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Abstract: Lifetime distributions are an essential statistical tool for modeling different attributes. The statistical literature offers many
complex distributions for analyzing such data sets. However, the estimation process is challenging due to the large number of parameters
in these distributions. To expand and model possibilities for these datasets, we introduce the inverse power half-logistic distribution
(IPHLD) as a novel model. We derive some of its statistical properties and explore its application in stress-strength reliability modeling,
a significant topic in the field of statistics. The stress-strength reliability model is defined as 1 = P[W < Z], where W and Z represent
the stress and strength random variables, respectively, and 7 is the reliability parameter. Assuming that W and Z are independent
IPHLD with different scale parameters. Using ranked set sampling and simple random sampling, the maximum likelihood and Bayesian
estimators of 1 are considered. The Bayes estimate of 1 under different loss functions is obtained using gamma priors. It is clear that
the Bayesian estimators’ explicit form is absent. Therefore, the Markov Chain Monte Carlo method is used to validate the Bayesian
estimate. A Monte Carlo simulation study is used to examine the performance of different estimating techniques. In the end, eight
real-world data sets from four applications are examined to illustrate the recommended estimation methods.

Keywords: Power half-logistic distribution; inverse transformation; entropy measures; perfect ranking; Bayesian estimation;
Metropolis-Hasting method.

1 Introduction

In many real-world applications, lifetime data modeling is done using distributions with support on the positive real
line. In the domains of biomedical research, reliability, actuarial sciences, demographics, engineering, public health, and
so on, exponential and Weibull distributions, for instance, have been utilized to fit data sets. Furthermore, in practical
reliability and lifetime data analysis, the half-logistic distribution (HLD) is another lifetime model that is essential for
fitting data with a decreasing failure rate (see [1,2]). The half-logistic random variable X with scale parameter v has the
following cumulative distribution function (CDF):

2

Krishnarani [3] proposed the power HLD (PHLD) with an additional shape parameter in order to improve the
characteristics of the HLD. Using the transformation ¥ = X 1/ \where X has the CDF (1) and ®is the shape parameter,
then the CDF for PHLD is provided by

2
F(y):lfw, y,0,8 >0. ()

* Corresponding author e-mail: dr.moelgarhy @ gmail.com

© 2025 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/jsap/140507

762 %N S\ A. S. Hassan et al. : Efficient Inference

In an attempt to expand or utilize some of the features of the HLD, a number of generalizations and extensions have been
made in recent years (see [4]-[8]).

More broadly, there are a number of ways to change a known distribution into an alternate one. The inverse
transformation technique, which uses the standard inverse (or ratio) function, is one of the most important of them. More
specifically, the inverse distribution of Z is produced by using the transformation Z = 1/Y, where Y is a random variable
with an existing distribution. The behavior of the density and hazard rate shapes in these distributions shows a variety of
features. They make it possible to apply the phenomenon in a number of fields, such as the biological sciences,
engineering sciences, survey sampling, and problems pertaining to life testing. Many adaptable inverted models have
been studied by several authors, including inverse Lindley distribution [9], inverse exponentiated Weibull distribution
[10], inverse power Lindley distribution [11], new hybrid Weibull-inverse Weibull distribution [12], inverted
Nadarajah—Haghighi distribution [13], sine inverse exponentiated Weibull distribution [14], length-biased weighted
exponentiated inverted exponential distribution [15], inverse Nakagami-m distribution [16], inverse power Lomax
distribution [17], inverse power Ailamujia distribution [18], exponentiated inverted Weibull distribution [19], inverse
Pareto distribution [20], inverted Topp—Leone distribution [21], exponentiated inverted Topp-Leone distribution [22],
inverse power XLindley distribution [23], unit inverse exponentiated Pareto distribution [24], heavy tailed inverse
Lindley Type-I distribution [25] and for more recent models [[26]-[30]].

A statistical sampling approach called ranked set sampling (RSS) scheme is used to estimate population parameters more
accurately and efficiently than the conventional random sampling (SRS) technique. The RSS technique selects samples
according to their relative ranking in a collection of measurements rather than choosing individual samples at random.
When population variability is large and conventional random sampling techniques do not adequately represent the
underlying variability, this strategy might be very helpful. MclIntyre [31] first estimated pasture yield using the RSS
approach, which may be regarded as a controlled SRS design. Takahasi and Wakimoto [32] supported it with
mathematical theory. Applications of RSS can be found in many fields, such as forestry, agriculture, animal sciences, and
medicine. Estimation of different probability distributions has been suggested by several researchers. More recent studies
can be found, for instance, Alsadat et al. [33] for the generalized unit half-logistic geometric distribution, Aljohani et al.
[34] for the modified kies exponential distribution, Hassan et al. [35] for the inverse power Cauchy distribution, Sabry et
al. [36] for the Weibull distribution, Sabry and Almetwally [37] for the exponential Pareto distribution, Hassan and Atia
[38] for the inverted Kumaraswamy distribution, Sabry et al. [39] for the Weibull distribution, Metwally et al. [40] for the
unit xgamma distribution, Hassan et al.[41] for the Chris-Jerry distribution, Metwally et al. [42] for Ramos—Louzada
distribution, among others.

In reliability theory, the estimation issue of the stress-strength reliability (SSR) model based on RSS has caught the
attention of many researchers. The aforementioned SSR model, represented by 11 = P[W < Z] describes the life of a
system with random strength Z that is exposed to random stress W. When a component receives more stress than its
strength, it fails; otherwise, it will continue to work until W < Z. This model has been used in several technical and
life-testing scenarios. The SSR model has been statistically inferred based on RSS and its modification strategies. The
determination of SSR for independent exponential distribution, based on RSS, was first discussed by Muttlak [43]. The
estimation of SSR for independent Weibull and independent Lindley random samples was discussed [44,45]. The
investigation of SSR for an exponentiated Pareto distribution was provided by Al-Omari et al. [46] in the case of median
RSS. Akgiil et al. [47] covered the estimation of SSR in the case of the Burr Type X distribution. Alsadat et al. [48]
provided an efficient estimate for the SSR for the independent unit Gompertz distribution using classical methods.
Hassan et al. [49] discussed the SSR for the independent generalized inverse exponential model based on RSS and SRS
designs using maximum likelihood (ML) method. In the literature, few studies have considered the Bayesian estimation
of the SSR from the probability distribution based on RSS. For example, Basikhasteh et al. [50] examined the SSR of the
bathtub-shaped lifetime distribution based on maximum RSS. Using RSS, Esemen et al. [51] dealt with the Bayesian
estimation of the SSR drawn from the generalized exponential distribution using Lindley’s approximation. Yousef et al.
[52] discussed the Bayesian estimation of the SSR from the inverted Topp-Leone distribution using Markov chain Monte
Carlo (MCMC) method.

Although several distributions for the analysis of contemporary data are available in the literature, a more flexible
distribution that functions effectively in a variety of scenarios is still needed. Furthermore, few studies have addressed
the Bayesian estimation problem for SSR modeling. As a result, the first primary goal of this study is to introduce the
inverse PHLD (IPHLD) using inverse transformation. Due to its unique characteristics, the proposed two-parameter
IPHLD is one of the best methods for handling positively skewed datasets. The second goal is to investigate both the
Bayesian and non-Bayesian estimation of the SSR for the IPHLD under RSS and SRS. For the IPHLD, investigations
and recommendations are made about simulations and applications. The following succinctly describes the rationale
behind the proposed model:
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—The IPHLD’s wonderful adaptability is seen when matched with the various graphical formats of the probability
density function (PDF) and hazard rate function (HRF). The moment’s expression, quantile function (QF),
incomplete moments (IM), probability weighted moments (PWMs), entropy measures, and SSR parameter are a few
of the important statistical features that we generate for the IPHLD.

—The ML estimators (MLEs) of v,9,and nare obtained. The Bayesian estimates (BEs) based on RSS are generated
by the use of MCMC methodology. The BEs of v,9 1 are determined in informative prior (IF-P) using symmetric
(squared error loss function (SQEL)), and asymmetric (linear exponential loss function (LLF)).

—The effectiveness of the several suggested estimators is assessed and compared using Monte Carlo simulations and
real-world application scenarios.

The remaining text has been split into the following sections: The formation of the IPHLD and a few of its characteristics
are shown in Sections 2 and 3. Section 4 outlines the MLEs of § = P[W < Z] when stress and strength random variables
following IPHLD using RSS and SRS. Section 5 provides the Bayesian estimators of SSR under SQEL and LLF. In
Section 6, a Monte Carlo simulation is used to examine the efficacy of the proposed estimation methods. Four real data
applications with eight real datasets were examined to illustrate the importance of the IPHLD in Section 7. We provided
some findings in Section 8.

2 Inverted Power Half-Logistic Distribution

Applications in econometrics, biological and engineering sciences, medical research, and life testing are among the many
fields where inverted distributions are important. Presenting the IPHLD is the primary goal here.

2.1 Description of the Model

Using the inverse transformation Z = 1/Y, where Y has the CDF (2), hence the CDF of IPHLD is given by

2
F(Z):W, z,0,19% > 0. 3)

The PDF of IPHLD associated with CDF (3) is given by:

-0
20,‘9Z—19—levz

fQ == ey > 20920 )

The HRF of the IPHLD is as follows: R
N B zuﬁzfﬁflel)f
(Z) - esz*ﬂ . 1

Note that for ¥ = 1, the inverse HLD is produced as a new model. In Figure 1, the PDF (left panel) and HRF (right panel)
are displayed graphically for different values of v and ¥. As seen from Figure 1, the PDF can take different asymmetric
shapes as well as the HRF might be either decreasing, or upside-down, which is required for reliability assessment.

2.2 Extensions of the IPHLD

The IPHLD allows for the creation of several kinds of extensions. A few of them bear a strong connection to distributions
that are currently in the literature. Extending the ones in Krishnarani [3], a few more log transformations of the IPHLD
are now examined.

Let Z be a random variable following the IPHLD.

1.Suppose that T = ¢?, where Z has the IPHLD, then the PDF of T is

)—13

200 (logs) 0! evlloe!
B t(1_|_ev(logt)*1’)2

F@) ;> 1

Hence, the random variable T has the log positive inverse power half-logistic distribution. This model can analyze
financial ratios, which are frequently right-skewed and usually greater than 1. Additionally, it is suitable for measuring
the concentrations of pollutants detected beyond a specific safety or detection threshold, such as in parts per million
readings where a value of 1 represents a significant baseline.
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Fig. 1: PDF (left panel) and HRF (right panel) for IPHLD with different shapes.

2.Suppose that K = e~#, then the PDF of X is

200 (—logk) ¥ 1ev(~logl)™?
- k(] _|_ev(710gk)*19)2

f(k) ; 0<k<1.
In this case T has the log inverse power half-logistic distribution with domain (0,1). It is a brand-new unit distribution
that can be employed in several statistical uses. This model can be used to model market share data, rates, or fractions.
For instance, the percentage of a budget allocated to research and development, the percentage of a day that a machine
is in operation.

3.Suppose that T = e”Zﬂ% then the PDF of T is

2
1) = ;o >1
£(e) (1+1)2
4.Suppose that K = e¥Z ° | then the PDF of T is
k)= . O<k<1.
IO =G 0<k<

Thus, we have two distributions that share the same structure but are specified at two disjoint intervals: [0, 1] and [1, oo).
This property of a nonnegative random variable with regard to log transformations is what we receive. These take the
same shape as the inverse half-logistic distribution that we change using the transformations T = ¢, and K = e¢*.

2.3 Quantile Function

The following formula yields the QF of the IPHLD, represented by Q(u): For every u € (0, 1), F(Q(«)) = Q(F(u)) = u.
Following a little algebra, an analytical equation is produced, and it is

O(u) = [;log<2;u>}lw, ue (0,1). (5)

The median is given by Med = Q(0.5), first quantile Q; = 0(0.25), third quantile Q3 = 0(0.75), and interquartile range,
IQR = 0(0.75) — 0(0.25).
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With U having a uniform distribution (0, 1), the following formula uses the QF (5) to produce random data sets:

B ~1/9
zi{llog(z ”)} . i=0,1,2,....n. (6)

Ui

In addition, the result below may be used to generate random variables from IPHLD.
Result: If X ~ U(0, 1), then the random variable T = [% log “xj] e has truncated IPHLD (TIPHLD).

Proof: If X ~ U(O7 1), then
( < [) 1 1 a—x 1/ <t a
P(1 = =1 Og = - 1 vt-0

which is a new distribution with a density function
vavr -1V’
fO)= ———=5—

(1+ev7)
The PDF (7) is referred to as the truncated inverse half-logistic distribution. Note that for ¥ = lin (7) the truncated inverse

half-logistic distribution is presented. The IHLD is produced when a = 2, ¢+ = 1 and IPHLD is produced when a = 2,
9> 0.

! “1/8
, t>[vlog(a—1)] , 0,9>0,a>2. 7

3 Some Statistical Properties

This section gives some of the statistical properties, including moments, IM, PWMs, entropy measures, and the SSR
parameter.

3.1 Moments and Associated Measures

Representations of the moments of the IPHLD are given. The m-th moment of Z is given by

21)192 v—1 vz / 21)192 ¥—1 *DZ s
/
= " dz = dz. 8
Hm /0 C(I4evi )2 (1+4ev2")2 ®)

The generalized binomial expansion is defined by:
- - o+k—1
(1+x)"%= Z(l)"< A >xk. )

Then by employing (9) in (8), gives

=)

= Y (1204 1) [0 o0 e gy
k=0 0

Then after some simplification, we get
=Y (—~12v(k+1)]"°T (1—%), &> m. (10)
k=0

From ), various quantities can be obtained. Specifically, the mean of Z is determined for m =1 in (10). Additionally,
m-th central moment is provided by

Un=E(Z—pu)" = i (?) (1) (1) -

J=0

Based on the previous equation, several measures can be obtained, such as variance and measures of skewness and kurtosis.
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The m-th incomplete moment is obtained by using PDF (4) and binomial expansion as below:

o

t _
On(t) = Z(—l)kZ(lH— 1)/ Oy Otk g
k=0 0

Hence, the m-th incomplete moment is given by

L

(pm(t):i(—l)kZ[v(kJrl)]m/ﬁF( ﬁ,[v(k+1)t]_ﬂ>, S >m, (11)

k=0

where, I (.,x) is the upper incomplete gamma function. For m=1 in (11), the first incomplete moment is determined. The
important application of the @; (¢) is related to the Bonferroni and Lorenz curves, defined by L(p) = ¢, (¢) /1] ,and B(p) =
01(1) / ply,where t, can be evaluated numerically using Equation (5) for a given probability p. A further application of
the @ (¢) is to the mean waiting time, represented by m () = 117_?;'(5'))

mi(e) =1- 98,

—t, and the mean residual life which is provided by

3.2 Entropy Measures

This subsection is devoted to deriving the Renyi and Tsallis entropies of the IPHLD. Entropy has been applied to fields
such as engineering, medicine, and physics. For a random variable Z, entropy is a measure of the variation in uncertainty.
Using the following formula, the Renyi of order s, where s > 0, and s #1, for the IPHLD may be found

Rz(s) = ! log/(f(Z))sdz - L log/
0 0

(21) 19)5Z_5(19+1>es vz ?
(1 + evz*'s‘ )ZS

= dz | . 12
1—s 1—=s ‘ (12)

Using the binomial expansion (9) in (12), we have

(200)" ) (-1)* (2" +,f_ 1) /sz(M”e(Hk)“Zl“dz] :
0

k=0

1
Rz(s) = Elog
Then after simplified form, we get
1 s as—1 wf 2s+k—1 1=s(0+1) s(0+1)—1
Rz(s) = 1_Slog [(21}) B I;)( 1) A ((s+k)v) r 5 .

Additionally, the Tsallis entropy of order s, where s > 0, and s #1, is defined by:

T;(s) = ! [1 —/Ow(f(z))xdz] ) (13)

s—1

Then by using PDF (4) and binomial expansion (9) in (13), then

1 v 2s+k—1 s+ s(9+1)—1
s) = 1— )Y (=1 s+k o I ——2—)|.
(s [ oot R0 (BT (i) (5 )]

s—1

3.3 Probability Weighted Moments

Generally speaking, the PWMs are regarded as superior to the regular moments. At extreme levels, the PWMs are less
sensitive. They are used in rare cases when MLEs are hard to come by. For a given random variable Z, the class of PWM
is defined as follows.

o0

w4 =BZF2))= [ ZIFQIE)d: (14)

J —oo
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where A, and r are integers. Setting (3) and (4) in (14), then the PWM of the IPHLD is

Oy = dz. (15)

B}

—0
w ity levs
‘ (14 vz 7 )ht2

Using the expansion (9) in (15) leads to

> h+1+k o _
wnh:Z(_l)k( + 1+ ),01921%1»1/ erﬂflef(k+1)l)z 1L9dZ

k=0 k 0

> (h+ 14K\ (—1)k2t1yr/o r
= ~— s r(1-- .
kzo< k > (1+k)r/0 (1-5). o>

3.4 Stress-Strength Reliability

Suppose that W and Z are two independent random variables that have the [IPHLD with a common shape parameter and
different scale parameters, that is, Z ~ IPHLD(v;,9) and W ~ IPHLD(v,, ¥), respectively. The associated SSR parameter
is then determined by using the formula 1 = P[W < Z] as follows:

=

o097 0 lene” 2
= 7,01, %) Fy (z, 02,0 dz:/ X dz. 16
n O/f( : ) W( 2 ) 5 (1+ev1z”9>2 (l—f—evzz’ﬂ) (16)

Using expansion (9) in (16), twice time, we get

n= i (,1)1'1-4-/'2 (L + 1)4vl19/mz—ﬂ—le—[vl(j1+1)+1)2j2]f’9dz
J1,J2=0 0 17
(1) iy + 1),

V1(j1+ 1)+ 22

ngkl

J1:J2=0

Note that the SSR parameter depends on the parameters v;, and V2. The 3D plots of the SSR parameter is represented in
Figure 2 for selected values of parameters.

8=025 3=08 §=25

Fig. 2: Stress-Strength reliability with different values of parameters

4 Classical Estimators under Two Sampling Techniques

This section gives a description of the RSS method. Also, the MLEs of 1 are discussed under RSS and SRS.
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4.1 Description of RSS Method

In situations where it is impractical or costly to exactly quantify an observation, the RSS is a powerful method of gathering
data. The RSS is more beneficial than the SRS under perfect ranking (see [53]). The protocol for selecting samples based
on the RSS is as follows:

—Select 4 2 units at random from the specified population of interest.

—Randomly partition the /4 2 units into / sets, with / units in each set.

—Regarding the variable of interest, the m units of each set are rated visually or using any low-cost technique.

—To pick a sample of measurements, take the lowest-ranking unit from the first set, the second lowest-ranking unit from
the second set, and so on, until the highest-ranking unit is chosen from the final set.

—The whole process can be repeated s times, or as many times as necessary, to generate an RSS sample of size M*= hx
s, where h is the set size and s is the cycle count.

—To clarify the RSS structure, we utilize the following matrix notation:

Ranked Observation

Initial Observation 7 Zor oo Zn
Za:) Z12) -+ Z(1:m)
Zoay Zoa) - L Zyw | Zn |- Zp RSS (s=1)

= =

211,202 Ly

Ziny Zin) - Zien)
Zwn Loy - | Zpn

4.2 MLEs under RSS Method

Suppose that Z,, be the order statistics (OS) of a-th sample (a = 1,2, .., h;) in the g-th cycle (¢ = 1,2, ..,s;) from the
strength random variable follows IPHLD (v;, ). Similarly, let Wj; be the OS of b-th sample (b = 1,2, .., h,,) in the I-th
cycle (I =1,2,..,s,) from the stress random variable follows the IPHLD (v;, ). Here A, and h,, are the set sizes, s, and
sy are the cycles numbers, the sample size of strength is M} = h, x s, and the sample size of stress is M5 = h,, X ;.

It should be noted that if the ranking of the observations is perfect, then according to PDF of Z,, and W;,, they are
exactly the PDF of a-th and b-th ordered statistics, respectively. For instance, the PDF of Z,, is given by:

he! . ~

J244(2aq) = mf(&w) [F (2aq)]" 1 1 _F(Zaq)]h” ¢
o h 2wpogtlensd [ 2 rl [1 2 r
@Dl —a)! (12 L1407 14evd |

It should be mentioned that the PDF of W, is obtained in a similar way. Therefore, we do not reproduce it here for the
sake of brevity. The likelihood function, without constant, based on RSS is:
evlzgqﬁ 1 h:—a
1+ evi%

sz hg 20 ’02 v—1 vlzaq o) a—1
IRSS(v1702719‘Z HH : |: :|

—0
g=la=1 1+e”12aq )? 1+ eV1%aq a8)
9 _ hy—b
T N S e { 2 r‘l T
X .
0 ~0 i
I=1h=1  (1+4e%"u )2 1+ e¥"u 1+ e¥"n

Then the log-likelihood function, say/® based on RSS is given by
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h
log!® = M7 log(v1 %) + Z {vlzaq (0 +1)logzyy

||M‘r

~ (b + 1)1og(1+e“ﬂaq) (h,—a )log(evlzaqﬂl)}

. 19)
+M3log(10)+ Y Y [vzwgll9 — (04 1)logwy
I=1b=1
— (y+1)log (14" ) = (h, — b)log (™" - 1)}‘
The first partial derivatives of log-likelihood (19) with respect to ©¥,v1,and v, respectively, are given by
dlogl* M; ii i Lo
= 08 Zaq 1249 108Z2aq
v () o | 4
(h,+ l)vlz;f logzyg (b — a)vlzgf IOgZaq]
- ) - -5
1+ e V1% 1 —e V1%
M. Sy (20)
+—= 5 Z Z llogwm + vzwbl logwy,
I=1b=1
(et 1)‘02w1;ll9 logwy — (hw — b)vzw}f log wy,
1_|_€71)2w;1’9 1 _ef‘l)zwljl19 ’
dlogl* M; + i s - (he+ 1)z B (h.—a)zg) 1)
81)1 g=la=1 aq 1 _A'_e_vlzaql9 1— e_vlzc:q19
dlogl® _ M3 n o i e (hy+ Dw,,°  (hy —b)wbl 22)
I v AT rev e’

Since the likelihood equations (20)—(22) cannot have explicit solutions, we must use iterative techniques to determine the
MLE ﬁfSS, ﬁfss, andd®SS of vy, vy,and .. The likelihood equations were solved using the Newton—Raphson
algorithm implemented in R (R Core Team). Numerical derivatives and the Hessian were computed when needed using
the numDeriv package. Then, by incorporating the MLEDRSS , and DRSS into (17), the MLE A®5S of 1, based on RSS,
is obtained as:

oo § C
i1heo OFSS(ji4+1) + 0555 j,

4.2 MLEs under SRS Method
Suppose that Z, 2y, ..., Zys , be an SRS of size M} taken form IPHLD (v1,9), and Wi, Wa, .-, Warg be an SRS of size
M3 taken form IPHLD (v,, %), where we assume that both stress and strength samples are independent. To calculate the

MLE #%S of 17, we obtain at the first the MLE 0%, 958 and 95FS of vy, vy, and ©. The likelihood function of the
observed sample is as follows:

-0
M 201977071 M gy gy O Tevan
PR 91e) = [T — = =TT =
=1 (T4+e"5 )2 =1 (14" )

© 2025 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

770 %N S\ A. S. Hassan et al. : Efficient Inference

The joint log likelihood function of the observed sample is

log ¢} = M7 log(2v19) + M5 log (21, 9)

M »
+) {Ulz;ﬂ — (8 +1)logz; —2log(1 +e™% )}
j=1

M3 )
o0t -2t 525
k=1

The first partial derivatives of log-likelihood with respect to ©¥,v;,and v, , respectively, are given by

dloglt  Mr+Mm; Mi 2v0iz; Vlogz; | M4 20w, % 1o
O8T1 _ L+ —Z lOng‘f'D]Z;ﬂlOng_jiiﬂj —Z logwk+vgw,;ﬂlogwk—wk7§isw
81.9 19 ]-:1 (1+e—012j ) =1 (1+e—vzwk )
(24)
. . M -9
dlogly _Mp gl o % 25)
81)1 Vi =1 J l4e vlz*l9 ’
dlogrs M3 M 2w ?
Sk R A D [l i S (26)
(91)2 V2 =1 l—i—e*vzwk

Equations (24)—(26) have no closed form solution. Consequently, numerical techniques are used to determine the MLEs
DRSS HSRS| and DSRS, of ¥,v;,and v,. The likelihood equations were solved using the Newton—Raphson algorithm
implemented in R (R Core Team). Numerical derivatives and the Hessian were computed when needed using the
numDeriv package. After that, by including the MLE ﬁISRS ,and f)gRSinto (17), the MLE AR5 ofn based on RSS, is
obtained.

5 Bayesian Estimator of 1)

Here, we look at the BE of the SSR under SRS and RSS. In order to derive the BEs, prior distributions are necessary. For
a particular Bayesian estimation problem, Arnold and Press [54] mentioned that there is no exact procedure for choosing
priors.

5.1 Bayesian Estimators under RSS

Here, we investigate this estimation problem by assuming gamma prior distributions. We selected gamma priors due to
their flexible nature; they also include non-informative priors as a particular case. Assuming that the parameters vy, U2,
and ¥ have gamma distributions with the following PDF
B
r o—1 _—Brvo,

gr(vr) = (o) v e )

Br o, 0, >0, r=1,2,

a3

83(0¥) = #063)0“3716713319, B3, 03,9 > 0.
The joint prior of v1,V;, and ¥is given by:
g (1,02, 0) o< vlal*l1)5‘2*1190‘3*16*(311)1+ﬁzvz+ﬁ319). 27)

Thus, the joint posterior distribution of vy, V> and ¥, based on RSS, is produced as follows by employing the likelihood
function (18) and the joint prior distribution (27),

lRSS(vlﬂv27l9 |§)g*(01702ﬂ9)

II O |data) = ' %
(v1,v2, 0 |data) [IBSS (01,05, |2)g* (U1, V2, ®)d (V1 V219) e

We suggest the MCMC approach to determine the BEs of 1, as the posterior PDF in (28) cannot be reduced analytically
to a closed form.
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5.2 Hyper-parameter determination

We choose informative gamma priors for the Bayesian analysis by matching the first two moments of the priors to
empirical moments of MLEs obtained from a collection of k auxiliary samples (as in Dey et al. [55]). Concretely, let

%)I
PV'\

2l
PV'\
N\

g aeife e-ipe

denote the sample means of the kK MLEs, and let the corresponding unbiased sample variances be

2

S 500 A= B 00-8) b=y (w5

Adopting the Gamma(a, ) parameterization (so that E[Gamma(a, 8)] = «/B and Var[Gamma(a, B)] = a/B?), we
match the prior mean and variance to the empirical moments. Solving the two moment equations for each parameter yields
the closed-form estimates

B B2
Q= 2 B = Z
1 v
~ ~D
V1 V;
0 =—, B= =, (29)
ISul SGI
~ ~D
D U,
o =5 Pi= -
51, 50,

5.3 The Method of MCMC

We examine the MCMC approach in this subsection in order to determine the BE of 7. Equation (28) provides the joint
posterior density, which may be expressed as

o +MP =1 op+M5—1 M1 —
H(vl,vz,ﬁ|data)<xv1] 1 vz2 27 903 +MY+M3 1 = (B o1+ v+ 3 D)

—0
xezqzlzu 1[V1zag —(B+1)logzaq ]~ L= sl 1(1+h)1og(1+e“1<aq )L X (a—hy)log(eV17ad —1) (30)

, . —0
XEZ;ZI Zgﬁl [“ZWEJI%I —(B+1)logwy, | -X¥, Zbi] (1+hw)1°g(1+euzwbl L ):Zil (b—hy)log(e™2" bl -1

The conditional posterior density of v given ¥ and data may be obtained from (30) as follows:

. sz hy
Hl ('[)1 |ﬁ’data) o< ’()le+M17 €eXp 4§ — Vi ﬁ[ + Z Z Z - Z 1+]’l IOg 1+evlzaq )
q=la= g=1la=1
o (31)
+ZZ a—h;)log( “lzaqﬁ—l)}.
g=la=1
The conditional posterior density of v, given ¥ and data is:
oM —1 Sw hw
L (v, | 9,data) o< 0,2 eXp{—Uz Bty Yz’
I=1b=1 (32)
Sw Ny Y Sw hm 9
(1+hy,) 1og(1+evzwb, )+ 1og( U2 —1) }
I=1b=1 l:lh:l
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The conditional posterior density of ¥ given vy, D, and data is:

s, hy sz g _
nzwul,vz,damwsa}*Mf*Mflexp{ZZ[vlzaq B30 (94 1)logzeg| — 1. Y (1A log(1 4™
=1la=1 g=la=1

——

sz hy
+ZZ a—h.)log(eVa —1)
g=la=1
whv Sw hW

Sw Ny
xexp{z ) {vzwb, —(0+1) logwb,} Z Z (14 hy,)log( 1—|—€1)2Wb1 )+ Y Y (b—hy)log(e vawy” 1)
I=1h=1 I=1b=1
(33)
To create samples from conditional posterior distributions, we employ the Metropolis-Hastings (M-H) method within the
Gibbs sampling process. Let 1)1([),1)2(1) ,and 9 for 7 =1, 2,..., N be the observations produced by Equations (31), (32),

and (33), respectively, after starting values vl(o)7 1)2(0)7 and 9© are established. Once the first M iterations are taken as the
burn-in time, the Bayes estimators of 17 under SQEL and LLF are provided by:

©n

1

Al —A7®
Nom € ’
j 1

Jj=M+

1 R —1
AsoeL = —— 2 A0, fAur = —log
N-M, &, p)

where,

S0 v (=172 (g + 140"

=Y =3 0

J1,/2=0 ﬁ1t (lerl)Jrﬁz J2

5.4 Bayesian Estimators under SRS

In this sub-section, the BEs of 1 are obtained using SRS. Suppose that 2,2y, 2y be SRS of size M7, where
Jj=1,2,...M} drawn from IPHLD (v1,9). Also, let Wi, Ws, ""WME’ be SRS of size M3, where k=1,2,.., M3 drawn from
IPHLD (v;,9). Then, the joint posterior distribution of v;, > and ®¥, based on SRS, is produced by utilizing the
likelihood function (23) and the joint prior distribution (27),
IT*(‘U17 0y, 9 | data) o<
vf‘1+M. 1032+M1.71ﬁa3+M1.+M2._1e‘(ﬁl”l+ﬁ2”2+ﬂ3ﬁ>

. —
721;3 [(19+1)logzjfvlz;ﬂ+2log(l+evl“f )] (34)
X e ’

M3 -0
-2 [(19+1)108Wk Uyw P 42log(14+¢"2" )}
X e .

The conditional posterior density of v; given ¥ and data is as follows:

My

-0
IT{ (v; | ¥, data) o< v, o+ lexp{ﬁl v+ Z {vlzfﬁ —2In (1 + e )} }
j=1

The conditional posterior density of v, given ¥ and data is as follows:

M3 -
IT; (V2 | ¥, data) o< vzzJr : lexp{—ﬁzvz+ Y [vgw,:ﬂ —2In (1 +evzzkﬂ)} }
k=1
The conditional posterior density of ¥ given v, U2, and data is as follows:

My _
IT; (O |1, 0y, data)) o< YO TMIHME=1,=Ps0 oy {— Yy [(19 +1)logz; — v1z; ¥ +2log(1 4”7 ’3)} }
j=1

M3 _
xexp{ Z [ (04 1)logwy — vaw, +210g(1+e”2Wkﬁ)}}.
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We use the M-H approach in the Gibbs sampling procedure to generate samples from conditional posterior
distributions (as discussed in the previous subsection). Also, the BEs of 1 under SQEL and LLF are obtained as similar
to the procedure defined above.

5.5 The MCMC implementation procedure.

Although the posterior distributions of model parameters do not admit closed forms, Bayesian inference can be carried
out using MCMC method. Below we provide a detailed, reproducible procedure used in this paper.

1. Posterior (up to normalizing constant). Derive the joint log-posterior (log likelihood + log prior) for the parameter
vector 0. If conditional distributions are not of standard form, sampling requires M—H steps.

2. Sampling algorithm (M-H within Gibbs).

1.Initialize M chains with different starting values 0™ for m = 1,...,M (we used M = 3).
2.For iteration t = 1,...,T and for each chain m:
(a)For each parameter component 6;:

—If the full conditional of 8; is standard, draw 6 ](t) from it (Gibbs step).

—Otherwise, propose 6} ~q;(-| 6}'7]) ) (we used a normal random-walk on an appropriate transformed scale, e.g.,
log scale for positive parameters) and accept/reject with M—H acceptance probability

. 7(65 |rest)q;(6) ") | 67)
o =ming 1, =7 A ENE
m(6; " |rest)q;(6; 6, )

where 7(- | rest) denotes the conditional posterior density (up to normalizing constant).

3. Practical tuning and run settings. We recommend (and used) the following practical settings: number of iterations
T = 12,000, burn-in B = 2,000, no thinning by default (unless autocorrelation is very large). Proposal variances were tuned
in pilot runs to achieve acceptance rates in the range 20%—40% for random-walk MH steps.

5. Estimation of derived quantity 1 = P(W < Z). For the stress—strength reliability 7 that is a deterministic function

of parameters 1 = 1)(8), compute N = 1(8")) at each posterior draw 8). Then obtain:

—Bayes estimator for 11 under squared-error loss: posterior mean ﬁBayes = %Zt n<t).
—Posterior median for 1 (if using absolute loss).

6 Simulation Study

This section presents an extensive simulation study to compare the performance of reliability estimates derived from RSS
and their counterparts from SRS. The comparison employs Bias, mean squared error (MSE), and relative efficiency as
evaluation criteria. In the simulation setup, set sizes (4) and the number of cycles (s) are chosen as (h;, h,,) = (2, 2), (3, 3),
(4,4), and (6, 6), with s = 3 and 6, respectively. Consequently, sample sizes for RSS samples are calculated as M} = h, X s,

and M3 = h,, X s,,. Additionally, sample sizes for SRS samples are determined as (Ml‘,Mg ) =(6,6),(9,9), (12, 12), (18,
18), (12, 12), (18, 18), (24, 24), and (36, 36).

The set size k plays a central role in ranked set sampling. In practice, larger values of k make visual or expert ranking
more difficult and therefore increase the probability of ranking errors; Wolfe [53] discusses this empirical limitation and
recommends keeping set sizes modest (typically k < 5) to avoid excessive ranking error. For this reason (and following
classical studies such as Dell and Clutter [56], our simulations and theoretical comparisons focus on small set sizes and
assume perfect ranking. This assumption allows us to isolate the statistical gains attributable to the RSS design itself.
The parameter values are chosen as(v;, 02, %)= (1.2, 0.6,1.5), (3, 1.2, 2), (3, 1.8, 2), where the true values of system
reliability n are 0.693, 0.745, and 0.646. We generate 5000 random samples from IPHLD (v;,?) and IPHLD
(12,9 )distributions. The estimated reliability is evaluated using criteria such as average Bias. MSE. The efficiency
measures of RSS concerning SRS are defined as:

— MSE(ﬁSRS)MLE E2 _ MSE(ﬁSRS)SQLF E; _ MSE(ﬁSRS)LLFfl E4 _ MSE(ﬁSRS)LLF—[I )
MSE (RS pie’ MSE (71 88S)sorr ™~ MSE(AQRSS)11p—p’ MSE (7RSS) ip—n

1
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For Bayesian estimation, the SQEL and LLF with two weights as —1.25 and 1.25, which can be denoted as LLF-I, and
LLF-II, respectively. The outcomes of the simulation efficiency (E1, E», E3, E4) are detailed in Table 1. The outcomes of
the simulation investigation (Bias, and MSE) are detailed in Tables 2—4. Based on Tables 1 through 5, we can draw the
following conclusions:

1.Tables 1 through 4 indicate that the parameter and reliability estimates using the RSS scheme demonstrate greater
efficiency compared to those obtained through SRS in the majority of cases.

2.Tables 2 to 4 suggest that the efficiency of parameter and reliability estimates utilizing Bayesian estimation methods
surpasses those obtained through MLEs in most instances.

3.When it comes to Bayesian estimation, utilizing the LLF with positive weights outperforms Bayesian estimation
relying on SQEL and LLF-I with negative weights.

4.As the set sizes (k) and the number of cycles (s) increase, Bias and MSE decrease accordingly.

5.In general, there is compelling evidence suggesting that the proposed methods utilizing RSS exhibit superior
performance for point estimation of parameters and 7).

Tables 1 to 5 collectively summarize the estimation, simulation and goodness-of-fit results. Table 1 reports stable
MLEs with reasonably small standard errors indicating that the IPHLD captures key features of the data. Table 2 shows
that BEs tend to yield smaller MSEs in small-sample settings while MLE performance becomes comparable as sample
size increases. Table 3 indicates interval coverage is close to nominal and interval lengths decrease with larger samples.
Table 4 demonstrates that RSS-based estimators improve efficiency over SRS, notably at moderate sample sizes; and
Table 5 presents dataset-specific MLEs and Kolmogorov-Smirnov (KS) statistics, where the preferred model for each
dataset is identified by the smallest KS value and is consistent with the empirical parameter ranges.

Table 2: Bias, MSE for ML and Bayesian estimation v = 1.2, 0, = 0.6, 9 = 1.5

MLE SQLF LLF-1 LLF-II

S h Bias MSE Bias MSE Bias MSE Bias MSE
0 0.1324 | 0.152 0.0708 | 0.106 0.1255 | 0.1304 | 0.0167 | 0.0887
> ol 0.0786 | 0.222 0.055 0.1468 | 0.1335 | 0.1879 | -0.0125 | 0.1168
Uy 0.0551 | 0.0728 | 0.0708 | 0.0695 | 0.1106 | 0.0894 | 0.0335 | 0.0544
n -0.0025 | 0.0123 | -0.0191 | 0.0115 | -0.0192 | 0.0119 | -0.0196 | 0.0111
O 0.0722 | 0.0681 0.042 0.0507 | 0.0675 | 0.0567 | 0.0166 | 0.0461
3 1)1 0.0582 | 0.1217 | 0.0468 | 0.0789 | 0.0801 | 0.0884 | 0.0136 | 0.0717
[ 0.0145 | 0.0339 | 0.0334 | 0.0324 | 0.0512 | 0.0365 | 0.0161 | 0.0291
SRS n 0.0008 | 0.007 -0.0069 | 0.0064 | -0.0072 | 0.0065 | -0.0068 | 0.0063
v 0.0406 | 0.0487 | 0.0113 | 0.0185 | 0.0192 | 0.0189 | 0.0034 | 0.0183
4 V1 0.056 | 0.0836 | 0.0107 | 0.0244 | 0.0203 | 0.0252 0.001 0.0239
Uy 0.0123 | 0.0257 | 0.0185 | 0.015 0.0257 | 0.0159 | 0.0113 | 0.0142
n -0.0007 | 0.0053 -0.006 | 0.0035 | -0.0068 | 0.0035 | -0.0051 | 0.0035
O 0.0317 | 0.0336 | 0.0028 | 0.0126 | 0.0082 | 0.0128 | -0.0026 | 0.0126
6 1)1 0.0115 | 0.0522 | 0.0008 | 0.0158 | 0.0078 | 0.0161 | -0.0061 | 0.0156
[ 0.0116 | 0.0194 | 0.0109 | 0.0098 | 0.0155 | 0.0101 | 0.0064 | 0.0095
3 n -0.0006 | 0.0042 | -0.0046 | 0.0022 | -0.0049 | 0.0022 | -0.0042 | 0.0022
O 0.1028 | 0.1162 0.042 0.0692 | 0.0751 | 0.0794 | 0.1028 | 0.0619
) V] 0.0553 | 0.1022 | 0.0588 | 0.0802 | 0.0952 | 0.0939 | 0.0553 | 0.0696
Uy 0.0101 | 0.037 0.0353 | 0.0313 | 0.0532 | 0.0352 | 0.0101 | 0.0283
n 0.0035 | 0.0075 | -0.0056 | 0.0066 | -0.0057 | 0.0067 | 0.0035 | 0.0065
v 0.0353 | 0.037 0.0226 | 0.0285 | 0.0136 | 0.0303 | 0.0353 | 0.0271

3 1 0.0308 | 0.0402 | 0.0256 | 0.0295 | 0.0393 | 0.0314 | 0.0308 | 0.028
[ 0.0094 | 0.013 0.0145 | 0.0118 | 0.0216 | 0.0124 | 0.0094 | 0.0112
SRS n 0.0007 | 0.0028 | -0.0019 | 0.0027 | -0.002 | 0.0027 | 0.0007 | 0.0027
O 0.0091 | 0.0218 | -0.0092 | 0.0096 | 0.0023 | 0.0097 | 0.0081 | 0.0095
4 V] 0.0037 | 0.0203 | 0.0113 | 0.0093 | 0.0151 | 0.0096 | 0.0294 | 0.0091
V2 0.0081 | 0.0068 | 0.0058 | 0.0049 | 0.0084 | 0.005 0.0081 | 0.0048
n 0.0006 | 0.0015 | -0.0003 | 0.0011 | -0.0006 | 0.0011 0.0006 | 0.0011
v -0.0082 | 0.0125 | -0.0082 | 0.0064 | -0.0021 | 0.0063 | -0.0072 | 0.0061
c V1 0.0028 | 0.0138 0.009 0.0064 | 0.0115 | 0.0065 | 0.0283 | 0.0063

Continue on next page
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Table 2 — Continued from previous page

MLE SQLF LLF-1 LLF-II

1y 0.0072 | 0.0047 | 0.0049 | 0.0032 | 0.0075 | 0.0033 | 0.0072 | 0.0031
n -0.0005 | 0.0011 | -0.0002 | 0.0008 | -0.0005 | 0.0008 | -0.0005 | 0.0008
i 0.0455 | 0.0533 | 0.0325 | 0.0519 | 0.0667 | 0.0593 | -0.0018 | 0.0474
> ) 0.0522 | 0.1053 | 0.0547 | 0.0887 0.108 | 0.1109 0.003 | 0.0745
0y 0.0316 | 0.0344 | 0.0493 | 0.0313 | 0.0732 | 0.0374 0.027 | 0.0268
n -0.0062 | 0.0058 | -0.0117 | 0.0057 | -0.0107 | 0.0058 | -0.0132 | 0.0056
O 0.0117 | 0.0294 | 0.0087 | 0.0293 | 0.0252 | 0.0314 | -0.0013 | 0.0278
3 1 0.0239 | 0.0459 | 0.0215 | 0.0413 | 0.0454 | 0.046 -0.0021 | 0.0381

vy 0.0097 | 0.0153 | 0.0165 | 0.0149 | 0.0278 | 0.0161 | 0.0057 | 0.014
SRS n -0.0012 | 0.0034 | -0.0042 | 0.0033 | -0.004 | 0.0034 | -0.0046 | 0.0033
s 0.0041 | 0.0214 | -0.0015 | 0.014 0.0049 | 0.0142 | -0.0011 | 0.0138
4 y 0.0229 | 0.0321 | 0.0108 | 0.0182 0.019 | 0.0188 | 0.0021 | 0.0178
Vy 0.0081 | 0.0107 | 0.0106 | 0.0078 | 0.0155 | 0.0082 | 0.0051 | 0.0076
n -0.0007 | 0.0023 | -0.0028 | 0.0018 | -0.0031 | 0.0018 | -0.0026 | 0.0018
i) -0.0032 | 0.0165 | -0.0015 | 0.0106 | -0.0038 | 0.0105 | -0.0009 | 0.0102
6 1 0.0227 | 0.0245 | 0.0097 | 0.0139 | 0.0155 | 0.0143 | 0.0015 | 0.0137
vy 0.0074 | 0.01 0.0103 | 0.0076 | 0.0131 | 0.008 0.0042 | 0.0073
6 n -0.0006 | 0.0022 | -0.0027 | 0.0016 | -0.003 | 0.0016 | -0.0019 | 0.0016
i) 0.0192 | 0.0329 | 0.0059 | 0.0302 | 0.0257 | 0.032 0.0159 | 0.0292
’ V1 0.0493 | 0.0485 | 0.0476 | 0.0417 0.072 | 0.0474 | 0.0493 | 0.0376

0y 0.0247 | 0.0162 | 0.0337 | 0.0156 | 0.0457 | 0.0175 | 0.0247 | 0.014
n -0.0023 | 0.0036 | -0.0059 | 0.0034 | -0.0058 | 0.0035 | -0.0023 | 0.0034
i) -0.0178 | 0.0146 | -0.0051 | 0.0141 | -0.0069 | 0.0148 | -0.0148 | 0.0135
3 V1 0.041 0.0193 | 0.0358 | 0.0189 | 0.0458 | 0.0203 0.041 0.0177
Vy 0.023 | 0.0075 0.025 | 0.0074 | 0.0296 | 0.0079 0.023 | 0.0071
SRS n -0.0017 | 0.0015 | -0.0036 | 0.0015 | -0.0034 | 0.0015 | -0.0017 | 0.0015
s -0.0121 | 0.0095 | -0.005 | 0.0067 | -0.0052 | 0.0066 | -0.0108 | 0.0061
4 V1 0.0318 | 0.0096 | 0.0211 | 0.0069 | 0.0242 | 0.0072 | 0.0318 | 0.0067
V2 0.0183 | 0.0042 | 0.0173 | 0.0034 | 0.0191 | 0.0035 | 0.0183 | 0.0033
n -0.0012 | 0.0008 | -0.0029 | 0.0007 | -0.003 | 0.0007 | -0.0012 | 0.0007
i) -0.0082 | 0.0072 | -0.0016 | 0.0047 | -0.0041 | 0.0046 | -0.0102 | 0.0046
6 1 0.0302 | 0.006 0.0122 | 0.0044 | 0.0236 | 0.0046 | 0.0302 | 0.0043
1y 0.0171 | 0.0028 | 0.0132 | 0.0019 | 0.0144 | 0.002 0.0171 | 0.0019
n -0.0006 | 0.0006 | -0.0012 | 0.0005 | -0.0013 | 0.0005 | -0.0006 | 0.0005

Table 3: Bias, MSE for ML and Bayesian estimation v; =3, 1, = 1.2, 9 =2
MLE SQLF LLF-I LLF-1I

S h Bias MSE Bias MSE Bias MSE Bias MSE
IS 0.1705 | 0.2475 0.087 | 0.1588 | 0.1711 | 0.2054 | 0.0036 | 0.1304
) 1 0.5533 | 24573 | 0.1174 | 0.4216 | 0.2506 | 0.5386 | -0.0191 | 0.3458
V) 0.1047 | 0.2258 | 0.0875 | 0.1524 | 0.1612 | 0.1981 | 0.0166 | 0.1209
n -0.0051 | 0.0111 | -0.0109 | 0.0064 | -0.0138 | 0.0066 | -0.0086 | 0.0064
i 0.099 | 0.1321 | 0.0394 | 0.08 0.0753 | 0.0891 | 0.0034 | 0.0739
3 V1 0.3017 | 1.016 0.0671 | 0.1674 | 0.1292 | 0.1966 | 0.0054 | 0.1489
1y 0.0842 | 0.1198 | 0.0707 | 0.084 0.1057 | 0.0959 | 0.0359 | 0.0744
SRS n -0.005 | 0.0071 | -0.0089 | 0.0035 | -0.0106 | 0.0036 | -0.0073 | 0.0034
O 0.0541 | 0.0784 | 0.0032 | 0.0219 | 0.0128 | 0.0222 | -0.0063 | 0.0218
4 1 0.2139 | 0.6101 | 0.0332 | 0.037 0.0466 | 0.0387 | 0.0198 | 0.0357
vy 0.0543 | 0.0626 | 0.0156 | 0.024 0.0257 | 0.025 0.0054 | 0.0233

n -0.0021 | 0.0041 | -0.0005 | 0.001 -0.0013 | 0.001 0.0004 | 0.001
i) 0.0108 | 0.0591 | -0.0025 | 0.0166 0.004 | 0.0166 | -0.009 | 0.0163
6 ) 0.1195 | 0.3703 | 0.0159 | 0.0212 | 0.0237 | 0.0218 | 0.0081 | 0.0208
Vy 0.0461 | 0.0584 | 0.0093 | 0.0163 | 0.0157 | 0.0166 | 0.0029 | 0.0161
A n -0.0018 | 0.0038 | -0.0006 | 0.0007 | -0.0011 | 0.0007 0 0.0007
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Table 3 — Continued from previous page

MLE SQLF LLF-I LLF-1I

5 0.1478 | 0.1984 | 0.0163 | 0.0537 | 0.0398 | 0.0569 | 0.1478 | 0.0519
> V] 0.3971 | 1.4486 0.019 | 0.0851 | 0.0476 | 0.0881 | 0.3971 | 0.0845
Uy 0.0528 | 0.1097 | 0.0191 | 0.0449 | 0.0407 | 0.0483 | 0.0533 | 0.0427

n 0.0036 | 0.007 -0.0038 | 0.002 -0.0044 | 0.002 0.0036 | 0.002
I 0.0407 | 0.0816 | 0.0033 | 0.0245 0.013 0.0251 | 0.0407 | 0.0241
3 vl 0.1807 | 0.4009 | 0.0188 | 0.0307 | 0.0307 | 0.0318 | 0.1807 | 0.0301
Vy 0.0513 | 0.0448 | 0.0173 | 0.0192 | 0.0353 | 0.0201 | 0.0534 | 0.0185
SRS n -0.0021 | 0.0031 | -0.0037 | 0.0008 | -0.0043 | 0.0008 | -0.0021 | 0.0008
i -0.0211 | 0.0355 | -0.0022 | 0.0053 | -0.0034 | 0.0053 | -0.0211 | 0.0054
4 V] 0.0779 | 0.1662 | 0.0059 | 0.0054 | 0.0079 | 0.0054 | 0.0779 | 0.0053
Uy 0.0279 | 0.0175 | 0.0029 | 0.0045 | 0.0047 | 0.0045 | 0.0279 | 0.0045
n -0.0019 | 0.0013 | -0.0032 | 0.0002 | -0.0025 | 0.0002 | -0.0019 | 0.0002
5 -0.0179 | 0.0222 | -0.0007 | 0.0032 | 0.0005 | 0.0032 | -0.0179 | 0.0032

6 1 0.0685 | 0.108 0.0021 | 0.0035 | 0.0033 | 0.003 0.0768 | 0.003
V) 0.0235 | 0.0113 | -0.0023 | 0.0027 | -0.0023 | 0.0027 | 0.0235 | 0.0027
n 0.0012 | 0.0009 | 0.0008 | 0.0001 | 0.0007 | 0.0001 | 0.0002 | 0.0001

0 0.08 0.103 0.0534 | 0.0893 | 0.1085 | 0.1066 | -0.0029 | 0.08

> U1 0.2444 | 0.8404 | 0.0763 | 0.2673 | 0.1907 | 0.3288 | -0.0378 | 0.2404
Uy 0.0537 | 0.0727 | 0.0636 | 0.0703 | 0.1147 | 0.0881 | 0.0148 | 0.0593
n -0.0018 | 0.0048 | -0.0093 | 0.0037 | -0.0099 | 0.0037 | -0.0091 | 0.0036
O 0.0787 | 0.0489 | -0.0084 | 0.0433 | 0.0206 | 0.0454 | -0.0028 | 0.0426
3 v1 0.1014 | 0.3088 | 0.0254 | 0.1162 | 0.0736 | 0.1263 | -0.0231 | 0.1118
[ 0.0385 | 0.0481 | 0.0393 | 0.0436 | 0.0641 | 0.0491 | 0.0135 | 0.0395

SRS n -0.0017 | 0.0031 | -0.0065 | 0.002 -0.0073 | 0.0021 | -0.0057 | 0.002
v -0.07 0.0359 | -0.0032 | 0.0208 | -0.011 | 0.0204 | -0.0027 | 0.0201
4 V] 0.0243 | 0.1732 | -0.0026 | 0.0303 | 0.0103 | 0.0303 | -0.0114 | 0.0301
Uy 0.0377 | 0.032 0.0158 | 0.017 0.0238 | 0.0179 | 0.0077 | 0.0163
n -0.0016 | 0.0021 | -0.0031 | 0.0008 | -0.0037 | 0.0008 | -0.0025 | 0.0008
5 -0.0134 | 0.0284 | -0.0021 | 0.0141 -0.006 | 0.0141 | -0.0022 | 0.0138
6 v1 0.0235 | 0.1442 | 0.0024 | 0.0192 | 0.0091 | 0.0194 | -0.0032 | 0.0192

[ 0.0355 | 0.0227 | 0.0146 | 0.0113 | 0.0237 | 0.0117 | 0.0051 | 0.011
6 n -0.0011 | 0.0015 | -0.0028 | 0.0005 | -0.0035 | 0.0005 | -0.0021 | 0.0005
O 0.0328 | 0.0651 | -0.0043 | 0.0391 | 0.0147 | 0.0401 | 0.0328 | 0.0389
) Y 0.1651 | 0.4058 | 0.0041 | 0.0683 | 0.0313 | 0.0699 | 0.1651 | 0.0671
Uy 0.0418 | 0.0457 | 0.0261 | 0.0328 | 0.0429 | 0.0355 | 0.0418 | 0.0308
n -0.0015 | 0.0034 | -0.005 | 0.0015 | -0.0059 | 0.0015 | -0.0015 | 0.0015
[ -0.0143 | 0.0301 | -0.0041 | 0.0176 | -0.0144 | 0.0173 | -0.0143 | 0.0176
3 0 0.0637 | 0.1266 | 0.0041 | 0.0268 | 0.0277 | 0.0276 | 0.0637 | 0.0263
vy 0.0174 | 0.0156 | 0.0121 | 0.0131 | 0.0182 | 0.0135 | 0.0174 | 0.0127
SRS n -0.0006 | 0.0012 | -0.0011 | 0.0006 | -0.0014 | 0.0006 | -0.0006 | 0.0005
O -0.0137 | 0.019 -0.0039 | 0.0048 | -0.0104 | 0.0048 | -0.0137 | 0.0047
4 V1 0.0376 | 0.0741 0.004 | 0.0053 | 0.0119 | 0.0054 | 0.0376 | 0.0053
Uy 0.0163 | 0.0086 | 0.0088 | 0.0037 | 0.0103 | 0.0037 | 0.0153 | 0.0036
n -0.0005 | 0.0007 | -0.0009 | 0.0002 | -0.001 | 0.0002 | -0.0005 | 0.0001
I -0.0124 | 0.0126 | -0.0035 | 0.003 -0.0091 | 0.003 -0.0124 | 0.0029
6 1 0.0289 | 0.0468 0.001 0.0031 | 0.0023 | 0.0031 | 0.0289 | 0.0028
V) 0.0122 | 0.0062 | 0.0078 | 0.0026 | 0.0088 | 0.0026 | 0.0122 | 0.0025
n -0.0004 | 0.0005 | -0.0008 | 0.0001 | -0.0008 | 0.00009| -0.0003 | 0.0001

Table 4: Bias, MSE, LACI, CP, and LCCI for MLE and Bayesian estimation: vy =3, 0, = 1.8, 9 =2
MLE SQLF LLF-I LLF-II

S h Bias MSE Bias MSE Bias MSE Bias MSE
O 0.1959 | 0.3288 | 0.0922 | 0.1783 | 0.1767 | 0.2239 | 0.0094 | 0.1502
- 1)1 0.5115 | 2.1954 | 0.0883 | 0.4022 | 0.2262 | 0.4991 | -0.0495 | 0.3503

Continue on next page
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Table 4 — Continued from previous page

MLE SQLF LLF-1 LLF-1I

V2 0.2257 | 0.6355 | 0.1023 | 0.25 0.2076 | 0.3247 | -0.044 | 0.2017
n -0.0017 | 0.0138 | -0.0288 | 0.0072 | -0.0113 | 0.0073 | -0.0064 | 0.0072
) 0.082 | 0.1288 0.03 0.0835 | 0.0677 | 0.0934 | -0.0075 | 0.0772
3 vy 0.2979 | 1.0182 | 0.0776 | 0.186 0.1375 | 0.2146 | 0.0172 | 0.1657
V 0.1229 | 0.2055 | 0.0678 | 0.0969 | 0.1114 | 0.1117 | 0.0247 | 0.0876
n -0.0017 | 0.008 -0.0204 | 0.0033 | -0.0054 | 0.0033 | -0.0034 | 0.0033
) 0.0338 | 0.0738 | -0.0042 | 0.0254 | 0.0602 | 0.0256 | -0.007 | 0.0255
4 vy 0.1913 | 0.5848 | 0.0157 | 0.035 0.0273 | 0.0366 | 0.004 | 0.0338
V2 0.0955 | 0.1301 | 0.0199 | 0.0254 | 0.0303 | 0.0264 | 0.0095 | 0.0247
n -0.0013 | 0.0051 | -0.0163 | 0.0008 | -0.0021 | 0.0008 | -0.0011 | 0.0008
) 0.0181 | 0.0585 | -0.0037 | 0.0169 | -0.0102 | 0.0165 | -0.0065 | 0.0157
6 vy 0.0851 | 0.3629 | 0.0067 | 0.0234 | 0.0087 | 0.0234 | -0.0037 | 0.0214
V2 0.0768 | 0.1069 | 0.0103 | 0.0198 | 0.0181 | 0.0205 | 0.0024 | 0.0193
n -0.0011 | 0.0048 | -0.0148 | 0.0006 | -0.0019 | 0.0006 | -0.001 | 0.0006
v 0.1271 | 0.1667 | 0.0245 | 0.0552 | 0.048 | 0.0595 | 0.1271 | 0.0523
2 Vg 0.4012 | 1.3552 | 0.0231 | 0.0747 | 0.053 | 0.0759 | 0.4012 | 0.0681
2 0.1152 | 0.2443 | 0.028 | 0.0593 | 0.0453 | 0.0632 | 0.1152 | 0.0572
n 0.0057 | 0.0093 | -0.0083 | 0.0018 | -0.0019 | 0.0017 | 0.0057 | 0.0018
) 0.0535 | 0.0715 | 0.0125 | 0.0247 | 0.0102 | 0.0251 | 0.0535 | 0.0246
3 Uy 0.2045 | 0.5085 | 0.018 | 0.0348 | 0.0307 | 0.0366 | 0.2045 | 0.0334
0 0.0693 | 0.08 0.0226 | 0.0236 | 0.0327 | 0.0249 | 0.0693 | 0.0227
SRS n 0.0017 | 0.0041 | -0.0019 | 0.0008 | -0.0018 | 0.0008 | 0.0017 | 0.0008
v -0.0216 | 0.0337 | -0.0016 | 0.0041 | 0.0011 | 0.0041 | -0.0216 | 0.0042
4 Vg 0.0924 | 0.1674 | 0.0091 | 0.0053 | 0.0031 | 0.0054 | 0.0924 | 0.0053
Vo 0.0514 | 0.0395 | 0.0056 | 0.0049 | 0.0074 | 0.0049 | 0.0514 | 0.0048
n -0.0015 | 0.0018 | -0.0007 | 0.0003 | -0.0008 | 0.0002 | -0.0015 | 0.0001
v -0.0136 | 0.0245 | -0.0014 | 0.0032 | -0.001 | 0.0032 | -0.0136 | 0.0032
6 vy 0.0779 | 0.1002 | 0.0009 | 0.0036 | 0.0026 | 0.0034 | 0.0779 | 0.0034
0 0.0304 | 0.025 0.0026 | 0.0033 | 0.0038 | 0.0033 | 0.0304 | 0.0033
n 0.0012 | 0.0011 | 0.0004 | 0.0001 | -0.0003 | 0.0001 | 0.0012 | 0.0001
v 0.0498 | 0.0886 | 0.0289 | 0.0733 | 0.0849 | 0.0868 | -0.0254 | 0.0676
’ vy 0.2258 | 0.8515 | 0.0752 | 0.3323 | 0.1988 | 0.4204 | -0.0467 | 0.2844
V2 0.0586 | 0.159 0.0611 | 0.1312 | 0.1362 | 0.1604 | -0.0128 | 0.1153
n 0.0017 | 0.0074 | -0.0056 | 0.0051 | -0.0057 | 0.0051 | -0.0055 | 0.0051
) -0.0092 | 0.0502 | -0.0125 | 0.041 0.0128 | 0.0425 | -0.0238 | 0.0409
3 Uy 0.1034 | 0.3494 | 0.0227 | 0.1441 | 0.0747 | 0.1591 | -0.0302 | 0.1351
V 0.0479 | 0.1003 | 0.0524 | 0.0761 | 0.0888 | 0.0871 | 0.0116 | 0.0682
SRS n -0.0016 | 0.0041 | -0.0047 | 0.0026 | -0.0047 | 0.0027 | -0.0046 | 0.0026
v -0.0021 | 0.0327 | -0.0102 | 0.0188 | -0.0124 | 0.0185 | -0.021 | 0.0179
4 Vg 0.0299 | 0.2249 | 0.0027 | 0.0304 | 0.0143 | 0.0308 | -0.009 | 0.0303
V2 0.0398 | 0.0599 | 0.0112 | 0.0228 | 0.0206 | 0.0235 | 0.0016 | 0.0224
n -0.0015 | 0.0029 | -0.0015 | 0.0008 | -0.0018 | 0.0008 | -0.0011 | 0.0008

5] -0.0019 | 0.026 -0.0101 | 0.0132 | -0.0123 | 0.0131 | -0.0204 | 0.013
6 vy 0.0235 | 0.1584 | -0.0019 | 0.0196 | 0.0056 | 0.0196 | -0.0089 | 0.0196
V2 0.0358 | 0.0501 | 0.0092 | 0.0165 | 0.0154 | 0.0167 | 0.0013 | 0.0164
6 n -0.0012 | 0.0022 | -0.0015 | 0.0006 | -0.0018 | 0.0006 | -0.0009 | 0.0005
v 0.0381 | 0.0704 | 0.0215 | 0.0407 | 0.0198 | 0.0419 | 0.0381 | 0.0405
2 Vg 0.1576 | 0.4308 | 0.0129 | 0.0723 0.04 0.0755 | 0.1576 | 0.0708
Vo 0.0565 | 0.0887 | 0.0138 | 0.0439 | 0.0336 | 0.0454 | 0.0565 | 0.0434
n 0.0062 | 0.004 -0.0013 | 0.0016 | -0.0018 | 0.0016 | 0.0062 | 0.0015
] -0.0231 | 0.0322 | -0.0162 | 0.0163 | -0.0084 | 0.0162 | -0.0092 | 0.0157
3 vy 0.0757 | 0.1435 | 0.0124 | 0.0284 | 0.025 | 0.0294 | 0.0757 | 0.0278
V2 0.0252 | 0.0332 | 0.0015 | 0.0179 | 0.0102 | 0.0184 | 0.0252 | 0.0177
SRS n 0.0012 | 0.0015 | 0.0009 | 0.0006 | 0.0006 | 0.0006 | 0.0012 | 0.0006
v -0.0203 | 0.0174 | -0.0156 | 0.0041 | -0.0082 | 0.004 -0.001 | 0.0039
M Vg 0.0396 | 0.0781 | 0.0015 | 0.0052 | 0.0034 | 0.0052 | 0.0396 | 0.0052
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Table 4 — Continued from previous page

MLE SQLF LLF-I LLF-II
V) 0.024 0.018 0.0013 | 0.0049 | 0.0074 | 0.0049 0.024 0.0048
n -0.0011 | 0.0009 | -0.0007 | 0.0002 | -0.0005 | 0.0002 | -0.0011 | 0.0002
O -0.0194 | 0.0126 -0.012 | 0.0031 | -0.0071 | 0.0031 | -0.0009 | 0.0029
6 1)1 0.0342 | 0.0442 | 0.0011 | 0.0034 0.003 0.0035 | 0.0342 | 0.0034
[ 0.0205 | 0.012 0.0009 | 0.0029 | 0.0059 | 0.0029 | 0.0205 | 0.0028
n -0.0005 | 0.0005 | -0.0005 | 0.0001 | -0.0005 | 0.0001 | -0.0005 | 0.0001
7 Data Application

In this segment, we examine eight authentic datasets to demonstrate the application of the proposed techniques.
1.First Dataset

The breaking strengths of jute fiber at two distinct gauge lengths are displayed as follows:

Z (length 10 mm) is “693.73, 704.66, 323.83, 778.17, 123.06, 637.66, 383.43, 151.48, 108.94, 50.16, 671.49, 183.16,
257.44,727.23, 291.27, 101.15, 376.42, 163.40, 141.38, 700.74, 262.90, 353.24, 422.11, 43.93, 590.48, 212.13, 303.90,
506.60, 530.55, and 177.25”, and

W (length 20 mm) is 71.46, 419.02, 284.64, 585.57, 456.60, 113.85, 187.85, 688.16, 662.66, 45.58, 578.62, 756.70,
594.29, 166.49, 99.72, 707.36, 765.14, 187.13, 145.96, 350.70, 547.44, 116.99, 375.81, 581.60, 119.86, 48.01, 200.16,
36.75, 244.53, 83.55”. These data sets have been used by Xia et al. [57] and Saragoglu et al. [58].

Second Dataset

This set of data involves rainfall recordings documented at the Los Angeles Civic Center spanning from 1943 to 2018, as
detailed by Nadar and Kizilaslan [59]. This dataset is structured as follows:

Z (rainfall in February) is “3.07, 8.65, 3.24, 1.52, 0.86, 1.29, 1.41, 1.67, 1.48, 0.63, 0.33, 2.98, 0.68, 0.59, 1.47, 6.46, 3.32,
2.26, 0.15, 11.57, 2.88, 0.23, 1.51, 0.11, 0.49, 8.03, 2.58, 0.67, 0.13, 7.98, 0.14, 3.54, 3.71, 0.17, 8.91, 3.06, 12.75, 1.48,
0.70, 4.37, 2.84, 6.10, 1.22, 1.72, 1.90, 3.12, 4.13, 7.16, 6.61, 3.21, 1.3, 4.94, 0.08, 13.68, 0.56, 5.54, 8.87, 0.29, 4.64,
4.89, 11.02, 2.37,0.92, 1.64, 3.57, 4.27, 3.29, 0.16, 0.20, 3.58, 0.83, 0.79, 4.17, and 0.03”, and

W (rainfall in March) is “4.55, 2.47, 3.43, 3.66, 0.79, 3.07, 1.40, 0.87, 0.44, 6.14, 0.48, 2.99, 0.56, 1.02, 5.30, 0.31, 0.57,
1.10, 2.78, 1.79,2.49, 0.53, 2.5, 3.34, 1.49, 2.36, 0.53, 2.70, 3.78, 4.83, 1.81, 1.89, 8.02, 5.85, 4.79, 4.10, 3.54, 8.37, 0.28,
1.29, 5.27, 0.95, 0.26, 0.81, 0.17, 5.92, 7.12, 2.74, 1.86, 6.98, 2.16, 4.06, 1.24, 2.82, 1.17, 0.32, 4.32, 1.47, 2.14, 2.87,
0.05, 0.01, 0.35, 0.48, 3.96, 1.75, 0.54, 1.18, 0.87, 1.60, 0.09, and 2.69”. This data set has been used by Pak et al. [60].

1. Third Dataset

This data set showcases empirical data sourced from Lawless [61]. These data sets entail failure times, measured in
minutes, from an experiment conducted on two varieties of electrical insulation. The experiment involved subjecting the
insulation to an incrementally rising voltage stress. Each type of insulation was tested twelve times, with the corresponding
failure times recorded. For the first type, denoted as ”W,” the failure times were observed as follows: “21.8, 70.7, 24.4,
138.6, 151.9, 75.3, 12.3, 95.5, 98.1, 43.2, 28.6, and 46.9”. Conversely, for the second type, denoted as “Z” the failure
times were: “219.3, 79.4, 86.0, 150.2, 21.7, 18.5, 121.9, 40.5, 147.1, 35.1, 42.3, and 48.7”. This data set has been used by
Mokhlis et al. [62].

1.Fourth dataset

In this real-world data, we explore the monthly levels of sulphur dioxide concentration in Long Beach, California,
spanning from 1956 to 1974. This dataset was documented by Roberts [63] and scrutinized by Wang and Ye [64] to
contrast two different models. In this context, let w; through wjg represent the concentrations of sulphur dioxide in
March, and z; through z,( represent those in August. The specific data are presented below: W is “21, 16, 20, 15, 9, 10,
10, 4, 25, 18, 18, 26, 25, 17, 40, 55, 19, 16, 9, and 19.6”, and Z is “44, 20, 20, 20, 23, 20, 15, 27, 3, 9, 25, 32, 18, 55, 10,
20, 18, 8, 9, and 20.8”, respectively. This data set has been used by Pak et al. [60].
Initially, an assessment was made to ascertain whether the IPHLD is suitable for analyzing these datasets. Table 5 presents
the MLEs alongside standard errors (StEr) and KS distances with associated P-Values, which were utilized to evaluate
goodness-of-fit. Based on the obtained P-values, there is no evidence to reject the hypothesis that the data adhere to
IPHLD. All data sets have fitting of IPHLD where P-Value is more than 5%.

The model comparison between IPHLD variants is summarized in Table 5 (“MLEs with StEr for parameters of IPHLD
and KS test for each data set”). The KS test statistics reported there indicate the preferred model for each dataset; smaller
KS values correspond to better empirical fit.
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Table 1: Efficiencies between RSS and SRS by using different estimation method

(v, U2, O) (1.2,0.6,1.5) (3,122 (3,18.2)
s | h El E2 E3 E4 El E2 E3 E4 El E2 E3 E4
¢ | 1.3082 | 1.5319 | 1.6429 | 1.434 | 1.2473 | 2.9593 | 3.6105 | 2.5124 | 1.9717 | 3.2277 | 3.7623 | 2.8739
5 LY 2.172 | 1.8302 | 2.0005 | 1.679 | 1.6963 | 4.951 | 6.1099 | 4.0906 | 1.6199 | 5.3877 | 6.5756 | 5.1472
vy | 1.9649 | 2.2181 | 2.5411 | 1.9218 | 2.0587 | 3.396 4.106 | 2.8322 | 2.6014 | 4.2153 | 5.1393 | 3.5287
n 1.6402 | 1.7321 | 1.7661 | 1.6924 | 1.5796 | 3.2564 | 3.2964 | 3.2393 | 1.4855 | 4.1218 | 4.1828 | 4.0959
U 1.8405 | 1.7806 | 1.8691 | 1.7018 | 1.6182 | 3.2652 | 3.5533 | 3.0642 | 1.8008 | 3.3737 | 3.7297 | 3.1313
3 | U 3.0314 | 2.6764 | 2.8108 | 2.5643 | 2.534 | 5.4453 | 6.1864 | 4.9391 | 2.0024 | 5.3474 | 5.8581 | 4.9644
vy | 2.6011 | 2.7536 | 2.9351 | 2.591 | 2.6754 | 4.3728 | 4.7703 | 4.0318 | 2.5666 | 4.1019 | 4.4938 | 3.8598
3 n | 24549 | 2.3847 | 2.405 | 2.3567 | 2.3245 | 4.2813 | 4.3583 | 4.2024 | 1.9569 | 4.2046 | 4.1312 | 4.2078
U | 22382 | 1.9288 | 1.9423 | 1.9231 | 2.2106 | 4.0893 | 4.1523 | 4.074 | 2.1934 | 6.1556 | 6.223 | 6.1421
4 v | 4.1145 | 2.6193 | 2.6275 | 2.6217 3.67 6.8771 | 7.1436 | 6.6939 | 3.4926 | 6.5665 | 6.7915 | 6.3922
vy | 3.7828 | 3.0604 | 3.181 | 2.9568 | 3.5708 | 5.3621 | 5.5414 | 5.2387 | 3.2966 | 5.1848 | 5.3266 | 5.0921
n 3.5598 | 3.0693 | 3.0821 | 3.0601 | 3.0424 | 5.6206 | 5.6671 | 5.5959 | 2.7627 | 2.6994 | 5.3763 | 5.3511
¥ | 2.6957 | 1.964 | 2.0202 | 2.0769 | 2.6602 | 5.1693 | 5.1851 | 5.0452 | 2.3857 | 5.2668 5.16 4.8963
6 LY 37785 | 24632 | 2.4642 | 2.4784 | 3.428 | 6.0245 | 7.1891 | 6.9033 | 3.6214 | 6.4389 | 6.8547 | 6.3003
vy | 4.1553 | 3.0511 | 3.0903 | 3.0213 | 5.161 | 6.1283 | 6.2531 | 6.0383 | 4.2751 | 5.9589 | 6.1406 | 5.8315
n 3.849 2.858 | 2.8468 | 2.8732 | 4.3454 | 6.3952 | 6.4036 | 6.3999 | 4.5446 | 6.5607 | 6.6209 | 6.5248
¢ | 1.6196 | 1.7217 | 1.8545 | 1.6205 | 1.5819 | 2.2836 | 2.6597 | 2.0561 | 1.2572 | 1.7988 | 2.0694 | 1.6682
2 vy | 2.1694 | 2.1246 | 2.3399 | 1.9826 | 2.0711 | 3.9115 | 4.7051 | 3.5818 | 1.9766 | 4.599 | 5.5705 | 4.0171
vy | 21257 | 2.011 | 2.1424 | 1.911 1.5917 | 2.142 | 2.4808 | 1.9216 | 1.7925 2.99 3.5353 2.66
n 1.6158 | 1.6684 | 1.6761 1.666 | 1.3934 | 2.4206 | 2.4232 | 2.3657 | 1.8312 | 3.2342 | 3.2893 | 3.3699
¢ | 2.0116 | 2.0805 | 2.128 | 2.0636 | 1.626 | 2.4604 | 2.615 | 2.4255 | 1.5599 | 2.5163 | 2.625 | 2.6147
3 | U 23798 | 2.186 | 2.2611 | 2.1586 | 2.4388 | 4.3352 | 4.5826 | 4.2446 | 2.4345 | 5.0637 | 5.4067 | 4.8502
vy | 2.0226 | 1.9981 2.05 1.9731 | 3.0914 | 3.3375 | 3.6409 | 3.1098 | 3.025 | 4.2477 | 4.7461 | 3.8558
6 n | 2.2324 | 2.2476 | 2.2451 | 2.2556 | 2.563 3.656 | 3.7101 | 3.6233 | 2.7646 | 4.2465 | 4.3678 | 4.1305
U | 22414 | 2.0742 | 2.1576 | 2.2721 | 1.8864 | 4.2995 | 4.2705 | 4.2927 | 1.8833 | 4.5383 | 4.5909 | 4.5469
4 LU 3.3476 | 2.6204 | 2.6181 | 2.6347 | 2.3373 | 5.6756 | 5.6044 | 5.7214 | 2.8818 5.84 5.8987 | 5.8324
Vy | 2.5288 | 2.2965 | 2.3065 | 2.2995 | 3.7168 | 4.6438 | 4.8117 | 4.5158 | 3.3292 | 4.6909 | 4.7521 | 4.6658
n | 29841 | 2.6846 | 2.6642 | 2.7096 | 2.8607 | 5.0853 | 5.1157 | 5.0669 | 3.3282 | 4.9503 | 4.9188 | 4.9878
v 2308 | 2.2446 | 2.2685 | 2.2203 | 2.2436 | 4.6485 | 4.7535 | 4.7226 | 2.0618 | 4.2693 | 4.269 | 4.4511
6 v; | 4.0744 | 3.1638 | 3.1312 | 3.2089 | 3.0807 | 6.1405 | 6.1827 | 6.7916 | 3.5821 | 5.7144 | 5.6252 | 5.7801
Vy | 3.6141 | 3.9804 | 4.0677 | 3.8992 | 3.6376 | 4.4249 | 4.5157 | 4.3541 | 4.1896 | 5.7549 | 5.764 | 5.7668
n 3.6877 | 3.3048 | 3.3035 | 3.3097 | 3.1498 | 4.831 | 5.2803 | 4.816 | 4.1215 | 6.3223 | 6.2247 | 5.671
Table 5: MLEs with StEr for parameters of IPHLD and KS test for each data set
w V4
Data Application Estimate StEr KS test | Estimate StEr KS test
First v 0.8714 0.12 0.1789 0.9856 0.1355 0.1853
v | 117.8202 | 66.333 0.2599 | 265.092 | 177.5901 | 0.2248
Second 5 0.5473 0.0469 | 0.1602 0.5163 0.0404 0.2217
) 1.3531 0.1488 | 0.0447 1.3503 0.1466 0.0017
Third v 1.1183 0.2562 | 0.1716 1.1993 0.2832 0.1567
) 79.798 67.7276 | 0.8147 | 135.8565 | 135.5228 | 0.8862
Fourth 5 1.3554 0.2167 | 0.2033 1.1214 0.1774 0.226
v | 48.1963 | 25.0902 | 0.3804 | 26.3423 11.26 0.2585

Next in Table 6, we calculate the MLEs and BEs using the SQEL approach for the parameters and 71 based on the
complete sample for each dataset. As shown in Table 6, the estimated value of the SSR P (W < Z) for the first dataset
is approximately 0.5661 and 0.5969 for MLEs and BEs, respectively. This suggests that the probability of the coverage
percentage (0.5661 and 0.5969) of the breaking strengths of jute fiber at a length of 20 mm being less than the breaking
strengths of jute fiber at a length of 10 mm. As shown in Table 6, the estimated value of the SSR P(W < Z) for the second
dataset is approximately 0.5050 and 0.5088 for MLEs and BEs, respectively. This suggests that the probability of the
coverage percentage of the involves rainfall recordings in February more than involves rainfall recordings in March. As
depicted in Table 6, the estimated SSR value P(W < Z) for the third dataset is approximately 0.5783 and 0.5905 for MLEs
and BEs, respectively. This indicates that the probability of the coverage percentage of failure in electrical insulation in the
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first type of experiment being less than that in the second type of experiment. As indicated in Table 6, the calculated SSR
estimate P (W < Z) for the third dataset is around 0.5267 for MLEs and 0.5302 for BEs. This implies that the probability
of the coverage percentage of monthly concentration of sulphur dioxide in Long Beach for March is lower than that of the
August.

Table 6: ML and Bayesian estimation of 1 = P[W < Z] for complete sample

ML Bayesian
Data Application Estimates StEr Estimates StEr
v 0.9575 0.0982 1.079 0.0856
First vy | 2329864 | 116.969 | 457.7096 | 190.8058
vy | 175.2578 | 81.9205 | 315.6849 | 102.0549
n 0.5661 0.5969
v 0.5297 0.0305 0.5293 0.0425
Second V] 1.3767 0.1419 1.4087 0.2006
) 1.33 0.1403 1.3428 0.204
n 0.505 0.5088
v 1.1703 0.1966 1.5396 0.144
Third vy | 123.6762 | 89.0012 | 461.2735 | 204.2323
vy | 94.2152 | 62.8634 | 338.1461 | 132.7952
n 0.5783 0.5905
v 1.2239 0.1382 1.3747 0.2129
Fourth V] 35.866 13.2656 | 56.5999 31.6601
vy | 32.7342 11.317 51.0811 28.4148
n 0.5267 0.5302

Figure 3 displays the profile log-likelihood for each parameter (panels are ordered left to right). The blue points
indicate the MLEs at the modal peaks. The curvature of each profile near its maximum reflects estimator precision:
narrower, more sharply peaked profiles correspond to smaller standard errors (higher precision), whereas broader, flatter
profiles indicate greater uncertainty.
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Fig. 3: Profile likelihood for data 2

Figure 4 presents MCMC diagnostics for the three model parameters (left panels: trace plots; right panels: posterior
histograms). The trace plots fluctuate around stable central values with no visible drift, indicating stationarity and adequate
mixing; the posterior histograms are unimodal and approximately symmetric, supporting the use of posterior means and
credible intervals.

Table 7 discussed sample data for SRS and RSS for each data set. Table 8 obtained MLE and BE based on SRS and RSS.
The results confirmed the suggest comment of the reliability of the strength of the stress in Table 8.
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Table 7: SRS and RSS data

SRS [ RSS
Data 2
w Z h=1 h=2 h=3 h=4
36.75 350.7 43.93 262.9 s=1 36.75 99.72 | 284.64 | 419.02
36.75 | 375.81 | 108.94 303.9 s=2 | 14596 | 113.85 | 166.49 | 419.02
48.01 | 375.81 | 108.94 3039 | W | s=3 | 24453 | 83.55 | 578.62 | 756.7
7146 | 419.02 | 108.94 303.9 s=4 | 7146 | 578.62 | 83.55 756.7
83.55 | 419.02 | 123.06 | 353.24 s=5 | 187.13 | 187.13 | 456.6 | 707.36
99.72 | 688.16 | 123.06 | 383.43 s=1 | 183.16 | 323.83 | 383.43 | 530.55
113.85 | 688.16 163.4 506.6 s=2 | 123.06 | 506.6 | 590.48 | 704.66
119.86 | 707.36 | 212.13 | 53055 | Z | s=3 | 50.16 | 323.83 | 212.13 | 671.49
145.96 756.7 | 212.13 | 727.23 s=4 | 291.27 | 183.16 | 700.74 | 671.49
187.13 | 765.14 | 257.44 | 727.23 s=5 | 101.15 | 141.38 | 700.74 | 778.17
Data 3
Z w h=1 h=2 h=3 h=4
3.29 2.98 3.96 8.37 s=1 1.41 3.06 4.17 4.17
0.17 3.12 0.48 2.49 s=2 0.49 0.7 3.21 4.64
0.11 3.06 0.87 2.47 Z | s=3 0.13 3.32 2.26 13.68
11.02 5.54 4.83 4.32 s=4 0.17 3.07 4.27 6.61
3.54 3.71 3.43 0.87 s=5 0.86 4.17 1.41 13.68
0.7 1.64 0.57 5.27 s=1 0.17 0.32 4.79 53
6.1 0.11 0.32 0.05 s=2 0.44 0.28 0.57 5.85
11.02 3.54 1.4 5.27 W | s=3 1.86 0.28 2.47 5.85
0.67 8.03 6.98 1.47 s=4 0.09 1.47 1.81 2.78
4.64 11.57 8.02 0.17 s=5 1.1 1.4 0.53 6.14
Data 1
w Z h=1 h=2 h=3
12.3 95.5 121.9 219.3 W LS= 12.3 43.2 75.3
46.9 43.2 150.2 48.7 s=2 28.6 46.9 95.5
75.3 70.7 35.1 150.2 7 LS= 1 121.9 48.7 219.3
s=2 40.5 150.2 150.2
Data 4
w Z h=1 h=2 h=3 h=4
25 10 32 20 w LS= 1 9 17 18 40
20 18 10 15 s=2 9 15 17 26
16 17 9 44 7 5= 1 3 18 20 23
16 25 55 18 s=2 8 18 20 55

Table 8: MLE and BE based on different loss functions for SRS and RSS

SRS RSS
Data MLE SQEL LLF-I LLF-1I MLE SQEL LLF-1 LLF-II
v 0.9823 1.0461 1.0482 1.0472 0.9756 1.0031 1.004 1.0004
) vy | 235.7846 | 360.2839 | 798.7612 | 784.618 | 297.8361 | 356.9983 | 777.9867 | 111.7332
0 154.71 207.4927 | 473.2082 | 455.1502 | 189.0029 | 224.379 | 395.6428 68.265
n 0.6079 0.6452 0.6241 0.6299 0.6124 0.6163 0.6518 0.6198
v 0.5212 0.5210 0.5238 0.5215 0.6421 0.6398 0.6423 0.6372
3 vy 1.5418 1.5681 1.6493 1.5809 1.7338 1.7454 1.7837 1.7098
(7 1.3766 1.3962 1.4654 1.4067 1.0761 1.0941 1.1100 1.0787
n 0.5271 0.5278 0.5283 0.5280 0.6346 0.6319 0.6339 0.6301
v 1.1384 1.2385 1.2453 1.2419 1.2629 1.2857 1.2900 1.2881
1 V1 | 196.9542 | 349.3407 | 1006.096 | 991.909 | 339.2356 | 404.0409 | 1514.547 | 1498.219
vy | 80.3071 | 108.3084 | 261.6068 | 248.3473 | 114.196 | 134.4084 | 368.6643 | 353.9674
n 0.7382 0.7945 0.8215 0.8274 0.7794 0.7817 0.8319 0.8363
v 2.0584 1.6242 1.6590 1.6300 1.2845 1.3350 1.3505 1.3376
4 vy | 457.1219 | 154.7478 | 428.6469 | 406.4528 | 44.6493 54.7926 120.514 100.240
Uy | 353.6045 | 101.4375 | 236.4255 | 215.4917 | 31.8456 36.9067 84.2469 62.5412
n 0.5749 0.6203 0.6682 0.6784 0.5777 0.6289 0.6638 0.6835
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Fig. 4: MCMC plots for data 2

8 Concluding Remarks

A vital statistical technique for modeling different properties is the lifespan distribution. In order to analyze these sorts of
data sets, extremely complicated distributions are available in the statistical literature. However, the estimating procedure
is challenging due to the enormous number of factors in these distributions. A novel inverted model called the IPHLD is
introduced to provide additional avenues for modeling these types of data sets. Statistical properties, such as moments,
PWMs, entropy measures, quantile function, incomplete moments, Bonferroni and Lorenz curves are acquired. The
Bayesian and non-Bayesian estimation of 1 = P[W < Z] assuming stress (W) and strength (Z) random variables follow
the IPHLD with different scale parameters are regarded. The estimators of 1 = P[W < Z] are determined based on SRS
and RSS. The Bayes estimates of 17 under symmetric and asymmetric loss functions are achieved using gamma priors. It
is clear that the Bayesian estimators do not exist in their explicit form. Therefore, the MCMC method is used to get the
Bayesian estimate. The Monte Carlo simulation is used to assess how well the suggested estimates perform. Finally,
eight data sets are analyzed to illustrate the proposed estimation methods. Future study involves estimating the SSR,
assuming that stresses and strength random variables THAT follow the IPHLD under more advanced RSS scheme.
Conflicts of Interest: The authors declare that they have no conflicts of interest to report regarding the present study.
Data Availability: The data that support the findings of this study are available on request from the corresponding author.
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