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Abstract: Human beings are indeed subject to the hazard of infectious diseases. From the literature, one can see that mathematical
modelling is a powerful method for explaining complex biological phenomena accurately. Different operators were used to study the
dynamics of infectious diseases. In 2017, more generalized operators are introduced by Atangana through merging fractional and fractal
calculus. These newly proposed operators, called fractal-fractional operators, have been commonly utilized to model several physical
problems to examine a problem’s complex behaviour and complex structure. In this manuscript, the fractal-fractional mathematical
model of HBV with an immune delay has investigated qualitatively and quantitatively. The basic reproduction number and equilibria
of the proposed model are given. The Routh Hurtwez stability criterion is used to derive the stability of the equilibria points of the
model. Fixed point theorems have been used to verify the model’s existence and uniqueness when using the Atangana-Baleanu fractal-
fractional operator. Non-linear analysis was used to calculate the Ulam-Hyres stability of the model. For the different fractal-fractional
operators, numerical results are developed using Lagrangian piecewise interpolation. We visualise the achieved numerical solution for
several sets of fractional and fractal orders to examine the dynamic behaviour of the proposed model under novel operators in various
ways. This research supports the United Nation SDG 3 (Good Health and Well-Being) by developing a fractal-fractional mathematical
model of HBV.

Keywords: Fractal-fractional operators; Ulam-Hyres stability; lagrangian piecewise interpolation, UN SDG 3.

1 Introduction and motivation

Hepatitis B is a life-threatening infection of the liver caused by the hepatitis B virus (HBV). HBV causes mortality
and ultimately causes death due to liver diseases. It’s among the viruses which severely threaten human health [1,2].
During birth and delivery, the virus is most frequently transmitted from mother to infant, as well as by contact with blood
or other body fluids, including contact with an infected partner, injection-drug use involving sharing needles, syringes,
or equipment for drug preparation. Statistical regression method [3] and molecular dynamics simulation [4] have been
used in predicting the trend and behaviour of the hepatitis virus. In epidemiology, deterministic mathematical models are
crucial for evaluating the behaviour of serious diseases. Since then, many articles have been published on modelling of
HBV diseases in the last few decades. In related literature, the dynamics and stability of hepatitis B virus from different
perspectives and focuses have been studied, but this has been mainly limited to integer-order or delay DEs [5,6,7,8,9].
Recently, the authors in [5] formulated a novel model of HBV infection with immune delay as
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
dX
dt = λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t),

dY
dt = ρX (t)V (t)− (ϑ +σ∗)Y (t),

dV
dt = c∗Y (t − τ)e−κτ − γ∗V (t).

(1)

along with initial conditions:
X (0) = X0, Y (0) = Y0, V (0) = V0, (2)

where X (t) denotes the concentration of uninfected hepatocytes, Y (t) represents actively infected hepatocytes and V (t)
represents free virions. Description of the terms of the model are as follows:

–λ ∗is the rate at which uninfected are produced.
–µ∗X (t) is the rate at which uninfected hepatocytes are died.
–ρX (t)V (t) is the rate at which uninfected hepatocytes are infected, where ρ is the infection rate constant

characteristic of the infection efficiency.
–The rate at which uninfected hepatocytes are produced by cure is denoted by ϑY (t).
–σ∗Y (t) represents death rate of the infected hepatocytes.
–c∗Y (t − τ)e−κτ represents the production rate of free virions from infected hepatocytes.
–γ∗V (t) denotes the clearance rate of viral particles.
–The time it takes for newly created virions to develop and subsequently become infectious particles is represented by

the delay tau > 0.
–The probability of immature virions surviving is represented by e−κτ .

Fractional calculus has been used in a variety of applied disciplines, and it has led to a lot of success. In the literature,
one can find that three different fractional operators are used for modelling a physical problem. The most basic FO is the
Riemann-Liouville and Caputo derivatives (RL) operator which is dependent on the power-law kernel. But some issues
were found in this kernel regarding the singularity. This derivative has used for many years and also using nowadays.
After a long time, in 2015, another version of the fractional derivative was defined by Caputo and Fabrizio called
Caputo-Fabrizio (CF) fractional derivative, which is dependent on the exponential decay kernel. This operator has also
some problem regarding the locality of the kernel. To address this issue, in 2016, Atangana and Baleanu defined another
type of fractional derivative called the Atangana-Baleanu (AB) fractional derivative, which is dependent on the
Mittag-Leffler function. This derivative has extensively used by researchers due to its nonlocal and nonsingular nature.
Modelling and simulation utilising these three types of kernels are greatly influenced by the study of fractional-order
integrals and differential equations [10,11,12,13,14,15,16,17,18,19]. In comparison to a classical model, a model using
FODEs is found to be more accurate. Similarly, there is another concept in differentiation called fractal differentiation,
classical differentiation is extended to the concept of fractal differentiation equivalent to the classical derivative if the
order of the fractal tends to 1. Many problems in nature are solved by the concept of fractal derivative [20,21]. To
generalize the fractional operators, Atangana defined new types of operators with three different kernels which are
described above for fractional operators. These operators are called fractal-fractional operators [24]. He merged the
fractal derivative and fractional differentiation concepts, accounting for fractal effect, memory, and non-locality.
Power-law, forgotten memory, and crossover behaviour problems that are self-similar can all be explained using fractal
fractional operators. Classical or FDOs do not capture the complex behaviour of real-world problems, but these operators
do. In [22,23,25,26,27], we provide implementations of the novel operators proposed by Atangana. Based on the
literature mentioned above, we shall investigate the model (refeq:(1.1)) using several fractal-fractional differential
operators.

2 Preliminaries

In over all paper, we will denote the fractional order θ and fractal order by ϖ . For definitions of basic fractal fractional
operators, let us assume that U (t) is fractal differentiable and continuous on (m,n).

Definition 1.[18] For 0 ≤ θ ,ϖ ≤ 1 and power law kernel, the fractal-fractional derivative of U (t) in Riemann-Liouville
sense is defined by:

FFPDθ ,ϖ
0,t (U (t)) =

1
Γ (w−θ)

d
dtϖ

∫ t

0
(t −ψ)w−θ−1U (ψ)dψ,

where d
dψϖ U (ψ) = limt→ψ

U (t)−U (ψ)
tϖ−ψϖ and θ > 0,ϖ ≤ w ∈ N.
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Definition 2.[18] For 0 ≤ θ ,ϖ ≤ 1 and exponential-decay kernel, the fractal-fractional derivative of U (t) in Riemann-
Liouville sense is defined by:

FFE Dθ ,ϖ
0,t (U (t)) =

M (θ)

1−θ

d
dtϖ

∫ t

0
exp

[
− θ

1−θ
(t −ψ)

]
U (ψ)dψ,

where M (0) = M (1) = 1,denotes the normalization f unction.

Definition 3.[18] For 0 ≤ θ ,ϖ ≤ 1 and Mittag-Leffler kernel, the fractal-fractional derivative of U (t) in
Riemann-Liouville sense is defined by:

FFM Dθ ,ϖ
0,t (U (t)) =

A B(θ)

1−θ

d
dtϖ

∫ t

0
Eθ

[
− θ

1−θ
(t −ψ)θ

]
U (ψ)dψ,

where 0 < θ ,ϖ ≤ 1 and A B(θ) = 1−θ + θ

Γ (θ) .

Definition 4.[18] For 0 ≤ θ ,ϖ ≤ 1 and power law kernel, the fractal-fractional integral of U (t) is defined by:

FFPJ θ ,ϖ
0,t U (t) =

1
Γ θ

∫ t

0
(t −ψ)θ−1

ψ
1−ϖU (ψ)dψ.

Definition 5.[18] For 0 ≤ θ ,ϖ ≤ 1 and exponential kernel, the fractal-fractional integral of U (t) is defined by:

FFE J θ ,ϖ
0,t U (t) =

ϖ(1−θ)tϖ−1U (t)
M (θ)

+
θϖ

M (θ)

∫ t

0
ψ

θ−1U (ψ)dψ.

Definition 6.[18] For 0 ≤ θ ,ϖ ≤ 1 and Mittag-Leffler kernel, the fractal-fractional integral of U (t) is defined by:

FFM J θ ,ϖ
0,t U (t) =

ϖ(1−θ)tϖ−1U (t)
A B(θ)

+
θϖ

A B(θ)

∫ t

0
ψ

θ−1(t −ψ)θ−1U (ψ)dψ.

3 Equilibrium points and its stability

Consider the model (1) under fractal-fractional operator as
Dθ ,ϖ

0,t X (t) = λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t),
Dθ ,ϖ

0,t Y (t) = ρX (t)V (t)− (ϑ +σ∗)Y (t),
Dθ ,ϖ

0,t V (t) = c∗Y (t − τ)e−κτ − γ∗V (t),
(3)

along with the initial conditions (1). The basic reproduction number is given by

R0 =
ρλ ∗c∗e−κτ

γ∗µ∗ (ϑ +σ∗)
. (4)

Now to calculate equilibrium points of the points of the proposed model, put the left hand side (Dθ ,ϖ
0,t (.))=0, we obtain

the disease free (D1) and endemic (E1) eqilibrium points as

D1 =

(
λ ∗

µ∗ ,0,0
)
, (5)

E1 = (X1,Y1,V1) , (6)

where 
X1 =

λ ∗
µ∗R0

,

Y1 =
λ ∗

ϑR0
(R0 −1),

V1 =
λ ∗c∗e−κτ

ϑγ∗ (R0 −1).
(7)

Theorem 1.The suggested model (3) is locally asymptotically stable (LAS) at D1, if R0 < 1, otherwise unstable

© 2025 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


756 A. Akgül et al.: Numerical Simulations and Analyzing...

Proof.We write the Jacobian matrix at D1 is as:

J(D1) =

−µ∗ σ∗ 0
0 −(ϑ +σ∗) 0
0 c∗e−κτ −γ∗

 ,

after doing some calculation, we find the eigenvalues of the above matrix as λ1 = −γ∗,λ2 = −µ∗,λ3 = −(ϑ +σ∗). We
see that all eigen values are negative. Hence the disease free equilibrium point D1 is LAS.

Theorem 2.The proposed model (3) is locally asymptotically stable (LAS) at E1, if R0 > 1, otherwise unstable

Proof.The Jacobian matrix at E1 is

J(E1) =

−µ∗−ρV1 σ∗ −ρX1
ρV1 −(ϑ +σ∗) ρX1

0 c∗e−κτ −γ∗

 ,

now to find eigen values put |J(E1)−λ |= 0. After some manipulation, we get

λ
3 +a2λ

2 +a1λ +a0 = 0,

where 
a2 = (ϑ +σ∗+ γ∗)+ρX1c∗e−κτ ,

a1 = (ϑ +σ∗)γ∗+(µ∗+ρV1)(ϑ +σ∗+ γ∗)−ρX1c∗e−κτ −ρV1σ∗,

a0 = ρ2V1X1c∗e−κτ + γ∗(µ∗+ρV1)(ϑ +σ∗)

−ρX1c∗e−κτ(µ∗+ρV1)−ρV1σ∗γ∗.

Since R0 > 1,then using the Routh–Hurwitz stability criterion of 3rd order, the constraint hold a0 > 0,a2 > 0,and a2a1 >
a0. Thus, the endemic equilibrium point E1is LAS.

4 Theoretical analysis

We will study the model’s under the consideration qualitatively in this section. We will present the existence and uniquness
results and Ulam-Hyres type stability of the model under consideration under novel operators in AB sense. One can derive
the same results for the Caputo and CF fractal -fractional model of (1). Consider

FFM Dθ ,ϖ
0,t X (t) = λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t),

FFM Dθ ,ϖ
0,t Y (t) = ρX (t)V (t)− (ϑ +σ∗)Y (t),

FFM Dθ ,ϖ
0,t V (t) = c∗Y (t − τ)e−κτ − γ∗V (t).

4.1 Existence and uniqueness results

Using fixed point results, we show that the model under study has at least one and only one solution. We may formulate
the proposed model as follows because the integral is differentiable.

ABR
0 Dθ

t X (t) = ϖtϖ−1Q(t,X ,Y ,V ),
ABR
0 Dθ

t Y (t) = ϖtϖ−1W (t,X ,Y ,V ),
ABR
0 Dθ

t V (t) = ϖtϖ−1E (t,X ,Y ,V ),

(8)

where 
Q(t,X ,Y ,V ) = λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t),
W (t,X ,Y ,V ) = ρX (t)V (t)− (ϑ +σ∗)Y (t),
E (t,X ,Y ,V ) = c∗Y (t − τ)e−κτ − γ∗V (t).

© 2025 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 11, No. 4, 753-781 (2025) / www.naturalspublishing.com/Journals.asp 757

We can write system (8) as: {
ABR
0 Dθ

t ϒ (t) = ϖtϖ−1Λ (t,ϒ (t)) ,
ϒ (0) =ϒ0.

(9)

By replacing ABR
0 Dθ ,ϖ

t by ABC
0 Dθ ,ϖ

t and using corresponding integral, we get

ϒ (t) =ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,Π(t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ ,

whereϒ (t)=


X (t)
Y (t)
V (t)

,ϒ (0)=


X (0)
Y (0)
V (0)

,Λ (t,ϒ (t))=


Q(t,X ,Y ,V )

W (t,X ,Y ,V )

E (t,X ,Y ,V )

For the our analysis, let us take a Banach

space B= C ×C ×C , where C = C [0,T] under the norm

∥ϒ∥= max
t∈[0,T]

|X (t)+Y (t)+V (t)| .

We define an operator Ω : B→Bas:

Ω(ϒ )(t) =ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,ϒ (t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ . (10)

We take some conditions for nonlinear function Λ (t,ϒ (t)) which are given below:

–For every ϒ ∈B,∃ positive constants CΛ and MΛ which holds:

|Λ (t,ϒ (t))| ≤ CΛ |ϒ (t)|+MΛ , (11)

–For every ϒ ,ϒ ∈B,∃ LΛ > 0 such that∣∣Λ (t,ϒ (t))−Λ
(
t,ϒ (t)

)∣∣≤ LΛ

∣∣ϒ (t)−ϒ (t)
∣∣ . (12)

Theorem 3.Presume that (11) holds and Λ : [0,T]×B→ R be a continuous mapping. Then at least one solution exists
for the suggested model.

Proof.To begin, we must demonstrate that the operator Ω defined by (10) is completely continuous. Because Λ is
continuous, so Ω is as well. Let H= {ϒ ∈B : ∥ϒ∥ ≤ R,R > 0}. Now for any ϒ ∈B, we have

∥Ω(ϒ )∥= max
t∈[0,T]

∣∣∣∣ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,ϒ (t))

+
θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

∣∣∣∣∣∣
≤ϒ (0)+

ϖTϖ−1(1−θ)

AB(θ)
(CΛ ∥ϒ∥+MΛ )

+ max
t∈[0,T]

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1 |Λ (λ ,ϒ (λ ))|dλ

≤ϒ (0)+
ϖTϖ−1(1−θ)

AB(θ)
(CΛ ∥ϒ∥+MΛ )

+
θϖ

AB(θ)Γ (θ)
(CΛ ∥ϒ∥+MΛ )Tθ+ϖ−1H (θ ,ϖ)

≤R,
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where H (θ ,ϖ) represents the beta function. Thus, from the last inequality, Ω is uniformly bounded. Next for t1 < t2 ≤T,
consider

|Ω(ϒ )(t2)−Ω(ϒ )(t1)|=

∣∣∣∣∣∣ϖtϖ−1
2 (1−θ)

AB(θ)
Λ (t2,ϒ (t2))+

θϖ

AB(θ)Γ (θ)

t2∫
0

λ
ϖ−1(t2 −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

−
ϖtϖ−1

1 (1−θ)

AB(θ)
Λ (t1,ϒ (t1))+

θϖ

AB(θ)Γ (θ)

t1∫
0

λ
ϖ−1(t1 −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

∣∣∣∣∣∣
≤

ϖtϖ−1
2 (1−θ)

AB(θ)
(CΛ |ϒ (t)|+MΛ )+

θϖ

AB(θ)Γ (θ)
(CΛ |ϒ (t)|+MΛ ) tθ+ϖ−1

2 H (θ ,ϖ)

−
ϖtϖ−1

1 (1−θ)

AB(θ)
(CΛ |ϒ (t)|+MΛ )−

θϖ

AB(θ)Γ (θ)
(CΛ |ϒ (t)|+MΛ ) tθ+ϖ−1

1 H (θ ,ϖ),

if t1 → t2,then |Ω(ϒ )(t2)−Ω(ϒ )(t1)| → 0. It follows that

∥Ω(ϒ )(t2)−Ω(ϒ )(t1)∥→ 0, as t1 → t2.

It follows that Ω is equicontinuous. As a result, the Arzela-Ascoli theorem states that it is absolutely continuous.
Therefore, the proposed model has at least one solution, according to Schauder’s fixed point result.

Theorem 4.Presume that (12) satisfies and

ρ =

(
ϖTϖ−1(1−θ)

AB(θ)
+

θϖ

AB(θ)Γ (θ)
Tθ+ϖ−1H (θ ,ϖ)

)
LΛ < 1,

then unique solution the considered model will be exist.

Proof.For ϒ ,ϒ ∈B,we have

∥∥Ω(ϒ )−Ω(ϒ )
∥∥= max

t∈[0,T]

∣∣∣∣ϖtϖ−1(1−θ)

AB(θ)

(
Λ (t,ϒ (t))−Λ

(
t,ϒ (t)

))
+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1dλ

[
Λ (λ ,ϒ (λ ))−Λ

(
λ ,ϒ (λ )

)]∣∣∣∣∣∣
≤
[

ϖTϖ−1(1−θ)

AB(θ)
+

θϖ

AB(θ)Γ (θ)
Tθ+ϖ−1H (θ ,ϖ)

]∥∥ϒ −ϒ
∥∥

≤ρ
∥∥ϒ −ϒ

∥∥
Thus Ω satisfies the contraction condition. The model’s under consideration possesses a unique solution as a result of the
Banach contraction theorem.

4.2 Ulam-Hyres type stability

The suggested model’s Ulam-Hyres stability will be demonstrated in this section.

Definition 7.The model under consideration is Ulam-Hyres stable if ∃ Ωθ ,ϖ ≥ 0, for any ε > 0 and for every
ϒ ∈ C([0,T] ,R) holds inequality as follows:∣∣∣FFM

0 Dθ ,ϖ
t ϒ (t)−Λ (t,ϒ (t))

∣∣∣≤ ε, t ∈ [0,T] ,

and ∃ a unique solution Ω ∈ C([0,T] ,R) such that

|ϒ (t)−Ω(t)| ≤ Ωθ ,ϖ ε, t ∈ [0,T] .

© 2025 NSP
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Let Φ ∈ C[0,T] be a small perturbation such that Φ(0) = 0. Let

–|Φ(t)| ≤ ε,for ε > 0.
–FFM

0 Dθ ,ϖ
t ϒ (t) = Λ (t,ϒ (t))+Φ(t).

Lemma 1.The solution to the following model

FFM
0 Dθ ,ϖ

t ϒ (t) = Λ (t,ϒ (t))+Φ(t)
ϒ (0) =ϒ0

satisfies the following inequality

∣∣∣∣∣∣ϒ (t)−

ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,ϒ (t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

∣∣∣∣∣∣≤Θθ ,ϖ ε

where Θθ ,ϖ = ϖTϖ−1(1−θ)
AB(θ) + θϖ

AB(θ)Γ (θ)T
θ+ϖ−1H (θ ,ϖ)

Proof.The proof is straightforward.

Lemma 2.Assume that (12) holds and considering the Lemma (1), the solution of the considered model is Ulam-Hyres
stable if ρ < 1.

Proof.Let a unique solution of the model is Ω ∈B and and any other solution is ϒ ∈B, then

|ϒ (t)−Ω(t)|

=

∣∣∣∣ϒ (t)−
[

Ω(0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,Ω(t))

+
θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,Ω(λ ))dλ

∣∣∣∣∣∣
≤

∣∣∣∣∣∣ϒ (t)−

ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,ϒ (t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

∣∣∣∣∣∣
+

∣∣∣∣∣∣ϒ (0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,ϒ (t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,ϒ (λ ))dλ

∣∣∣∣∣∣
−

∣∣∣∣∣∣Ω(0)+
ϖtϖ−1(1−θ)

AB(θ)
Λ (t,Ω(t))+

θϖ

AB(θ)Γ (θ)

t∫
0

λ
ϖ−1(t −λ )ϖ−1

Λ (λ ,Ω(λ ))dλ

∣∣∣∣∣∣
≤Θθ ,ϖ ε +

(
ϖTϖ−1(1−θ)

AB(θ)
+

θϖ

AB(θ)Γ (θ)
Tθ+ϖ−1H (θ ,ϖ)

)
LΛ |ϒ (t)−Ω(t)|

≤Θθ ,ϖ ε +ρ |ϒ (t)−Ω(t)| .

It follows that

∥ϒ −Ω∥ ≤Θθ ,ϖ ε +ρ ∥ϒ −Ω∥
This implies that

∥ϒ −Ω∥ ≤ Ωθ ,ϖ ε

where Ωθ ,ϖ =
Θθ ,ϖ

1−ρ
. As a result, the suggested problem’s solution is Ulam-Hyres stable.
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5 Numerical Schemes

We will use Lagrangian piece wise interpolation to build numerical schemes for the proposed model under the Caputo,
CF, and AB fractal-fractional operators in this section.

5.1 Numerical scheme for Caputo operator

In this part, we derive a numerical scheme of the model (1) under the novel operator in Caputo sense. Consider (1) as
FFPDθ ,ϖ

0,t X (t) = λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t),
FFPDθ ,ϖ

0,t Y (t) = ρX (t)V (t)− (ϑ +σ∗)Y (t),
FFPDθ ,ϖ

0,t V (t) = c∗Y (t − τ)e−κτ − γ∗V (t).
(13)

The above equation (13) can be converted to Volterra case by applying FFPJ θ ,ϖ
0,t on both sides of equation 13. Since

the fractional integral is differentiable then the proposed model can be written as
RL Dθ

0,tX (t) = ϖtϖ−1 [λ ∗−µ∗X (t)−ρX (t)V (t)+σ∗Y (t)] ,
RL Dθ

0,tY (t) = ϖtϖ−1 [ρX (t)V (t)− (ϑ +σ∗)Y (t)] ,
RL Dθ

0,tV (t) = ϖtϖ−1 [c∗Y (t − τ)e−κτ − γ∗V (t)] .
(14)

Now, we replace the RL derivative by Caputo derivative in order to make the use of the integer-order initial conditions.
Then, applying the fractional integral on both sides we have

X (t) = X (0)+ ϖ

Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y (t) = Y (0)+ ϖ

Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V (t) = V (0)++ ϖ

Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H3(ψ,X ,Y ,V )dψ.

(15)

where 
H1(ψ,X ,Y ,V ) = λ ∗−µ∗X (ψ)−ρX (ψ)V (ψ)+σ∗Y (ψ),

H2(ψ,X ,Y ,V ) = ρX (ψ)V (ψ)− (ϑ +σ∗)Y (ψ),

H3(ψ,X ,Y ,V ) = c∗Y (ψ − τ)e−κτ − γ∗V (ψ),

(16)

we now derive the numerical scheme of the above system at the point t = tb+1. The system (15) takes the form:
X b+1 = X 0 + ϖ

Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y b+1 = Y 0 + ϖ

Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V b+1 = V 0 ++ ϖ

Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H3(ψ,X ,Y ,V )dψ.

(17)

Then the approximation of the above system is given below:
X b+1 = X 0 + ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y b+1 = Y 0 + ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V b+1 = V 0 ++ ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H3(ψ,X ,Y ,V )dψ.

(18)

We approximate the function ψϖ−1H1(ψ,X ,Y ,V ) with aid of Lagrangian piece-wise interpolation in [ts, ts+1] as
follows: 

Ps(ψ) =
ψ−ts−1
ts−ts−1

tϖ−1
s H1(ts,X s,Y s,V s)

− ψ−ts
ts−ts−1

tϖ−1
s−1 H1(ts−1,X s−1,Y s−1,V s−1),

Qs(ψ) =
ψ−ts−1
ts−ts−1

tϖ−1
s H2(ts,X s,Y s,V s)

− ψ−ts
ts−ts−1

tϖ−1
j−1 H2(ts−1,X s−1,Y s−1,V s−1),

Rs(ψ) =
ψ−ts−1
ts−ts−1

tϖ−1
j H3(ts,X s,Y s,V s)

− ψ−ts
ts−ts−1

tϖ−1
j−1 H3(ts−1,X s−1,Y s−1,V s−1).

(19)
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Thus, the system (18) becomes
X b+1 = X 0 + ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1Ps(ψ)dψ,

Y b+1 = Y 0 + ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1Qs(ψ)dψ,

V b+1 = V 0 ++ ϖ

Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1Rs(ψ)dψ.

(20)

Solving the integrals of the right hand sides, we obtain the following numerical scheme

X b+1 = X 0 + ϖ(∆ t)θ

Γ (θ+2) ∑
b
s=0

[
tϖ
s−1H1(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (−s+θ +b+2)− (b− s)θ (2θ +b+2− s)

)
−tϖ−1

s−1 H1(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (−s+b+θ +1)

)]
Y b+1 = Y 0 + ϖ(∆ t)θ

Γ (θ+2) ∑
b
s=0

[
tϖ
s−1H2(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (−s+θ +b+2)− (b− s)θ (2θ +b+2− s)

)
−tϖ−1

s−1 H2(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (−s+b+θ +1)

)]
V b+1 = V 0 + ϖ(∆ t)θ

Γ (θ+2) ∑
b
s=0

[
tϖ
s−1H3(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (−s+θ +b+2)− (b− s)θ (2θ +b+2− s)

)
−tϖ−1

s−1 H3(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (−s+b+θ +1)

)]

(21)

5.2 Numerical scheme for Caputo-Fabrizio operator

Here, we present the numerical scheme of the model (1) under Caputo-Fabrizio-fractal-fractional derivative. Thus, the
model (1) can be converted to the following

C F Dθ
0,t (X (t)) = ϖtϖ−1H1(t,X ,Y ,V ),

C F Dθ
0,t (Y (t)) = ϖtϖ−1H2(t,X ,Y ,V ),

C F Dθ
0,t (V (t)) = ϖtϖ−1H3(t,X ,Y ,V ).

(22)

We apply the Caputo-Fabrizio integral to obtain the following integral equation

X (t) = X (0)+ ϖtϖ−1(1−θ)
M (θ) H1(t,X ,Y ,V )

+ θϖ

M (θ)

∫ t
0 ψϖ−1H1(t,X ,Y ,V ),

Y (t) = Y (0)+ ϖtϖ−1(1−θ)
M (θ) H2(t,X ,Y ,V )

+ θϖ

M (θ)

∫ t
0 ψϖ−1H2(t,X ,Y ,V ),

V (t) = V (0)+ ϖtϖ−1(1−θ)
M (θ) H3(t,X ,Y ,V )

θϖ

M (θ)

∫ t
0 ψϖ−1H3(t,X ,Y ,V ).

(23)

Now, we present the derivation of the numerical scheme at t = tb+1. Thus, we get

X b+1 = X 0 +
ϖtϖ−1

b (1−θ)

M (θ) H1(tb,X b,Y b,V b)

+ θϖ

M (θ)

∫ tb+1
0 ψϖ−1H1(t,X ,Y ,V )dψ,

Y b+1 = Y 0 +
ϖtϖ−1

b (1−θ)

M (θ) H2(tb,X b,Y b,V b)

+ θϖ

M (θ)

∫ tb+1
0 ψϖ−1H2(t,X ,Y ,V )dψ,

V b+1 = V 0 +
ϖtϖ−1

b (1−θ)

M (θ) H3(tb,X b,Y b,V b)
θϖ

M (θ)

∫ tb+1
0 ψϖ−1H3(t,X ,Y ,V )dψ.

(24)
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Taking the difference between the consecutive terms, we get

X b+1 = X b +
ϖtϖ−1

b (1−θ)

M (θ) H1(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H1(tb−1,X
b−1,Y b−1,V b−1)

+ θϖ

M (θ)

∫ tb+1
tb ψϖ−1H1(t,X ,Y ,V )dψ,

Y b+1 = Y b +
ϖtϖ−1

b (1−θ)

M (θ) H2(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H2(tb−1,X
b−1,Y b−1,V b−1)

+ θϖ

M (θ)

∫ tb+1
tb ψϖ−1H2(t,X ,Y ,V )dψ,

V b+1 = V b +
ϖtϖ−1

b (1−θ)

M (θ) H3(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H3(tb−1,X
b−1,Y b−1,V b−1)

+ θϖ

M (θ)

∫ tb+1
tb ψϖ−1H3(t,X ,Y ,V )dψ,

(25)

Now, using integration and Lagrange polynomial interpolation, we get



X b+1 = X b +
ϖtϖ−1

b (1−θ)

M (θ) H1(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H1(tb−1,X
b−1,Y b−1,V b−1)+ θϖ

M (θ)

×
[ 3

2 (∆ t)tϖ−1
b H1(tb,X b,Y b,V b)− ∆ t

2 tϖ−1
b−1 H1(tb−1,X

b−1,Y b−1,V b−1)
]
,

Y b+1 = Y b +
ϖtϖ−1

b (1−θ)

M (θ) H2(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H2(tb−1,X
b−1,Y b−1,V b−1)+ θϖ

M (θ)

×
[ 3

2 (∆ t)tϖ−1
b H1(tb,X b,Y b,V b)− ∆ t

2 tϖ−1
b−1 H2(tb−1,X

b−1,Y b−1,V b−1)
]
,

V b+1 = V b +
ϖtϖ−1

b (1−θ)

M (θ) H3(tb,X b,Y b,V b)

−ϖtϖ−1
b−1 (1−θ)

M (θ) H3(tb−1,X
b−1,Y b−1,V b−1)+ θϖ

M (θ)

×
[ 3

2 (∆ t)tϖ−1
b H3(tb,X b,Y b,V b)− ∆ t

2 tϖ−1
b−1 H3(tb−1,X

b−1,Y b−1,V b−1)
]
.

(26)

5.3 Numerical scheme for Atangana-Baleanu operator

In this part, we consider the model (1) under AB fractal-fractional derivative as follows:
A BRDθ

0,t (X (t)) = ϖtϖ−1H1(t,X ,Y ,V ),
A BRDθ

0,t (Y (t)) = ϖtϖ−1H2(t,X ,Y ,V ),
A BRDθ

0,t (V (t)) = ϖtϖ−1H3(t,X ,Y ,V ).

(27)

Continuing the above system to the AB in Caputo sense and implementing the corresponding AB fractional integral, we
obtain 

X (t) = X (0)+ ϖtϖ−1(1−θ)
A B(θ) H1(t,X ,Y ,V )

+ θϖ

A B(θ)Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y (t) = Y (0)+ ϖtϖ−1(1−θ)
A B(θ) H2(t,X ,Y ,V )

+ θϖ

A B(θ)Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V (t) = V (0)+ ϖtϖ−1(1−θ)
A B(θ) H3(t,X ,Y ,V )

+ θϖ

A B(θ)Γ (θ)

∫ t
0 ψϖ−1(t −ψ)θ−1H3(ψ,X ,Y ,V )dψ

(28)
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Now, at t = tb+1, we get



X b+1 = X 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H1(tb,X b,Y b,V b)

+ θϖ

A B(θ)Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y b+1 = Y 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H2(tb,X b,Y b,V b)

+ θϖ

A B(θ)Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V b+1 = V 0 + ϖtϖ−1
n (1−θ)
A B(θ) H3(tn,X n,Y n,V n)

+ θϖ

A B(θ)Γ (θ)

∫ tb+1
0 ψϖ−1(tb+1 −ψ)θ−1H3(ψ,X ,Y ,V )dψ.

, (29)

Using the approximation of the integrals on the right hand side of system (29), we achieve



X b+1 = X 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H1(tb,X b,Y b,V b)

+ θϖ

A B(θ)Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H1(ψ,X ,Y ,V )dψ,

Y b+1 = Y 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H2(tb,X b,Y b,V b)

+ θϖ

A B(θ)Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H2(ψ,X ,Y ,V )dψ,

V b+1 = V 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H3(tb,X b,Y b,V b)

+ θϖ

A B(θ)Γ (θ) ∑
b
s=0

∫ ts+1
ts ψϖ−1(tb+1 −ψ)θ−1H3(ψ,X ,Y ,V )dψ.

(30)

Now, with the aid of Lagrangian polynomial piece-wise interpolation, we achieve the general relation as follows:



X b+1 = X 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H1(tb,X b,Y b,V b)+ ϖ(∆ t)θ

A B(θ)Γ (θ+2)

×∑
b
s=0

[
tϖ−1
s H1(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (θ +2− s+b)− (b− s)θ (−s+b+2θ +2)

)
−tϖ−1

s−1 H1(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (1+θ − s+b)

)]
,

Y b+1 = Y 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H2(tb,X b,Y b,V b)+ ϖ(∆ t)θ

A B(θ)Γ (θ+2)

×∑
b
s=0

[
tϖ−1
s H2(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (θ +2− s+b)− (b− s)θ (−s+b+2θ +2)

)
−tϖ−1

s−1 H2(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (1+θ − s+b)

)]
,

V b+1 = V 0 +
ϖtϖ−1

b (1−θ)

A B(θ) H3(tb,X b,Y b,V b)+ ϖ(∆ t)θ

A B(θ)Γ (θ+2)

×∑
b
s=0

[
tϖ−1
s H3(ts,X s,Y s,V s)

×
(
(−s+b+1)θ (θ +2− s+b)− (b− s)θ (−s+b+2θ +2)

)
−tϖ−1

s−1 H3(ts−1,X
s−1,Y s−1,V s−1)

×
(
(−s+1+b)θ+1 − (b− s)θ (1+θ − s+b)

)]
,

(31)
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Table 1: Parametric and initial values for simulations

Parameters values units

X (0) 1.7×108 cell
mL

Y (0) 0 cell
mL

V (0) 400 copies
mL

λ ∗ 0.5 cell
mL.day

µ∗ 0.5 day−1

ρ 2.04 mL.
copies.day

ϑ 0.1 day−1

c∗ 6.24 day−1

κ 0.65 day−1

γ∗ 0.65 day−1

6 Numerical simulations
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Fig. 1: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 2: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 3: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 4: Dynamical behavior of V (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 5: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 6: Dynamical behavior of X (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 7: Dynamical behavior of V (t) at ϖ=0.9 and various fractional order under power law kernel.
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Fig. 8: Dynamical behavior of Y (t) at ϖ=0.9 and various fractional order under power law kernel.
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Fig. 9: Dynamical behavior of X (t) at ϖ=0.9 and various fractional order under power law kernel.
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Fig. 10: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 11: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 12: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 13: Dynamical behavior of V (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 14: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 15: Dynamical behavior of X (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 16: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under exponential decay kernel.
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Fig. 17: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under exponential decay kernel.
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Fig. 18: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under exponential decay kernel.
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Fig. 19: Dynamical behavior of V (t) at θ=0.98 and various fractal order under exponential decay kernel.
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Fig. 20: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under exponential decay kernel.
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Fig. 21: Dynamical behavior of X (t) at θ=0.98 and various fractal order under exponential decay kernel.
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Fig. 22: Dynamical behavior of V (t) at ϖ=0.9 and various fractional order under exponential decay kernel.
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Fig. 23: Dynamical behavior of Y (t) at ϖ=0.9 and various fractional order under exponential decay kernel.
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Fig. 24: Dynamical behavior of X (t) at ϖ=0.9 and various fractional order under exponential decay kernel.
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Fig. 25: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 26: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 27: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 28: Dynamical behavior of V (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 29: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 30: Dynamical behavior of X (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 31: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under Mittag-Leffler kernel.
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Fig. 32: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under Mittag-Leffler kernel.
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Fig. 33: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under Mittag-Leffler kernel.
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Fig. 34: Dynamical behavior of V (t) at θ=0.98 and various fractal order under Mittag-Leffler kernel.
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Fig. 35: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under Mittag-Leffler kernel.

© 2025 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


776 A. Akgül et al.: Numerical Simulations and Analyzing...

0 10 20 30 40 50 60 70 80 90 100

t

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

U
n
in

fe
c
te

d
 H

e
p
a
to

c
y
te

s

=1.0

=0.9

=0.85

=0.8

Fig. 36: Dynamical behavior of X (t) at θ=0.98 and various fractal order under Mittag-Leffler kernel.
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Fig. 37: Dynamical behavior of V (t) at ϖ=0.9 and various fractional order under Mittag-Leffler kernel.
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Fig. 38: Dynamical behavior of Y (t) at ϖ=0.9 and various fractional order under Mittag-Leffler kernel.
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Fig. 39: Dynamical behavior of X (t) at ϖ=0.9 and various fractional order under Mittag-Leffler kernel.
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Fig. 40: Dynamical behavior of V (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 41: Dynamical behavior of Y (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 42: Dynamical behavior of X (t) at ϖ=0.98 and various fractional order under power law kernel.
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Fig. 43: Dynamical behavior of V (t) at θ=0.98 and various fractal order under power law kernel.
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Fig. 44: Dynamical behavior of Y (t) at θ=0.98 and various fractal order under power law kernel.

© 2025 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 11, No. 4, 753-781 (2025) / www.naturalspublishing.com/Journals.asp 779

0 10 20 30 40 50 60 70 80 90 100

t

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

U
n
in

fe
c
te

d
 H

e
p
a
to

c
y
te

s

=1.0

=0.9

=0.85

=0.8

Fig. 45: Dynamical behavior of X (t) at θ=0.98 and various fractal order under power law kernel.

This section aims to simulate the numerical solutions of the model 8 under different fractal fractional operators and for
different delay values. The values of parameters and initial conditions which have used for numerical simulations are
given in Table 1. The graphic results are obtained for a different set of fractional and fractal order values and τ equals
to 0.7 and 0.1, suggesting that novel operators have useful infection reduction results. The graphical representations are
obtained at various values of fractal and fractional orders and delay term τ = 0.7 for the Caputo in Figures 1 to Figure
9, Caputo-Fabrizio in Figure 16 to Figure 24 and Atangana-Baleanu in Figure 31 to Figure 39. For τ = 0.1, Figure 10 to
Figure 15, Figure 25 to Figure 30, Figure 40 to Figure 45, represents the dynamics of the proposed model for Caputo,
Caputo-Fabrizio and Atangana-Baleanu operators. In all figures, the uninfected hepatocyte population increases as the
population of infected hepatocytes and free virions reduce as time increases. We also note the effect of the delay term,
for τ=0.1, as the fractional or fractal order increases, the free virions gradually decreases, but for τ = 0.7 the free virions
increase rapidly. These behaviour are due to the increase and decrease of fractional or fractal orders. As fractional-order
operators provide a complete spectrum of dynamics, therefore we have taken only few order for analysis. As we see that
increasing the fractional or fractal order, the faster decay and growth process. Also, we analyze the effect of fractional
and fractal orders on each other by varying the order of θ and kept ϖ fix or changing values of ϖ and kept θ constant.
The stability of the model has also observed due to the variation of the ϖ and θ . When ϖ=1, then the curves of the model
converges to the fractional-order model. When both ϖ and θ equal to 1, the proposed model converges to the integer-order
model. Thus fractal-fractional operators provide a global dynamics of a physical model [28]-[36].

7 Conclusion

In this paper, the hepatitis B virus with immune delay is proposed under the newly proposed operators called fractal-
fractional operators. The basic reproduction number and equilibrium points of the model are calculated. The stability of
equilibrium points is derived through the concept of Routh Hurtwez criterion. The existence and uniqueness theorems
are proved through fixed point theory and guarantee that the model posses at least one solution and a unique solution.
The notion of Ulam-Hyres stability is used to show that the model is UH-stable under the fractal fractional in Atangana-
Baleanu sense. The existence theory and Ulam-Hyres stability can be obtained for the other derivatives. The numerical
results of the model are obtained via Lagrange piece-wise interpolation. The dynamics of the different compartments
of the model are observed via simulations at various values of fractional and fractal orders. Also, the effect of fractal
and fractional order is explored by varying fractal and fractional values. Compared with the integer-order or fractional
HBV immune delay model, the results of the model under novel operators have more practical significance. Thus, fractal-
fractional operators are better tools to explain the dynamics of any physical model.
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