remark.It is evident that the above results refine and
extend and interpolate Audenaert’s inequality established
in Theorem [8, Theorem 1]. They also provide further
refinements of Audenaert’s improvement presented in
[15]. For an alternative proof of Audenaert’s result, see
[20].

A natural question arises: What are the consequences
of relaxing the condition A;Bj = B;Aj,j =1,2,....m? In
such cases, a weaker result can be obtained. To be more
specific, let A;,B; € M, for j =1,2,...,m. Then

i (A}‘.Ai A;;Bj) :< AP X AT, 2)
L \ A;B; BB, Y7 A,B; z |B|

J=1

is positive semidefinite. Let Y7 | A7B; =U ‘Z _|AB ’ be
the polar decomposition of }/ | A%B;. By the second part

of Remark 2, we conclude that the followmg block is PPT:
L UIAPU ’

'}1=1A§Bj‘
T8

T:l |Bj|2

Therefore, Theorem 1, with + = 1/2,r = 2, implies the
following result.

Theorem 3.For j =1,2,....m, let A;,B; € M. Then for
some unitary U € M, and for all unitarily invariant norms

2.2 Some Singular Value Inequalities

Let A,B € M,,. Then

[+AA* A+B\ (1 A\[1IB
(A+B)*I+B*B ) \ B* I A* T
is positive semidefinite. Therefore, the second part of
* 2
Remark 2 implies that (Izg _LA;| U II:—TBITZ) is PPT,
with U = U U,, where U; is the unitary in the polar
decomposition of (A + B) and U is the unitary such that
AA* = UjA*AU,. Then, by applying Theorem 1 with
o= 1/2, and using the facts that

M s;(x#y) < T, si2o0s ) and
H];:] 5j(XY) < Hlj‘-zls](X)sj(Y), we have the following

inequalities for r >0 and k=1,2,...,n

rkI (JA+B]|") fl ((I+UAPU#(I +|B)
j=1 j=1
k
AR /2 1/2
<¥E(U+UM|> )si (+1B2)'2).
k
:II/%u+mﬁné”«rwmﬂy
L
Therefore,

=~

((T+1AP) s (1+1B1%)).
(10)

x?)" < (14x")? for all positive real

< 2.See [9, Lemma 2.7]. Then

< (1+55(4)) = s3I+ A]").

[si(A+BI") ﬁl

J=1

We remark that (1+
numbers x and for 1 < r

Si(I+1AP) = (1 +s§(A))’
Therefore,
S (1+|AP) <sj(I+A]). (11)

By combining (10) and (11) we have the following
result which was given in [9], where the proof provided
was more complicated.

Theorem 4.(/9, Theorem 2.8]) Let A,B € M,,.

H (|A+B|") H

>~
>~

(I+1A]")s; (I+|B"),

2 2
Y aB| | < ((ZU*\A/\ZU)#O:\BHZ)) foralll <r<2.
= = =1
" s An improvement of the above result can be given if A,B
- (i\B‘V) o (imz) U <i ‘B_‘z) are Hermitian. In fact, if A,B are Hermitian, then
CIET = = 1+A* A+B is PPT. Therefore, using Theorem 1
0 N (a A+BI+B ‘ » USIng
= (j; ‘A.f|'> v (1:21 1Bl ) ‘ gives the following result.
© 2026 NSP
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Theorem 5.Let A, B € M, be Hermitian. Then, fork=1,2,....,n [21] Xiaohui Fu, Pan-Shun Lau, Tin-Yau Tam,
Inequalities on 2 x 2 block positive semidefinite
ﬁsj(‘A+B‘,-) < ﬁx; ((T+ A1+ B)) matrices,Linear ~and  Multilinear ~ Algebra, 2021,

=l =l DOI:10.1080/03081087.2021.1969327.

IA
=

5; ((1+Bz)’/4(1+A2)’/2(1+Bz)’/4> . Vr>0

~.
Il

IN
=

si(U+1A1)s; (U+1B]),  (for 1 <r<2).

~.
Il

References

[1] M. Alakhrass, A note on positive partial transpose blocks,
AIMS Mathematics ,V8, Issue 10: 23747-23755 (2023). doi:
10.3934/math.20231208.

[2] M. Alakhrass, On sectorial matrices and their inequalities,
Linear Algebra Appl. V617 (2021), 179-189.

[3] M. Alakhrass, M. Sababheh Lieb functions and sectorial
matrices Linear Algebra Appl., 586 (2020), pp. 308-324

[4] M. Alakhrass A note on sectorial matrices, Linear and
Multilinear Algebra, 68(2020), 2228-2238.

[5] M. ALakhrass ,M.Sababheh, Matrix mixed mean inequalities,
Results Math. (2019), 74:2.

[6] M. Alakhrass, Inequalities related to Heinz mean, Linear
Multilinear Algebra 64 (2015), no. 8, 15621569.

[7]1 T. ANDO, Geometric mean and norm Schwarz inequality,
Ann. Funct. Anal. 7 (2016), no. 1, 1-8.

[8] K. Audenaert, A norm inequality for pairs of commuting
positive semidefinite matrices, Electron. J. Linear Algebra 30
(2015) 8084.

[9] Garg, L., Aujla, J.: Some singular value inequalities. Linear
Multilinear Algebra 66, 776784 (2018)

[10] R. Bhatia, P. Grover, Norm inequalities related to the matrix
geometric mean. Linear Algebra Appl., 437 (2) (2012), pp.
726-733

[11] R. Bhatia, Positive definite matrices. Princeton: Princeton
University Press; 2007.

[12] D. Choi, Inequalities about partial transpose and partial
trace, Linear Multilinear Algebra 66 (2018) 16191625.

[13] D. Choi, Inequalities related to partial transpose and partial
trace, Linear Algebra Appl. 516 (2017) 17.

[14] I. Gumus, H. R. Moradi, and M. Sababheh. On positive
and positive partial transpose matrices. Electron. J. Linear
Algebra, 38:792802, 2022.

[15] Hayajneh, M., Hayajneh, S., Kittaneh, F.: Remarks on
some norm inequalities for positive semidefinite matrices and
questions of Bourin. Math. Inequal. Appl. 20, 225232 (2017)

[16] R.A. Horn and R. Mathias, Cauchy-Schwarz inequalities
associated with positive semidefinite matrices, Linear
Algebra Appl. 142:63-82 (1990).

[17] T. Kosem, Inequalities between f(A + B) and F(A) + f(B)
), Linear Algebra Appl. 418 (2006) 153160.

[18] E.-Y. Lee, The off-diagonal block of a PPT matrix, Linear
Algebra Appl. 486 (2015), 449453.

[19] M. Lin. Inequalities related to 2 x 2 block PPT matrices.
Operators Matrices, 2015;9(4):917924.

[20] M. Lin. Remarks on two recent results of Audenaert.Linear
Algebra and its Applications,489:2429, 2016

© 2026 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Positive Partial Transpose Blocks
	Applications

