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Abstract: In this paper is investigated variable-order mixed diffusion and diffusion-wave model problems. The variable-order
derivatives are formulated using the Caputo definition. For the numerical computation of these equations in one and two dimensions,
we propose two weighted average finite difference methods: a nonstandard and a standard approach. We further analyze the stability
and truncation error of these schemes. Numerical experiments illustrate the memory properties of the proposed methods and establish
their computational effectiveness and numerical accuracy. The results confirm that the proposed methods efficiently solve
variable-order equations.
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1 Introduction

In recent years, the applications of partial differential equations (PDEs) were more accurately and effectively represented
through the use of fractional-order derivatives. These fractional derivative operators expanded the traditional concept of
differentiation to non-integer orders and were widely used in PDEs. Fractional partial differential equations (FPDEs)
involving constant-order derivatives found widespread application in modeling diffusion processes [1]-[9]. Recently,
researchers have turned their attention toward variable-order derivatives, in which the derivative order depends on space
and/or time. This extension offers a more accurate representation of systems exhibiting spatially or temporally varying
memory effects [10]-[24]. The variable order of PDEs (VOPDEs) is widely applied in biology, engineering, and finance.
They are particularly useful for modeling complex phenomena such as sub-diffusion equations with the coefficients that
are functions of spatial variables [10] and non-autonomous time-fractional diffusion equations involving a variable order
depending on space [11]. Numerical methods for VOPDEs have seen significant advancements. For instance, Wang et al.
[15] established a discretization approach for variable-order diffusion-wave equations, where the derivative order
depends on space and/or time. Also, they combined Grünwald-Letnikov operators with Bernoulli polynomials to achieve
accurate second-order convergence. Shen et al. [19] proposed a stable characteristic finite difference method for
variable-order fractional advection-diffusion equations with nonlinear source terms, demonstrating improved
computational performance. Moreover, the mixed diffusion and diffusion-wave equation with time-fractional derivatives
has been extensively studied [6], [7]. This equation incorporates both fractional diffusion and diffusion-wave terms,
where the fractional order lies within the ranges (0,1) and (1,2), respectively. To efficiently solve this equation, Sun et
al. [6] developed a finite difference method based on the L1 approach. The present study investigates the extending of
classical mixed diffusion and diffusion-wave models [6], [7] to variable-order mixed diffusion and diffusion-wave model
problems (VOMDW). Specifically, variable-order calculus extends constant-order theories, whether integer or
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non-integer. With the order is formulated relative to quantities such as spatial variables, time measurements, and more
[13]-[23]. The following variable-order mixed diffusion and diffusion-wave model problems in two dimensions (2-D) are
formulated using Caputo derivatives:

c
0Dν(x,y,t)

t u(x,y, t)+ c
0Dγ(x,y,t)

t u(x,y, t) = ∆u(x,y, t)+ f (x,y, t). (1)

The initial conditions for this equation are:

u(x,y, t0) = v1(x,y, t0),
∂u(x,y, t0)

∂ t
= v2(x,y, t0), (x,y) ∈ Ω ,

and the boundary conditions are:

u(X0,y, t) = h1(X0,y, t), u(X ,y, t) = h2(X ,y, t),
u(x,Y0, t) = h3(x,Y0, t), u(x,Y, t) = h4(x,Y, t), t ∈ [0,Tf ].

Since 0 < ν(x,y, t) ≤ 1, 1 < γ(x,y, t) ≤ 2 and Tf > 0. The functions f , v1,v2 and hi, for i ∈ {1,2,3,4} are considered
known and sufficiently regular over the closed, convex, and bounded domain Ω .
The main benefit of variable-order partial differential equations (VOPDEs) is their ability to capture power-law behaviors
and memory effects that are commonly observed in complex systems, which ordinary integer-order derivatives fail to
represent [2]. However, traditional numerical methods require modifications to accommodate the Caputo fractional
nature of the derivatives, necessitating adjustments to finite difference and nonstandard finite difference techniques.
Furthermore, the inclusion of non-integer order derivatives may lead to less regular solutions, influencing numerical
schemes, stability, and convergence characteristics. The primary objective of this work is formulating numerical schemes
that solve VOMDW model problems. Specifically, we analyze and compare two numerical methods: the weighted
average standard finite difference method (WASFDM) and the weighted average nonstandard finite difference method
(WANSFDM). The WASFDM employs a weighted factor [4,5], while the WANSFDM is proposed to enhance solution
accuracy. The paper is structured as described below: The definitions and fundamental concepts are presented in Section
2. Section 3 details the construction of the WANSFDM and analyzes its stability. In Section 4, we evaluate the proposed
methods numerically, with final conclusions given in Section 5.

2 Fundamental Concepts and Notations

2.1 Some Definitions
This section introduces several definitions related to the variable-order derivatives. The definitions presented here extend
the concepts introduced in references [4,5].

Definition 2.1. The variable-order Riemann-Liouville derivatives for t ∈ (a,b), both right-sided and left-sided, follow
as:

RL Dν(x,y,t)
b− u(t) = RL Dν(x,y,t)

t,b u(t)

=
dn

dtn
(−1)n

Γ (n−ν(x,y, t))
∫ b

t
u(s)

(s− t)1−n+ν(x,y,t)
ds, t < b,

RL Dν(x,y,t)
a+ u(t) = RL Dν(x,y,t)

a,t u(t)

=
dn

dtn
1

Γ (n−ν(x,y, t))
∫ t

a
u(s)

(t − s)1−n+ν(x,y,t)
ds, t > a,

where n−1 ≤ ν(x,y, t)< n is the variable-order, n is a positive integer and Γ (·) is the Gamma function.
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Definition 2.2. The variable-order Caputo derivatives for t ∈ (a,b), both right-sided and left-sided are defined as
follows:

CDν(x,y,t)
b− u(t) = CDν(x,y,t)

t,b u(t)

=
1

Γ (n−ν(x,y, t))
∫ b

t
u(n)(s)

(s− t)1−n+ν(x,y,t)
ds, t < b,

CDν(x,y,t)
a+ u(t) = CDν(x,y,t)

a,t u(t)

=
1

Γ (n−ν(x,y, t))
∫ t

a
u(n)(s)

(t − s)1−n+ν(x,y,t)
ds, t > a,

where n−1 ≤ ν(x,y, t)< n is the variable-order, n is a positive integer and Γ (·) is the Gamma function.
Definition 2.3. The right-sided and left-sided variable-order Grünwald-Letnikov derivatives of u(t) are respectively

defined as:

GL Dν(x,y,t)
t,b u(t) = lim

r→0
r−ν(x,y,t)

⌊ t
r ⌋

∑
j=0

wν(x,y,t)
j u(t + jr)

 ,

GL Dν(x,y,t)
a,t u(t) = lim

r→0
r−ν(x,y,t)

⌊ t
r ⌋

∑
j=0

wν(x,y,t)
j u(t − jr)

 .

where wν(x,y,t)
j are the normalized Grünwald’s weights defined by wν(x,y,t)

j = (−1) j
(

ν(x,y,t)
j

)
, and ⌊t/r⌋ denotes the

largest integer k such that k · r ≤ t at ν(x,y, t)> 0, t ∈ (a,b).

2.2 NSFDM discretization
A scheme qualifies as a nonstandard finite difference method (NSFDM) if either condition holds [27]:
1. Uses nonlocal approximations for PDE terms.
2. Employs nontraditional discretization with positive function κ(h) = h+O(h2),0 < κ < 1,∀h > 0, where κ(h) is a
continuous function.

3 WANSFDM for VOFMDW

We apply a weighted average finite difference scheme based on a designated weight factor to approximate variable-order
derivatives. The two-dimensional spatial domain is discretized as follows:

tk = k ∆ t, xi = i ∆x, y j = j ∆y, with indices k = 0 : ℓ, i = 0 : m, j = 0 : n.

Considering that ℓ,m,n ∈ N are natural numbers representing the number of divisions in time and the spatial grids
along the x and y−coordinates, respectively, the parameters ∆ t, ∆x and ∆y correspond to the time and spatial step sizes
and are defined by:

∆ t =
tk − t0

ℓ
, ∆x =

xi − x0

m
, and ∆y =

y j − y0

n
.

Using a weighted average finite difference approximation, we discretize the solution as:

uk
i, j = u(x0 + i∆x,y0 + j∆y, t0 + k∆ t).

Then, WANSFDM can be formulated as:

uk
i, j ≈ (1−β ) uk+1

i, j +β uk
i, j, 0 ≤ β ≤ 1.

3.1 Numerical discretization of WANSFDM using Caputo derivatives
The discretized form of the VOMDW model problems 1, using definition (2), is given as follows:

H1 ∑
n
k=0 wν

k (u
n−k+1
i, j −un−k

i, j )+H2 ∑
n
k=0 wγ

k(u
n−k+1
i, j −2un−k

i, j +un−k−1
i, j )−

(1−β ) ▽2 uk+1 −β ▽2 uk = Rk
i, j,

(2)
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where

▽2uk =
uk

i+1, j −2uk
i, j +uk

i−1, j

(κ(∆x))2 +
uk

i, j+1 −2uk
i, j +uk

i, j−1

(κ(∆y))2 ,

▽2uk+1 =
uk+1

i+1, j −2uk+1
i, j +uk+1

i−1, j

(κ(∆x))2 +
uk+1

i, j+1 −2uk+1
i, j +uk+1

i, j−1

(κ(∆y))2 ,

and

H1 =
(△t)1−ν(x,y,t)

τ(△t) Γ (2−ν(x,y, t))
, wν

k = (k+1)1−ν(x,y,t)− k1−ν(x,y,t),

H2 =
(△t)2−γ(x,y,t)

(τ(△t))2 Γ (3− γ(x,y, t))
, wγ

k = (k+1)2−γ(x,y,t)− k2−γ(x,y,t),

and Rk
i, j represents the truncation error. Neglecting this error, the resulting computational finite difference scheme is

formulated as follows:

H1 ∑
n
k=0 wν

k (u
n−k+1
i, j −un−k

i, j )+H2 ∑
n
k=0 wγ

k(u
n−k+1
i, j −2un−k

i, j +un−k−1
i, j )−

(1−β ) ▽2 uk+1 −β ▽2 uk = 0,
(3)

3.2 Stability and convergence of WANSFDM

To analyze the stability of WANSFDM, we apply a modified von Neumann stability analysis [24]. Assuming a Fourier
mode solution: un

i, j = GneI(ikx∆x+ jky∆y), where G is the amplification factor, the propagation in the x and y−coordinates
is characterized by the wave numbers Kx,Ky and I =

√
−1. By substituting this assumption into equation 3 and utilizing

Euler’s formula, eIρ = cos(ρ)+ Isin(ρ), we obtain:

G
[
H1 ∑

n
k=0 wν

k G−k +H2 ∑
n
k=0 wγ

kG−k +L (β −1)
]
−H1 ∑

n
k=0 wν

k G−k−

2H2 ∑
n
k=0 wγ

kG−k −L β +H2 ∑
n
k=0 wγ

kG−k−1 = 0,
(4)

where L represents the spatial discretization terms:

L = 2
[

cos(kx∆x)−1
(κ(∆x))2 +

cos(ky∆y)−1
(κ(∆y))2

]
.

The scheme will be stable when |G| ≤ 1. Multiplying by G in equation 4, we obtain the characteristic equation:

G2[H1 ∑
n
k=0 wν

k G−k +H2 ∑
n
k=0 wγ

kG−k +L (β −1)]−G[H1 ∑
n
k=0 wν

k G−k+

2H2 ∑
n
k=0 wγ

kG−k +L β ]+H2 ∑
n
k=0 wγ

kG−k = 0,
(5)

which simplifies to:
G2[A+B+L (β −1)]−G[A+2B+L β ]+B = 0, (6)

where

A = H1

n

∑
k=0

wν
k G−k, B = H2

n

∑
k=0

wγ

kG−k.

The stability condition requires:

|G1|=
|A+2B+L β +

√
(A+2B+L β )2 −4(A+B+L (β −1))B|
|2(A+H2B+L (β −1))|

≤ 1,

which simplifies to:

|A+2B+L β +
√

(A+2B+L β )2 −4(A+B+L (β −1))B| ≤ |2(A+B+L (β −1))|.
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Similarly, for G2 :

|G2|=
|A+2B+L β −

√
(A+2B+L β )2 −4(A+B+L (β −1))B|
|2(A+H2B+L (β −1))|

≤ 1,

which simplifies to:

|A+2B+L β −
√

(A+2B+L β )2 −4(A+B+L (β −1))B| ≤ |2(A+B+L (β −1))|.

Thus, if these inequalities are satisfied, the stability condition holds for all Fourier modes.

3.3 Truncation error analysis

Theorem 3.1. The truncation error of WANSFDM is given as follows, [25], [24]:

Rk
i, j = O((

1
2
−β )△ t +

1
6
(△t)2 − 1

12
(∆x)2 − 1

12
(∆y)2),

proof By referring to the truncation error definition in (2) and employing the Taylor series expansion with respect to time,
we establish the following:

un−k+1
i, j = u(xi,y j, tn−k + τ(∆ t)) = un−k

i, j + τ(∆ t)(
∂u
∂ t

)n−k
i, j +

1
2
(τ(∆ t))2(

∂ 2u
∂ t2 )

n−k
i, j +

1
6
(τ(∆ t))3(

∂ 3u
∂ t3 )

n−k
i, j + ... ,

uk+1
i, j = u(xi,y j, tk + τ(∆ t)) = uk

i, j + τ(∆ t)(
∂u
∂ t

)k
i, j +

1
2
(τ(∆ t))2(

∂ 2u
∂ t2 )

k
i, j +

1
6
(τ(∆ t))3(

∂ 3u
∂ t3 )

k
i, j + ... ,

uk−1
i, j = u(xi,y j, tk − τ(∆ t)) = uk

i, j − τ(∆ t)(
∂u
∂ t

)k
i, j +

1
2
(τ(∆ t))2(

∂ 2u
∂ t2 )

k
i, j −

1
6
(τ(∆ t))3(

∂ 3u
∂ t3 )

k
i, j + ... .

Likewise, we derive the equation for the spatial variable and substitute it into (2) for the 2D case, obtaining:

CDν(x,y,t)
t u(x,y, t) =

(△t)1−ν(x,y,t)

Γ (2−ν(x,y, t))

n

∑
k=0

wν
k ((

∂u
∂ t

)i, j,n−k +
1
2
(τ(∆ t))(

∂ 2u
∂ t2 )i, j,n−k + ...)δn,k,

CDγ(x,y,t)
t u(x,y, t) =

(△t)2−γ(x,y,t)

Γ (3− γ(x,y, t))

n

∑
k=0

wγ

k((
∂ 2u
∂ t2 )i, j,n−k +

1
6
(τ(∆ t))2(

∂ 4u
∂ t4 )i, j,n−k + ...)δn,k,

(uxx)
k
i, j = ((1−β )((

∂ 2u
∂x2 )i, j,k+1 +

1
12

(κ(∆x))2(
∂ 4u
∂x4 )i, j,k+1 + ...)

+β ((
∂ 2u
∂x2 )i, j,k +

1
12

(κ(∆x))2(
∂ 4u
∂x4 )i, j,k + ...), (7)

(uyy)
k
i, j = ((1−β )((

∂ 2u
∂y2 )i, j,k+1 +

1
12

(κ(∆y))2(
∂ 4u
∂y4 )i, j,k+1 + ...)

+β ((
∂ 2u
∂y2 )i, j,k +

1
12

(κ(∆y))2(
∂ 4u
∂y4 )i, j,k + ...). (8)

Inserting these expressions (7), (8) into (2), we claim that a general value of β , the WANSFDM exhibits a local truncation
error:

Rk
i, j = O((

1
2
−β )τ(△t)+

1
6
(τ(△t))2 − 1

12
(κ(∆x))2 − 1

12
(κ(∆y))2,(κ(∆x))4,(κ(∆y))4,(τ(△t))2),

but τ(∆ t) = ∆ t +O(∆ t2), and κ(h) = h+O(h2), so

Rk
i, j = O((

1
2
−β )△ t +

1
6
(△t)2 − 1

12
(∆x)2 − 1

12
(∆y)2). (9)
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We can derive the truncation error of the 1-D VOFMDW equation using the same technique, Consequently, the
WANSFDM’s local truncation error is given as follows:

Rk
i, j = O((

1
2
−β )△ t +

1
6
(△t)2 − 1

12
(∆x)2). (10)

We observe that scheme (3) is explicit for β = 1 and implicit for β = 0. In particular, when β is chosen as 1/2, it yields
the Crank-Nicolson scheme. However, for the 1-D VOFMDW equation, if 0 < β < 1 is chosen according to:

β =
1
2
+

△t
6

− (∆x)2

12△ t
, (11)

furthermore, the two-dimensional VOFMDW equation, in the form of

β =
1
2
+

△t
6

− (∆x)2

12△ t
− (∆y)2

12△ t
. (12)

4 Applications of WANSFDM and WASFDM

This section evaluates the computational efficiency and numerical accuracy of the developed numerical approaches for
three test problems. All computations were conducted using MATLAB. The maximum error E∞ is computed to assess the
accuracy of the proposed schemes as follows:

E∞ = max
i, j,k

∣∣uexact −uapp
∣∣ , (13)

where uexact refers to the exact solution for the given test problems, while uapp denotes the computed approximate
solution. They evaluated all spatial grid points (xi,y j) and time points tk. Table 1 presents the stability analysis results for
WANSFDM and WASFDM using different values of β . The analysis is conducted under fixed discretization parameters
(ℓ = m = n = 15), with coefficients Kx = Ky = π and spatial domain (X = Y = 1). We examine three dominant cases of
variable-order diffusion-wave dynamics, classified based on the relative values of the variable-orders ν and γ: (a)
Diffusion-dominated case: when the order ν is relatively large (e.g., ν ≈ 0.9) and γ is smaller (e.g., γ ≈ 1.3), the system
tends to a diffusion equation.

(b) Balanced-dominated case: when both ν and γ take moderate values (e.g., ν ≈ 0.7, γ ≈ 1.7), the model captures a
balance between diffusion and wave propagation effects.

(c) Wave-dominated case: when ν is small (e.g., ν ≈ 0.3) and γ is large (e.g., γ ≈ 1.9), the system tends to a wave
equation. For short final times (Tf = 1), all schemes remain stable across all cases and values of β . However, as Tf
increases, WANSFDM consistently demonstrates enhanced numerical stability compared to WASFDM, particularly in
the diffusion-dominated and balanced cases. In the wave-dominated case, the instability of WASFDM becomes evident at
larger values of Tf , especially for β = 1 and β ∈ (0.5,1] in as defined in Eq. (12). Using β = 0.5 or β ∈ [0,0.5] in Eq. (12)
further improves WANSFDM stability compared to the standard scheme. Overall, the results indicate that WANSFDM
offers improved performance in maintaining numerical stability over extended simulation times, particularly in scenarios
governed by variable-order dynamics.
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Table 1: The stability analysis of WANSFDM and WASFDM for ℓ= m = n = 15, and X = Y = 1. Where S denotes a stable scheme
and U corresponds to an unstable.

Tf
(β = 0) (β = 1) (β = 0.5) (β in Eq. (12))

WANSFDM WASFDM WANSFDM WASFDM WANSFDM WASFDM WANSFDM WASFDM
Diffusion-dominated case ν ≈ 0.9, γ ≈ 1.3

1 S S S S S S S S
15 S S S S S S S S
20 S U S U S U S S

Balanced-dominated case ν ≈ 0.7, γ ≈ 1.7
1 S S S S S S S S
15 S S S U S S S S
20 S U U U S U U U

Wave-dominated case ν ≈ 0.3, γ ≈ 1.9
1 S S S S S S S S
15 S S U U S S S S
20 S U U U S U U U

Problem 1
Consider the VOFMDW model described in [1], represented by the following equation:

f (x, t) = [
t3+γ(x,t)

Γ (2−ν(x, t))
+

2+ν(x, t)+ γ(x, t)
Γ (3− γ(x, t))

t3+ν(x,t)](3+ν(x, t)+ γ(x, t))e−x2

+(2−4x2) t3+ν(x,t)+γ(x,t)e−x2
.

in which t ∈ [0,Tf ] and x ∈ [0,X ],
the initial conditions are:

u(x,0) = 0,
∂u(x,0)

∂ t
= 0,

the corresponding boundary conditions are:

u(0, t) = t3+ν(x,t)+γ(x,t), u(X , t) = t3+ν(x,t)+γ(x,t)e−X2
.

For these given conditions, the exact solution is: u(x, t) = t3+ν(x,t)+γ(x,t)e−x2
.

Considering the step sizes τ(△t)= p sinh(△t) and κ(△x)= q(e△x−1) for which p,q∈ (0,1), we compute the maximum
error for Problem 1 is computed at various values of β , as shown in Table 2. The performance of WANSFDM and
WASFDM depends significantly on the values of β and Tf . When β = 0 and β = 0.5, corresponding to the implicit and
Crank-Nicholson schemes, respectively, WANSFDM exhibits higher accuracy for larger Tf . Therefore, WANSFDM is
recommended for long-term simulations when β = 0 or β = 0.5 than the explicit scheme (β = 1). As Tf increases, errors
also escalate, underscoring the critical role of selecting a proper scheme according to β and the simulation duration. Figure
??, compares the exact and approximate solutions for u evaluated across the domain x ∈ [0,1] for three distinct cases of
ν and γ: (1) constant-order ν0 = 0.9, γ0 = 1.9 (2) variable-order in linear functions ν(t) = 0.9− 0.01 t, γ(t) = 1.9−
0.01 t and (3) variable-order in nonlinear functions ν(x, t) = 0.9− 0.01 x2 t, γ(x, t) = 1.9− 0.01 x sin(t). The numerical
simulations confirm that the approximate solution using the Caputo definition exhibits improved convergence toward the
exact solution.
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Figure 1. A comparison of three cases of exact and approximate solution behavior in Problem 1 when n = m = 20,
with varying cases ν , γ , and (x, t) ∈ [0,1]× [0,1].

Table 2: The E∞ error of WANSFDM and WASFDM for n = m = 20, ν(x, t) = 0.9−0.01 t, γ(x, t) = 1.9−0.01 t, and X = 1.

Tf
(β = 0) (β = 1) (β = 0.5)

WANSFDM WASFDM WANSFDM WASFDM WANSFDM WASFDM
0.1 3.844×10−7 3.302×10−7 2.407×10−7 3.79×10−7 2.008×10−7 2.022×10−7

0.2 2.996×10−5 2.13×10−5 7.512×10−6 1.864×10−5 1.906×10−5 1.171×10−5

0.35 5.407×10−4 1.03×10−3 4.474×10−4 3.897×10−4 3.891×10−4 7.865×10−4

0.6 4.718×10−3 2.504×10−2 2.588×10−2 8.932×10−3 3.205×10−3 1.714×10−2

1 2.369×10−2 4.204×10−1 7.015×10−1 1.808×10−1 3.448×10−2 2.999×10−2

Problem 2: Following [1], the 2-D VOFMDW as:

f (x, t) = [3t2 +6t +
4
C

t3 +
t3

C2 ((2x−1)2 +(2y−1)2)]exp(− (2x−1)2

4C
− (2y−1)2

4C
),
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in which t ∈ [0,Tf ] and Ω ∈ [X0,X ]× [Y0,Y ].
The initial conditions are:

u(x,y,0) = 0,
∂u(x,y,0)

∂ t
= 0,

the corresponding boundary conditions are:

u(X0,y, t) = t3exp(− (2X0 −1)2

4C
− (2y−1)2

4C
), u(X ,y, t) = t3exp(− (2X −1)2

4C
− (2y−1)2

4C
),

u(x,Y0, t) = t3exp(− (2x−1)2

4C
− (2Y0 −1)2

4C
), u(x,Y, t) = t3exp(− (2x−1)2

4C
− (Y −1)2

4C
).

For these given conditions, the exact solution is: u(x,y, t) = t3exp(− (2x−1)2

4C
− (2y−1)2

4C
).

For numerical approximation, we consider step sizes as τ(△t) = p(e△t − 1), κ(△x) = q (e△x − 1) and
κ(△y) = q (e△y − 1) for which p,q ∈ (0,1). Figure ??, compares the approximate numerical solutions for u, with the
exact solution at C = 0.05, computed over the domain (Ω , t) ∈ [0,1]2 × [0,0.1] for three distinct cases ν and γ: (1)
constant-order ν0 = 0.8, γ0 = 1.7 (2) variable-order in linear functions ν(t) = 0.8− 0.01 t, γ(t) = 1.7− 0.01 t and (3)
variable-order in nonlinear functions ν(x,y, t) = 0.8 − 0.01 t cos(x y), γ(x,y, t) = 1.7 − 0.01 t cos(x y), where the
maximum error is minimized compared to the other two cases. For Problem 2, we evaluate the maximum error across
various values of (X ,Y,Tf ), considering time-dependent variable-orders ν(t) = 0.7− 0.01 t and γ(t) = 1.6− 0.01 t, as
shown in Table 3. Across all test cases, WANSFDM consistently demonstrates higher accuracy and improved numerical
stability compared to WASFDM. Two configurations of the weighting parameter β are tested: the implicit case (β = 0)
and the adaptive form defined in Eq. (12). Even when β in Eq. (12) varies with domain size, WANSFDM maintains
consistent solution behavior and achieves maximum errors comparable to those of the implicit scheme. In contrast,
WASFDM becomes unstable as the domain size increases, whereas WANSFDM remains robust to β variations.

Table 3: The E∞ error of WANSFDM and WASFDM for ℓ= m = n = 15, ν(t) = 0.7−0.01 t and γ(t) = 1.6−0.01 t.

(X ,Y,Tf )
(β = 0) β in Eq. (12)

WANSFDM WASFDM WANSFDM WASFDM
(0.1,0.1,0.1) 1.003×10−11 2.471×10−11 9.907×10−12 2.553×10−11

(0.1,0.1,0.2) 8.694×10−11 2.004×10−10 8.627×10−11 2.0018×10−10

(0.2,0.2,0.1) 9.978×10−9 2.876×10−8 9.8134×10−9 2.852×10−8

(2,2,0.1) 7.127×10−4 1.993×10−3 7.128×10−4 1.978×10−3

(1,1,1) 6.885×10−1 2.721 6.892×10−1 2.646
(1,2,1) 6.862×10−1 2.833 6.870×10−1 2.746
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Figure 2. Comparing exact and approximate solution behavior in Problem 2 for ℓ= m = n = 20, at different cases
of ν , γ , and (X ,Y,Tf ) = (1,1,0.1).

Problem 3
Consider the following 2-D VOFMDW as described in [1]:

f (x, t) = (3t2 +6t)(1− x2 − y2)+4(1+ t3).

in which t ∈ [0,Tf ], and Ω ∈ [X0,X ]× [Y0,Y ].
The initial conditions are:

u(x,y,0) = 0,
∂u(x,y,0)

∂ t
= 0,

the corresponding boundary conditions are:

u(X0,y, t) = (1+ t3)(1−X2
0 − y2), u(X ,y, t) = (1+ t3)(1−X2 − y2),

u(x,Y0, t) = (1+ t3)(1− x2 −Y 2
0 ), u(x,Y, t) = (1+ t3)(1− x2 −Y 2).

For these given conditions, the exact solution is: u(x,y, t) = (1+ t3)(1− x2 − y2).
Considering the step sizes τ(△t) = p sinh(△t), κ(△x) = q sinh(△x) and κ(△y) = q sinh(△y) for which q, p,∈ (0,1).
Figure ?? compares the exact and approximate solutions for u at β in (12) evaluated across the domain
(Ω , t) ∈ [−0.2,0.2]2 × [0,0.2] for three distinct cases: (1) constant-order ν0 = 0.8, γ0 = 1.8 (2) variable-order in linear
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functions ν(t) = 0.8 − 0.01 t, γ(t) = 1.8 − 0.01 t and (3) variable-order in nonlinear functions ν(t) = 0.8 − 0.01 et ,
γ(t) = 1.8−0.01 et . Table 4 presents the maximum error values of the WANSFDM for various values of (X ,Y,Tf ), using
the discretization ℓ = m = n = 15, with X0 = Y0 = 0, and at β as defined in Eq (12). The scheme is tested under three
dominated cases of variable-orders ν(t) and γ(t). As shown in the table, WANSFDM performs effectively across
different types of variable-order scenarios, particularly in the wave-dominated case, demonstrating its accuracy and
stability.

Figure 3. Comparing exact and approximate solution behavior in Problem 3 for ℓ= m = n = 20, at different cases
of ν , γ , and (Ω , t) ∈ [−0.2,0.2]2 × [0,0.2].

Table 4: The E∞ error of WANSFDM at β in (12) for ℓ= m = n = 15

(X ,Y,Tf )
ν(t) = 0.9−0.01 et ν(t) = 0.9−0.01 et ν(t) = 0.3−0.01 et

γ(t) = 1.3−0.01 et γ(t) = 1.9−0.01 et γ(t) = 1.8−0.01 et

(0.1,0.1,0.1) 3.607×10−4 1.393×10−4 2.063×10−4

(0.1,0.1,0.2) 6.768×10−4 2.178×10−4 3.752×10−4

(0.5,0.5,0.1) 4.991×10−3 4.692×10−4 9.778×10−4

(1,1,1) 1.002×10−1 4.372×10−2 8.437×10−2
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5 Conclusion

This paper proposed and analyzed two weighted average finite difference schemes for solving the VOMDW model
problem. By varying values of the weighting parameter β , the schemes were successfully applied to study the behavior
of models in one and two spatial dimensions. A modified von Neumann stability analysis demonstrated the robustness of
the proposed schemes, while truncation error analysis confirmed their second-order spatial accuracy O(∆x2 +∆y2) and
first-order temporal accuracy O(∆ t). The schemes maintained excellent stability across a wide range of variable-order
cases and β values. The successful implementation of the WANSFDM confirms its effectiveness in approximating
solutions. Furthermore, comparative results show that WANSFDM yields more accurate and stable solutions than
WASFDM in dominated scenarios. The proposed WANSFDM provides a reliable and versatile numerical tool for
modeling complex systems with evolving diffusive and wave-like behavior. All numerical simulations in this study
implemented efficiently in MATLAB.
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