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Abstract: In this paper, we present a fractional calculus-based model to explore the dynamics of deoxyribonucleic acid (DNA)
methylation. The advantage of using fractional calculus in the modeling of biological phenomena is that we can consider both space
nonlocality and memory effect simultaneously which play an essential role in describing the complex dynamics of all biological
systems and in particular dynamics of DNA.
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1 Introduction

DNA methylation is an epigenetic process by which methyl (CH3) groups are added to the DNA molecule and is a key
epigenetic mechanism that cells use to control gene expression.Recent researches shows that there is a close connection
between DNA methylation status and a variety of diseases including cancer, Alzheimer and Parkinson’s disease,
cardiovascular disease, and so on [1,2,3,4,5,6,7,8]. Over the years mathematical models have been a key to exploring
the complexities of DNA methylation dynamics and its connection with health and in particular in the ageing process [9,
10,11]. Very recently a new model for the dynamics of the key intracellular interactions which characterize DNA
methylation has been presented in [9] however, their model is based on the integer-order classical differential systems.
As we have mentioned in previous works [12,13,14,15] the classical integer-order derivatives have some limitations as
they are local in nature and do not possess the memory effects which are appear in most of biological systems. To
overcome such limitations of traditional derivatives, in particular in the study of biological systems we have to use the
powerful tool of fractional calculus [16,17,18,19,20,21,22,23,24,25]. For this purpose, in the next section, we describe
the fractional calculus approach in biology, in the Sec. 3 and 4 we present our new model for DNA Methylation and in
Sec.5 we show the corresponding numerical simulations.

2 Fractional calculus approach in biology

The study of complex systems and investigation of their structural and dynamical properties have attracted considerable
interests among scientists in general and physicists, biologists and medical scientists in particular. Complex systems can
be found almost everywhere however the highest level of complexities can be observed in the dynamics of living and
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biological organisms and systems. Due to the lack of a reliable and effective tool to investigate such systems, we have
not reached to the complete understanding and comprehensive pictures of the phenomena and processes which occur
in these systems. Fortunately, in recent years the powerful tool of fractional calculus has been proposed for study of
complex and nonlinear phenomena. It is in fact a very useful tool for describing the behavior of nonlinear systems which
are characterized by: special kind of non-locality, long-term memory and fractal properties [26,27,28,29,30,31]. There
exist many biological objects and systems with memory, nonlocal effects and nonlinear behaviors and such these non-
localities and memory effects in biological objects and systems mean that the next state of the organism or system relies
not only on its present state but also upon all of its previous states. As a result, the concept of fractional dynamics and in
fact adopting fractional calculus can play an important role in the study of dynamical biological systems. As a physicist
or biologist, we always are able to model natural phenomena for instance modeling of protein folding dynamics using
systems of differential equations and nowadays it is well known that the fractional-order ones are more comprehensive
and also incorporate memory effect and the concept of non-locality in the model.Mathematically the idea is in fact, to
rewrite the ordinary governing differential equations in the fractional form by replacing the standard derivative with a
fractional derivative of arbitrary order .

3 Fractional differential system (FDS) and the infinite state approach
It is well known that the integration operator plays a fundamental role in modeling and simulation of differential systems
since it allows to take into account past history, initial conditions, energyand permits to predict the future of the system
thanks to its distributed state [48,49]. In this paper, we will describe the fractional integrator, also called
Riemann-Liouville integration operator, thanks to its infinite state representation [50,51].

3.1 . Riemann-Liouville integration

The α th fractional order Riemann-Liouville integral (α real positive) of a causal function is defined by the relation [52,
53]:

Iα( f (t)) =
1

Γ (α)

∫
∞

0
(t − τ)α−1 f (τ)dτ, (1)

where Γ (α) is the Gamma function. Iα( f (t)) is the convolution of the function f (t) with the impulse response of the
fractional integration operator

hα(t) =
tα−1

Γ (α)
. (2)

whose Laplace transform is

Iα(s) = L{hα(t)}=
1
sα

(3)

3.2 Fractional integrator state-space representation

Practically, the Riemann-Liouville integral is carried out by a fractional integrator.It has been already demonstrated in
[51,53], that 1

sα is a linear frequency distributed system (also known as diffusive representation [54,55]). Its frequency
distributed state z(ω, t) verifies the differential equation:

∂ z(ω,t)
∂ t =−ωz(ω, t)+ν(t) ω ∈ [0;+∞)

x(t) =
∫

∞

0 µα(ω)z(ω, t)dω

µα(ω) = sinnπ

π
ω−α 0 < α < 1

(4)

where ν(t) and x(t) are respectively the input and the output of the fractional integrator.Because of its definition in (4),
x(t) is only the weighted sum of the variables z(ω, t) (with weight µα(ω) and ω ranging from 0 to +∞ ), thus it is only
a pseudo state variable whereas is the true distributed state variable [51,53]. The infinite state approach is so called by
reference to the infinite dimension of z(ω, t) [52].
Remark.If ν(t) = δ (t), the output x(t) of (4) provides the fractional integrator impulse response

hα(t) =
∫

∞

0
µα(ω)e−ωtdω (5)

Unlike (2), definition (5) stresses that hα(t) is composed of an infinity of modes, ranging from 0 to +∞ . Notice that the
lower modes (ω → ∞) explain the long memory behavior of the fractional integrator and fractional order systems [56].
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3.3 Initial conditions

The output x(t) can be obtained by the convolution of the input ν(t) with the fractional integrator impulse response hα(t):

x(t) = hα(t)∗ν(t) =
∫ t

−∞

hα(t − τ)ν(τ)dτ (6)

So,

x(t) =
∫

∞

0
µα(ω)z(ω, t0)e−ω(t−t0)dω +

∫ t

0
hα(t − τ)ν(τ)dτ (7)

The first term represents the free response of 1
sα initialized by the initial state z(ω, t0), whereas the second term is the

forced response. This equation stresses that past history (i.e. t < t0 ) is completely summarized by the initial condition
z(ω, t0) which is an infinite dimensional distributed variable (see [51,57,58] and references therein).

3.4 Application to Fractional differential systems (FDS)

Let us consider, the general SISO FDS governed by the following equation{
Dα(X(t)) = AX(t)+Be(t) 0 < α < 1
y(t) =CX(t)

(8)

where Dα denotes the derivative operator of order α , X(t) ∈ RN×1 the pseudo-state, y(t) the output, e(t) the input. A, B ,
C are known matrices and of appropriate dimension.

Similarly, to the integer order case (ODE) for which the integer integrator is the key element(see Ref. [49]). In Refs.
[50,59] it has been shown that the previous FDS behaves like a fractional integrator inserted in a closed-loop (see bloc
diagram depicted on figure (1) ). The diagonal block [Iα ] represents the fractional integrator operators and z(ω,0) their
corresponding initial conditions. The infinite state approach consists to associate a distributed frequency state variable

Fig. 1: FDS bloc diagram

zi(ω, t) to the ith fractional integrator (i = 1,2. . . ,N).
The true state vector of FDS is then

Z(ω, t)T = [z1(ω, t)...zi(ω, t)...zN(ω, t)] (9)

Whereas X(t) = [x1(t)...xi(t)...xN(t)] is the pseudo state one.
Thus,from Eqs.(4) and (8), one can derive the FDS state-space representation:

∂ z(ω,t)
∂ t =−ωz(ω, t)+AX(t)+Be(t)

X(t) =
∫

∞

0 µα(ω)z(ω, t)dω

µα(ω) = sinαπ

π
ω−α 0 < α < 1

(10)
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which is useful to simulate and analyze the FDS thanks to its initial conditions z(ω,0) (see, [50] for more details).

4 Fractional dynamics of DNA methylation

In [9] authors presented a mathematical model for the dynamics of DNA methylation based on the biological assumptions
(see [9] and references therein]. In their work they considered two cases of linear and nonlinear system of differential
equations. In the linear case they translated DNA methylation processes as a set of ordinary differential equations as
follows: 

dx1(t)
dt =−k1x1(t)+(k3 +

1
2 d)x2(t)

dx2(t)
dt =−k1x1(t)− (k2 + k3 +

1
2 d)x2(t)+(k4 +d)x3(t)

dx3(t)
dt = k2x2(t)− (k4 +d)x3(t)

(11)

where xi(t), i = 1,2,3 denote the number of unmethylated, hemimethylated and methylatedCpG, respectively. Also, the
rates of the transitions between the possible states of the CpG dyads were in turn represented by the rate constants
ki, i = 1, ..,4 namely: methylation rate of un methylated CpG dyads, the methylation rate of hemimethylated CpG dyads,
the demethylation rate of hemimethylatedCpG dyads, and the rate of DNA demethylation of methylated CpG dyads,
respectively and finally the cell division rate is represented by d. However, as we mentioned in Sec. (1) the above model
is based on the integer-order classical differential systems and so is not able to consider nonlocal time effects (which
in particular in time domain is called memory effect) which seem to play essential role in biological systems. So, it is
reasonable that we look for a comprehensive model such that it can be able to consider space-time nonlocalities. The best
way for this is using the approach of fractional calculus and the framework of fractional dynamics. The commonest way
to obtain a fractional differential equation for describing the evolution of a typical system is to generalize the ordinary
derivative in the standard differential equation into the fractional derivative:

d
dt

→ dα

dtα
= Dα (12)

Therefore, we can easily arrive at the system of fractional differential equations for the fractional dynamics of DNA
methylation by changing the first order derivative in the Eqs. (11) to a derivative of order α (0 < α < 1):

Dα(x1(t)) =−k1x1(t)+(k3 +
1
2 d)x2(t)

Dα(x2(t)) =−k1x1(t)− (k2 + k3 +
1
2 d)x2(t)+(k4 +d)x3(t)

Dα(x3(t)) = k2x2(t)− (k4 +d)x3(t)
(13)

So, the above differential equations describe the rate of change of abundance of the 3 CpG dyads in the framework
of fractional dynamics. For the case of evolution of a population of CpG sites in a specific region of the genome with
fixed length, the total number of CpG dyads has to be constant. Thus, we will have, x1(t)+ x2(t)+ x3(t) = c with c > 0
substituting the conditions in the Eqs. (13), we will derive:{

Dα(x1(t)) = (−(k1 + k2 +
1
2 d)x1(t)− (k3 +

1
2 d)x3(t)+ c(k3 +

1
2 d)

Dα(x3(t)) = (−k2x1(t)− (k2 + k4 +d)x3(t)+ ck2)
(14)

x2(t) = c− x1(t)− x3(t) (15)

As it is mentioned in [9,10] we can set the rates of the transitions i.e. ki parameters as k1 = 0.012d , k2 = 99d , k3 = 0.11d
, k4 = 0.08d for the case of calculation of methylation levels in gene promoters, and k1 = 0.205d , k2 = 99d , k3 = 0.04d
, k4 = 0.08d for the case of calculation global genome methylation levels, also we can chose c = 100 for a CpG cluster of
a hundred CpG dyads size.
Let us consider biological model (14) in the FDS form:

Dα(X(t)) = F(t,X(t)), 0 < α < 1 (16)

where X(t) = [x1(t),x3(t)]T and F is a continuous real-valued vector function represented by:

F =

[
(−(k1 + k2 +

1
2 d)x1(t)− (k3 +

1
2 d)x3(t)+ c(k3 +

1
2 d)

(−k2x1(t)− (k2 + k4 +d)x3(t)+ ck2)

]
(17)
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Or equivalently
Dα(X(t)) = AX(t)+Be(t) 0 < α < 1 (18)

with

A =

[
−(k1 + k2 +

1
2 d) −(k3 +

1
2 d)

−k2 −(k2 + k4 +d)

]
B =

[
(k3 +

1
2 d)

k2

]
e(t) = c (19)

First of all, notice that, independently of the derivative order, matrix A has 2 eigenvalues λ1,λ2 which depend only on
parameter d, k1, k2, k3,k4 and values. For example, with d = 1, k1 = 0.012d, k2 = 99d, k3 = 0.11d and k4 = 0.08d, we have
λ1 =−100.68 and λ2 =−0.0185, which corresponds to pseudo-time constants τ1 = 54.05 seconds and τ2 = 9.93×10−3

seconds. So, the ratio τ1
τ2

= 5.443×103 is very large, which means that both of x1 and x3 exhibit very fast and very slow
transients. Since system (18) is linear, we can use the Laplace representation, which leads to{

X1(s) = ( b11
sα−λ1

− b12
sα−λ2

)E(s)≡ X11(s)+X12(s)
X2(s) = ( b31

sα−λ3
− b32

sα−λ2
)E(s)≡ X31(s)+X32(s)

(20)

with {
b11 = 0.6036 b12 = 0.0064
b21 = 99.01 b32 =−0.0064

(21)

where s, E(s), X1(s) and X3(s) represent respectively, the Laplace variable and the Laplace Transform of e(t) , x1(t) and
x3(t).

5 Numerical simulation

Simulations have been performed thanks to the infinite-state approach presented in section 3 (see [43] for more details)
and Matlab [61] with e(t) = c = 100 ; d = 1 ; k1 = 0.012d ; k2=99d ; k3 = 0.11d ; k4 = 0.08d and for different derivative
orders α .In order to take into account the ratio τ1

τ2
, we present x1(t), x3(t) and x2(t) with two time scales: on figure (2) for

fast transients, and on figure 3 for slow transients.The integer order case α = 1 is the reference to compare the different
graphs. As explained by model (20), the mode λ1 is dominant for fast transients (seefigure (2)), whereas the mode λ2
characterizes the slow transients (see figure (3)).Notice, that the fast mode λ1 is equivalent to a constant as t tends to
the +∞, i.e. x1(t) ≈ −100b11

λ1
and x3(t) ≈ −100b31

λ1
for slow transients (see figure (3)).Also, in (21)that b32 < 0 , which

explains the decrease of x3(t) on figure (3). When α < 1 , we can notice that the fast transients of pseudo-mode λ1 is
more quick than in the integer order case (see figure (2)), and reciprocally, that the transients of pseudo-mode λ2 is more
slow than with α = 1 (see figure(3)).Notice also, that this phenomenon, which is the main feature of fractional systems,
is exacerbated as α decreases.

Fig. 2: x1(t), x3(t) and x2(t): α = 0.75(green);α = 0.5(blue);α = 0.25(magenta)and α = 1(red)
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Fig. 3: x1(t), x3(t) and x2(t): α = 0.75(green);α = 0.5(blue);α = 0.25(magenta)and α = 1(red)

6 Conclusion

A number of physical and mathematical models have been presented in last few years, for the investigation of the
dynamics of DNA methylation. But, almost all of these models are based on traditional integer order derivative. In order
to better explore the complex dynamics of DNA methylation, in this paper, a fractional order differential model has been
simulated. The analysis and the numerical simulation of this fractional model provide a first investigation on the
introduction of fractional derivatives in the DNA model. Future works will investigate the relevance of this fractional
model based on the ad equation between experimental data and theoretical simulations.
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