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Abstract: In this paper, soliton solutions of the (1 + 1)-dimensional Boussinesq equation are studied with an improved scheme of
the direct algebraic method. The Boussinesq equation as concerns the propagation of long waves in shallow water in addition to other
physical systems, exhibit both dispersal and nonlinearity. With this new approach we obtain analytical soliton solutions and make a
study of their characteristics. The obtained solutions are said in terms of positive forms and this is an improvement of the perception
of the dynamics of the equation. The performance of the method is illustrated by calculation, and further use of the method in the
related nonlinear systems is also discussed. This work adds to an ongoing research on the analysis of the solution of nonlinear partial
differential equations and provides understanding on the solitons in the dispersive media. The obtained solutions as well have been

depicted graphically for better understanding.
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1 Introduction

Nonlinear evolution equations (NLEEs) as a class of equa-
tions are derived from the nonlinear sciences and those
have important roles in analyze of the non- linear phe-
nomenon. Another well preserved by self- reinforcement
wave packet is referred to as soliton or solitary wave that
moves at a constant velocity. The nonlinearity and disper-
sion of the medium are elimi- nated which in a result cause
the formation of solitons. The class of weakly nonlinear
dispersive PDEs which models physical systems has so-
called solitons In non- linear PDEs, more striking phenom-
ena exist than soli- ton solutions. A specific kind of a local-
ized traveling wave solution of a nonlinear PDE which is
immensely stable is known as a soliton [1-20]. Non-linear
dispersive media allow wave pulses to propagate because
of their dispersive effects as well as the dynamical balance
between non-linearity [66].

It is used for analysis of long waves with small am-
plitude in shallow water and other physical processes in
nonlinear lattice theory and plasma physics. In its (1 + 1)-
dimensional form, the equation is expressed as:

Qlt - Qxx = AQx)ocx + (Qz)xm (1)

where Q(x,t) the wave profile and A is a parameter
that determines the scale of dispersion. The coordinates
nonlinearity and dispersion in order to form soliton solu-
tions i.e., localized increments that retain their form and
propagate at a uniform velocity. The investigation of soli-
tons in the framework of the Boussinesq equation is im-
portance for the analysis of wave processes in different
physical systems. Computational procedures of classical
analysis to solve a system of nonlinear PDEs encounter
difficulties in finding exact expressions. Thus, it is criti-
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cal to develop new analytical approaches that will help to
study such systems.

The Boussinesq equation captures the interplay between
dispersion and nonlinearity in wave propagation. The term
AQyxuxx & represents the dispersive effect, which tends to
spread the wave out, while the term (Q?),, accounts for
the nonlinear interaction, which can lead to wave steepen-
ing and the formation of solitons.

From a physical perspective of one and a half-dimensional
Boussinesq equation, especially the newly derived soli-
tons, one can easily see the complexities of the interaction
between the dispersion and nonlinearity in wave motion.
Using the new extended direct algebraic method we have
been able to found types of traveling wave solutions which
include singular soliton solutions, periodic soliton solu-
tions, rational soliton solutions and both dark and bright
soliton solutions. These stand for different wave phenom-
ena which are possible in dispersive medium, for example,
shallow water waves or nonlinear lattices. For example, the
bright solitons correspond to the localized wave of eleva-
tion while the dark solitons describe localized drops of the
wave profile. This should give a guarantee to the efficiency
of the proposed method and the possibility to analyze the
waves behaviors in different physical systems by the help
of such opportunities to find soliton solutions with the use
of different forms of initial functions. The results obtained
in this work have an important implications for the anal-
ysis of wave processes in the dispersive media and also
in the fields such as mathematical biology, physics, chem-
istry and fluid dynamics where similar nonlinear partial
differential equations are used for modeling of the com-
plex phenomena. The accurate modeling of shallow wa-
ter waves as addressed in this paper can directly support
effective “water management and pollution remediation”
and “freshwater and water quality” strategies.

A vast amount of work has been carried out in the
last few decades studying the properties of nonlinear par-
tial differential equations for the reason that they provide
very ideal models of phenomena in various science and
engineering disciplines. In fact, the exact solutions of the
above equations help hand and glove in analyzing the var-
ious global physical phenomena and dynamism of the pro-
cess. These kinds of solutions are required for interpret-
ing the qualitative properties of a number of occurrences
in various branches of the natural science. In the last few
years much attention has been paid to attempt to find exact
solutions by using nonlinear partial differential equation
models. Since most nonlinear PDEs do not have closed-
form solutions, the study of such solutions whether they
are travelling wave solutions or other classes of solutions
are desirable for developing the understanding of these
systems.

The methods for obtaining exact explicit solutions of
nonlinear partial differential equations are the tanh-function

method [41], the exp-function method [42], the F-expansion
method [43], Hirota’s direct method [44], Kudryashov method
[45], the modified extended direct algebraic method [64],
the extended auxiliary equation method [47], modified method
of simplest equation [48] and the new extended direct al-
gebraic method [62].Examples of the methods for solving
nonlinear partial differential equations numerically are the
finite element method [31, 32], finite volume method [33,
34], generalized finite difference method [35,36], colloca-
tion method [37, 38] and Galerkin finite element method
[39,40].

2 Algorithm for New Extended Direct
Algebraic Method

In this section, the algorithm for the new extended direct
algebraic method is introduced, see [49,50]. In the follow-
ing we will outline the main steps of our method.

Consider a general nonlinear PDE in the form

(@)

where Q is a polynomial function of its argument, and the
subscripts denote partial derivatives. We seek its traveling
wave solutions by using transformation wave

Q(M7MX7uyaMZ7uW7ut7ul‘t7"") = 07

u(xvyvszat) :U(C)v (©))

Substituting Eq. 3 into Eq. 2 yields a nonlinear ordinary differ-
ential equation

!
Q(u’u 7u

C=ax+by+cz+dw+vrt.

noom

) =0, @)

where the prime denotes differentiation with respect to

.

Let us consider that Eq.4 has a formal solution of the form

UC)= Y HPI(C), Hy#0, )
=0

where the H; (0 < j <n) are constants coefficients to
be determined later, and n is a positive integer which is
found by homogenous balancing principle between the high-
est nonlinear term and the highest derivative in Eq. 4 and
P({) satisfies the NODE Eq. 4 in the form of

P ({)=In(A) (O+YP(L)+TP*(()), A#(0,1), (6)

where ®, ¥ and I" are constants. Some special solu-
tions of the NODE are given in [49, 50].
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3 Application of the new extended direct
algebraic method

In numerical models, water waves, and coastal engineer-

ing, the Boussinesq equation is a long-wavelength and weakly

nonlinear approximation that is used to simulate water waves
in shallow seas and harbours.

A Scottish engineer named John Scott Russell closely ob-
served solitary waves. John Scott Russell’s observation served as
the basis for Joseph Boussinesq’s approximation. Boussinesq’s
simulation of one-dimensional water waves in 1872 established
that, in addition to the water depth, the vertical velocity is linear
and the horizontal velocity is constant [27].

Considering (1 + 1) dimensional Boussinesq equation

Ot — Qur = AQxenc + (%) - )

where Q = Q(x,t) represents the wave envelope con-
taining x as a spatial variable and ¢ as a temporal variable.
Here A is an arbitrary constant.

When water waves of various wavelengths are related,
this is referred to as a frequency dispersion phenomena; in
the case of an infinitesimal wave amplitude, it is also re-
ferred to as a linear frequency dispersion. This makes the
approximation accurate. Although waves can propagate in
multiple directions according to the Boussinesq equation,
it is more advantageous to take these into account. The
Boussinesq equation utilizing a new extended direct alge-
braic technique for generating strong and reliable soltons.
Now using the traveling wave transformation for this pur-
pose

Q(x,t)=q(8), (®)
where § = kx+ v,
O(x,1) =q(kx+vi), 9)

substituting Eq. 9 into Eq. 7. We have the following
NODE

q" (§)— k4" (§)— K (2 (8))" —2k*q™ (£) =0, (10)

Integrating Eq.10 twice and neglecting the constants of
integration

(v —k*)q(5)—kq*(§) —A1Kk'q" (§), (11)

Balancing ¢” with ¢ in Eq. 11 gives N = 2. Thus, Eq.
11 has the formal solution

q(§)=Ho+HP(§)+HP(§), (12)

substituting Eq. 12 along with Eq. 6 into Eq. 11 and
setting the coefficients of all powers of P\,i =0,1---, to
zero, we yield the a system of algebraic equations and
solved this system with the aid of Maple or Mathematica,
we obtained following values for constants;

Case 1
Hy = —6AKI®1In*(A),

Hy = —6AKYI In*(A),

(13)
Hy = —6AKT? In?(A),
v=V1+A1k2W2—4A KT Oln(A).
Case 2
Ho=—AK* (V2+2I' @) In*(A),
H, = —6AK*YTn*(A),
(14)

Hy = —6AKI?In?(A),

v=kV1—AK2W2 +4A12T O In(A).

We established following families of exact solutions
using Eq.13 along with Eq.12 into Eq. 7
Familyl. When V> —4@I" < 0 and I" # 0, then the trav-
eling wave solutions are given by
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Family2. When W2 —4@I" > 0 and I" # 0, then the traveling wave solutions are given by
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052 (0) = (—6/1/(2 1n2(A)F®) —6AKRWT In2(A)
{—%ﬂ' 7V(W22_F4®F) (—tanhA ( (Y2 —40T) g> +i\/pgsechy ( (W2 —40T) c))}
—6/’Lk21n2(A)F2{—% + w (—tanhA ( (W2 —-40T) g) +i\/pgsechy ( (W2 —-40T) g)) }2 (22)
002 (C) = (—6/1/(2 1n2(A)F®) C6ARI2(A) YT
{—% + 7”“’22}4@” (—cothA ( (Y2-40T) g) + /pgeschy ( (V2 —40T) c)) }
—67Lk21n2(A)F2{—% + 7”\1'22}4@” (—cothA ( (W2 -40T) g) + /pqeschy ( (W2 -40T) g)) }2 (23)
0102 (0) = (—67Lk21n2(A)F@> —6AKRYT In?(A)
{f % -~ 7@{tanhA (@ C) +cothy <(W2 _44@F) C) H —6AK In*(A)I"?
[ SO ((%44@%) oty ((\v—f@mc) H s
Family3. When @I > 0 and ¥ = 0, then the traveling wave solutions are given by
015(0) = (—67Lk21n2(A)F@> —6AKRYT In?(A) <\/§tanA (Wg))
64K In2(A) I {\/?tanA (x/(ﬁg) } ’ 25)
0123(8) = <767Lk21n2(A)F®> —6AKPYT In?(A) <\/§cotA (mg)
64K In?(A) T2 [f \/?cotA (Wg) } ’ 26)
0133(0) = (—67Lk21n2(A)F@> —67Lk21n2(A)\PF{\/§ (tanA (2@@) i,/pqr@) secy (2@@)]
— 64K In3(A) I [ﬁ (tanA (2 \Wg) i\/p;{@> seca (2 \Wg)r 7)
0143(8) = (—67Lk21n2(A)F@> —6AK I (A)YT N? (cotA (2%@7@) i\/p;{@> csea (2 \W(;)]
f6lk21n2(A)F2 {\/? (cotA (2@@) +4/ p;{@) cscy (2\/&@‘)]2 (28)
0153(8) = (76“2 In2(A) @) —6AK I (A) YT {1/2 \/? (tanA <% mg) ~coty <% \@g)) }
—6AK*In%(A) T2 B \/? (tanA (% WQ —coty (% WCD r (29)
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Family4. When @ I" < 0 and ¥ = 0, then the traveling wave solutions are given by

0164 (C) = (—6/118 1n2(A)F@) —6ARR I (A) YT {— \/Etanm (mg)]

—6AK In*(A)I? {7 \/gtanh,q (\/Wg“)r

0174(8) = (—6/lk2 1n2(A)F®) —6AK I (A)YT {— \/Ecoth/; (Wg) ]

6)“k21n2(A)F2{\/7?C0thA (WC)F

Q154 (8) = <76/lk21n2(A)F®> —6AR I (A) YT {\/7? (ftanh (2 mg)) ii\/IquechA(Zmé')]

— 62 In2(A) 2 Nf (—tanh (2 mg)) :I:i\/qusechA(2mC)} ’

0104 (8) = (—6/lk21n2(A)F®) —6AK I (A) YT {\/f (—cothA (2 \/Wc) +/pgeschy <2 \/Wg))}

642 In2(A) I N? (— cothy (2 \/—@T"g) +./pgeschy (2 W@)) } ’

1

0204 (8) = (—6/1k2 1n2(A)r@) —6AK I (A) YT {— - \/E (tanhA (% \/—(Trg) +cothy \/—@)71"4’) ]

2

76Ak21n2(A)F2{7

;ﬁ<tanhA (% m@) + cothy \/Wgﬂz

Family5: when ¥ = 0 and I" = @, then the singular periodic solutions are given by

0015(¢) = <76/lk21n2(A)F®) —6AK I (A) YT {tanA (@g)]

2
—6AKIn*(A)I? {tanA (66)}

Ons(8) = (—6;Lk21n2(A)F®) —6A KR I (A) YT (ln2A> {—cotA (@g)}

—6AKIn%(A)I? <ln2A> {*COtA (@C)}2

0135(8) = <76/lk21n2(A)F®) —6AK (A YT <1n2A) {(tanA (208) +/pq) seca (z@g)]

— 61K In*(A)I? {(tanA (208) + /pq)seca (2@@)} i

0245(8) = (—6/1k21n2(A)r@) —6AR I (A)YT (1n2A) {— (cota (20) + \/pg) esea (2@(;)}

—6AKIn%(A)T? [— (cots (208) +/pg)csca (2@@)}

(30)

(3D

(32)

(33)

(34)

(35)

(36)
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0255 (L) = (—67Lk21n2(A)F@) —6 Ak (A) T (1n24) B (tan (%@g) — cot (%@g))]

—6AK*In?(A)T? B (tan <%@§) cot(;@§>)r (39)

Family6. When ¥ = 0 and I" = —0, then the traveling wave solutions are given by
0266 (C) = (761 12 1n2(A)T @) —6AK I (A) YT <ln2A) {7 tanhy (@g)]

2
—6lk21n2(A)F2{—tanhA(GC)} (40)

0r16(8) = (—67Lk21n2(A)F@> —6AK I (A) YT <ln2A) {—cothA (@«;)]

2
—6AK>In*(A)I? {— cothy (@C)} 41)

056 (8) = (—67Lk21n2(A)F(9> —6AK I (A) YT (1n2A) {—tanhA (208) + i\/pgsechy (2@()}

2
—6AK In*(A)I? {f tanhy (208) +i\/pgsecha (2@@)} (42)

0206 (8) = (~62 K (AL ©) — 62K WA (A) YT (InA) {—cothA (208) + /pacscha (2@5)}

2
—6AK*In?(A)T? [— cothy (208) + \/pgeschy (2@(;)} (43)

1 1 1
0306 (8) = <f6l K2 n2(A)T @) —6AK I (A) YT <ln2A) {f > <tanhA (E @c) +cothy (5 @g) > }
1 1 1 2
—6AK In%(A)T? [— 5 (tanhA (5 @;) + cothy (5 @@)) } (44)
Family7. When W2 =401 and I = —0, then the traveling wave solutions are given by

0317(8) = (—lezlnz(A)F@> —6lk21n2(A)\1/1" (lnzA) {_2%}

O (Y{LnA+2) } 2 45)

—6AK (A -2
n(4) W2 LnA

Family 8: When ¥ = 0,0 = mk, (m # 0) and I" = k, then
035 (8) = (—61 12 1n2(A)T @) —6AK I (A)YT {Akg - m}
— 64K In*(A)I? {AkC - m} ’ (46)
Family 9. When ¥ = I" = 0, then
0330 (8) = (761 12 1n2(A)T @) —6AK I (A) YT (1n2A) {@ (’,’ln(A)}

2
—6AK*In%(A) T2 {@ Cln(A)} (47)
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Family 10 . When ¥ = ® = 0 then
_ 27,2 2,2 2 -1
03410 (0) = <6M< In (A)F@) —6ARI2(A) YT (ln A) [Fcln(A)}
21.2 2 —1 :
—6A K In*(A)T {Fiéln(f‘)} 48)

Family 11 . When ¥ # 0,0 = 0, then the traveling wave solutions are given by

035.11(8) = (~6AK (AL ©) — 622 > (A) YT (1nA) {’ T (cosha (¥ ) f‘islinhA (w§)+p)]

pY } ?
I (coshy (W &) —sinhy (W &) + p)

AR (A) T2 [_ 49)

Q3611 (8) = (—6), k21n2(A)F@) —6A KR I2(A) YT (1n2A) {—FW(SmhA(W) +eosha (W¢)) }

(sinhy (W) +cosha (W E) +¢)

_6}1/](21112(A)F2{— W(SIHhA(qjC)_FCOShA(WC)) )}2

I (sinhg (W &) +coshy (W) + ¢ 60

Family 12 : When ¥ = [,I" = m(m # 0), and ® = 0 then the rational solution is given by
03712 (8) = (761 12 1n2(A\T @) —61K2WT In?(A) (1n2A) et
37,12 J—mpAlL

L2
—erertmay] - —2A7 U sy
q—mpAlt

where { is an independent variable, p and g are arbitrary constants greater than zero and called deformation parameters.

4 The graphical representation

(a) (b)
Fig. 1: The 3-D and 2-D graphs of ¢;({) given by Eq. 15.
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=010

-0.20F

-0.2%5}

-papct

(a) (b)

Fig. 3: The 3-D and 2-D graphs of ¢3({) given

by Eq. 17.

(a)

Fig. 4: The 3-D and 2-D graphs of g4({) given

(b)
by Eq. 18.
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(a) (b)

(a) (b)
Fig. 6: The 3-D and 2-D graphs of ¢¢(&) given by Eq. 20.

v:m\“ s T
Y '

L ‘ﬁ\lﬁﬂl’llﬂflﬂw'

L% '/
%(a) (b)

Fig. 7: The 3-D and 2-D graphs of ¢7({) given by Eq. 21.
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(a) (b)

(a) (b)

Fa
e N

(a) (b)
Fig. 10: The 3-D and 2-D graphs of g10({) given by Eq. 24.

© 2025 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1284 %N‘/S‘iv) M. A. Hafez et al.: Advanced Algebraic Approaches to Soliton...

(a) (b)
Fig. 11: The 3-D and 2-D graphs of g1 ({) given by Eq. 25.

AT

30000

40900

(a) (b)
Fig. 12: The 3-D and 2-D graphs of ¢;2({) given by Eq. 26.

(a) (b)

Fig. 13: The 3-D and 2-D graphs of ¢;3({) given by Eq. 27.
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(a) (b)
Fig. 14: The 3-D and 2-D graphs of ¢14({) given by Eq. 28.

AN

0000

- 140000

-“ﬂ{lﬂﬂ
(a) (b)
Fig. 15: The 3-D and 2-D graphs of ¢;5({) given by Eq. 29.

(a) (b)
Fig. 16: The 3-D and 2-D graphs of g16({) given by Eq. 30.
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(a) (b)
Fig. 17: The 3-D and 2-D graphs of ¢20({) given by Eq. 34.

(a) (b)
Fig. 18: The 3-D and 2-D graphs of ¢»1({) given by Eq. 35.

(a) (b)

Fig. 19: The 3-D and 2-D graphs of ¢2¢({) given by Eq. 40.

© 2025 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 19, No. 6, 1273-1293 (2025) / www.naturalspublishing.com/Journals.asp 1287

(a) (b)
Fig. 20: The 3-D and 2-D graphs of ¢7({) given by Eq. 41.

(a) (b)
Fig. 21: The 3-D and 2-D graphs of ¢23({) given by Eq. 42.

20

(a) (b)
Fig. 22: The 3-D and 2-D graphs of g29({) given by Eq. 43.
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(a) (b)

S

(a) (b)

Fig. 25: The 3-D and 2-D graphs of ¢35({) given by Eq. 41.
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(a) (b)
Fig. 26: The 3-D and 2-D graphs of ¢37({) given by Eq. 51.
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5 Discussion and Conclusion

In this study, we have applied a new extended direct al-
gebraic method to obtain soliton solutions of the (1+1)-
dimensional Boussinesq equation. The derived solutions
are presented in explicit forms, showcasing the method’s
capability to handle complex nonlinear PDEs. Our results
contribute to the understanding of soliton dynamics in dis-
persive media and provide a foundation for future research
in related areas. The success of this method in finding ex-
act solutions highlights its potential as a valuable tool in
the study of nonlinear wave equations, with implications
across various physical and engineering disciplines. By the
application of new extended direct algebraic method we
have obtained a series of traveling wave solutions namely:
singular solitons, periodic solitons, rational solitons, dark
and bright soliton solutions for (1 + 1)-Boussinesq equa-
tion. The proposed method is straight forward and more
powerful in constructing exact traveling wave solutions of
NLPDE’s. It can also be applied to other nonlinear partial

differential appearing in mathematical biology, physics, chem-

istry, fluid mechanics and many other fields.

References

[1] STR. Rizvi, AR. Seadawy, F. Ashraf, M. Younis, H. Igbal,
and D. Baleanu, 2020. Lump and interaction solutions of a
geophysical Korteweg de Vries equation. Results in Physics,
19: 103661.

[2] Farrah Ashraf, Aly R.Seadawy, Syed T.R.Rizvi, Kashif Ali,
and M. Aamir Ashraf, 2022. Multi-wave, M-shaped ratio-
nal and interaction solutions for fractional nonlinear elec-
trical transmission line equation. Journal of Geometry and
Physics, 177: 104503.

[3] Rizvi. STR, Seadawy. AR, Ashraf. F, Younis .M, Igbal.
H, and Baleanu. D, 2019. Kinky breathers, W-shaped and
multi-peak solitons interaction in (2 + 1)-dimensional non-
linear Schrodinger equation with Kerr law of nonlinearity.
Eur. Phys. J. Plus, 134: 1-10.

[4] Romana Ashraf, Faiza Amanat, Farah Ashraf, Soliton solu-
tions for the (4 + 1)-dimensional Fokas equation using in-
tegration techniques, Alexandria Engineering Journal, 107
(2024) 61-72.

[5] Ali Akgiil, Saliha Manzoor, Farrah Ashraf, Romana Ashraf,
Exact solutions of the (2+ 1)-dimensional Zoomeron model
arising in nonlinear optics via mapping method, Optical and
Quantum Electronics, 56 (7) (2024) 1207.

[6] Shabbir Hussain, Muhammad Sajid Igbal, Mustafa Bayram,
Romana Ashraf, Mustafa Inc, Shahram Rezapour, Muham-
mad Akhtar Tarar, Optical soliton solutions in a distinctive
class of nonlinear Schrodinger’s equation with cubic, quin-
tic, septic, and nonic nonlinearities, Optical and Quantum
Electronics, 56 (6) (2024) 1066.

[7] Mustafa Inc, Shabbir Hussain, Ali Hasan Ali, Muham-
mad Sajid Igbal, Romana Ashraf, Muhammad Akhtar Tarar,
Muhammad Adnan, Analyzing solitary wave solutions of
the nonlinear Murray equation for blood flow in vessels
with non-uniform wall properties, Scientific Reports, 10588
(2024).

[8] F. Ashraf, R. Ashraf, A. Akgiil, Travelling waves solutions
of Hirota-Ramani equation by modified extended direct al-
gebraic method and new extended direct algebraic method,
International Journal of Modern Physics B, (2024).

[9]1 R. Ashraf, S. Hussain, M. S. Igbal, The extended Fan’s
sub-equation method and its application to nonlinear
Schrodinger equation with saturable nonlinearity, Results in
Physics, (2023).

[10] S. Hussain, M. S. Igbal, R. Ashraf, M. Inc, M. A. Tarar, Ex-
ploring nonlinear dispersive waves in a disordered medium:
an analysis using ?6 model expansion method, Optical and
Quantum Electronics, 55 (7) (2023) 651.

[11] S. Hussain, M. S. Igbal, R. Ashraf, M. Inc, M. A. Tarar,
Quantum analysis of nonlinear optics in Kerr affected sat-
urable nonlinear media and multiplicative noise: a path to
new discoveries, Optical and Quantum Electronics, 55 (7)
(2023) 578.

[12] R. Ashraf, F. Ashraf, A Akgiil, S Ashraf, B Alshahrani,
M Mahmoud, Some new soliton solutions to the (3 + 1)-
dimensional generalized KdV-ZK equation via enhanced
modified extended tanh-expansion approach, Alexandria
Engineering Journal, 69 (2023) 303-309.

[13] S.T. R. Rizvi, Aly R. Seadawy, Sarfaraz Ahmed, R. Ashraf,
Lax pair, Darboux transformation, Weierstrass-Jacobi ellip-
tic and generalized breathers along with soliton solutions for
Benjamin Bona Mahony equation, International Journal of
Modern Physics B, (2023) 2350233.

[14] Aly R. Seadawy, S.T. R. Rizvi, Tahira Batool, R. Ashraf,
Study of Sasa-Satsuma dynamical system for Kuznetsov-Ma
and generalized breathers, lump, periodic and rogue wave
solutions, International Journal of Modern Physics B, (2023)
2350181.

[15] Farrah Ashraf, Tehsina Javeed, Romana Ashraf, Amina
Rana, Ali Akgul, Some new soliton solution to the higher di-
mensional burger-huxley and shallow water waves equation
with couple of integration architectonic, Results in Physics,
43 (2022) 106048.

[16] S.T. R. Rizvi, Aly R. Seadawy, R. Ashraf, Propagation of
chirped periodic and solitary waves for the coupled non-
linear Schrodinger equation in two core optical fibers with
parabolic law with weak non-local nonlinearity, Optical and
Quantum Electronics, 545 (2022).

[17] S. Ahmed, R. Ashraf, Aly R. Seadawy, S.T. R. Rizvi,
M. Younis, Ali Althobaiti, Ahmed M. El-Shehawi, Lump,
multi-wave, Kinky breathers, interactional solutions, and
stability analysis for general (2 + 1)-th dispersionless Dym
equation, Results in Physics, 25 (2021) 104160.

[18] R. Ashraf, M.O. Ahmad, M. Younis, K.U. Tariq, K. Ali,
S.T.R. Rizvi: Dipole and combo solitons in DWDM sys-
tems, Optik, 158 (2018) 1073-1079.

[19] R. Ashraf, M.O. Ahmad, M. Younis, K. Ali, S.T.R. Rizvi:
Dipole and Gausson soliton for ultrashort laser pulse with
high order dispersion, Superlattices and Microstructures,
109 (2017) 504-510.

[20] S.T.R. Rizvi, S. Bashir, M. Younis, R. Ashraf, M.O. Ah-
mad: Ahmad: Exact soliton of (2 + 1)-dimensional frac-
tional Schrodinger equation, Superlattices and Microstruc-
tures,107 (2017) 234-239.

[21] Alkhidhr, H. A., & Abdelrahman, M. A. (2021). Wave struc-
tures to the three coupled nonlinear Maccaris systems in
plasma physics. Results in Physics, 105092.

© 2025 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 19, No. 6, 1273-1293 (2025) / www.naturalspublishing.com/Journals.asp

%N ==y 1291

[22] Ziane, D., Hamdi Cherif, M., Baleanu, D., & Belghaba, K.
(2020). Non-Differentiable Solution of Nonlinear Biologi-
cal Population Model on Cantor Sets. Fractal and Fractional,
4(1), 5.

[23] Younis, M., Sulaiman, T. A., Bilal, M., Rehman, S. U., &
Younas, U. (2020). Modulation instability analysis, optical
and other solutions to the modified nonlinear Schrodinger
equation. Communications in Theoretical Physics, 72(6),
065001.

[24] Younas, U., Seadawy, A. R., Younis, M., & Rizvi, S. T.
R. (2020). Dispersive of propagation wave structures to the
Dullin-Gottwald-Holm dynamical equation in a shallow wa-
ter waves. Chinese Journal of Physics, 68, 348-364.

[25] Kim, H., Bae, J. H., & Sakthivel, R. (2014). Exact travel-
ling wave solutions of two important nonlinear partial differ-
ential equations. Zeitschrift fur Naturforschung A, 69(3-4),
155-162.

[26] Paredes, A., Olivieri, D. N., & Michinel, H. (2020). From
optics to dark matter: A review on nonlinear Schrodinger-
Poisson systems. Physica D: Nonlinear Phenomena, 403,
132301.

[27] Yomba, E. (2005). The extended Fan’s sub-equation method
and its application to KdV-MKdV, BKK and variant Boussi-
nesq equations. Physics Letters A, 336(6), 463-476.

[28] Batool, F., & Akram, G. (2017). Application of extended
Fan sub-equation method to (1+ 1)-dimensional nonlin-
ear dispersive modified Benjamin-Bona-Mahony equation
with fractional evolution. Optical and Quantum Electronics,
49(11), 1-9.

[29] EI-Wakil, S. A., & Abdou, M. A. (2008). The extended
Fan sub-equation method and its applications for a class of
nonlinear evolution equations. Chaos, Solitons & Fractals,
36(2), 343-353.

[30] Cheemaa, N., & Younis, M. (2016). New and more exact
traveling wave solutions to integrable (2+ 1)-dimensional
Maccari system. Nonlinear Dynamics, 83(3), 1395-1401.

[31] Lakkis, O., & Pryer, T. (2013). A finite element method
for nonlinear elliptic problems. SIAM Journal on Scientific
Computing, 35(4), A2025-A2045.

[32] Yan, S., & Jin, J. M. (2015). Theoretical formulation of a
time-domain finite element method for nonlinear magnetic
problems in three dimensions. Progress In Electromagnetics
Research, 153, 33-55.

[33] Carrillo, J. A., Chertock, A., & Huang, Y. (2015). A finite-
volume method for nonlinear nonlocal equations with a
gradient flow structure. Communications in Computational
Physics, 17(1), 233-258.

[34] Murakawa, H. (2017). A linear finite volume method for
nonlinear cross-diffusion systems. Numerische Mathematik,
136(1), 1-26.

[35] Gavete, L., Urea, F., Benito, J. J., Garca, A., Urea, M., &
Salete, E. (2017). Solving second order non-linear elliptic
partial differential equations using generalized finite differ-
ence method. Journal of Computational and Applied Math-
ematics, 318, 378-387.

[36] Urea, F., Gavete, L., Garcia, A., Benito, J. J., & Vargas, A.
M. (2019). Solving second order non-linear parabolic PDEs
using generalized finite difference method (GFDM). Journal
of Computational and Applied Mathematics, 354, 221-241.

[37] Oru. (2020). An efficient wavelet collocation method
for nonlinear two-space dimensional Fisher-Kolmogorov-
Petrovsky-Piscounov equation and two-space dimensional

extended Fisher-Kolmogorov equation. Engineering with
Computers, 36(3), 839-856.

[38] Wu, H., Wang, Y., & Zhang, W. (2018). Numerical solution
of a class of nonlinear partial differential equations by using
barycentric interpolation collocation method. Mathematical
Problems in Engineering, 2018.

[39] Ucar, Y., Karaagac, B., & Esen, A. (2015). A new approach
on numerical solutions of the Improved Boussinesq type
equation using quadratic B-spline Galerkin finite element
method. Applied Mathematics and Computation, 270, 148-
155.

[40] Li, M., Huang, C., & Wang, P. (2017). Galerkin finite ele-
ment method for nonlinear fractional Schrodinger equations.
Numerical Algorithms, 74(2), 499-525.

[41] Abdusalam, H. A. (2005). On an improved complex tanh-
function method. International Journal of Nonlinear Sci-
ences and Numerical Simulation, 6(2), 99-106.

[42] Aminikhah, H., Moosaei, H., & Hajipour, M. (2010). Exact
solutions for nonlinear partial differential equations via Exp-
function method. Numerical Methods for Partial Differential
Equations, 26(6), 1427-1433.

[43] Zhao, Y. M. (2013). F-expansion method and its applica-
tion for finding new exact solutions to the Kudryashov-
Sinelshchikov equation. Journal of Applied Mathematics,
2013.

[44] Wazwaz, A. M. (2008). The Hirota s direct method for
multiple-soliton solutions for three model equations of shal-
low water waves. Applied Mathematics and Computation,
201(1-2), 489-503.

[45] Ryabov, P. N., Sinelshchikov, D. 1., & Kochanov, M. B.
(2011). Application of the Kudryashov method for find-
ing exact solutions of the high order nonlinear evolution
equations. Applied Mathematics and Computation, 218(7),
3965-3972.

[46] Younis, M., Seadawy, A. R., Baber, M. Z., Yasin, M. W,
Rizvi, S. T., & Igbal, M. S. Abundant solitary wave struc-
tures of the higher dimensional Sakovich dynamical model.
Mathematical Methods in the Applied Sciences.

[47] Jiong, S. (2003). Auxiliary equation method for solving
nonlinear partial differential equations. Physics Letters A,
309(5-6), 387-396.

[48] Vitanov, N. K. (2011). On modified method of simplest
equation for obtaining exact and approximate solutions of
nonlinear PDEs: the role of the simplest equation. Commu-
nications in Nonlinear Science and Numerical Simulation,
16(11), 4215-4231.

[49] Mirhosseini-Alizamini, S., Rezazadeh, H., Srinivasa, K. &
Bekir, A. New closed form solutions of the new coupled
Konnoa Oono equation using the new extended direct al-
gebraic method. Pramana. 94, 1-12 (2020)

[50] Rezazadeh, H., Tariq, H., Eslami, M., Mirzazadeh, M. &
Zhou, Q. New exact solutions of nonlinear conformable
time-fractional Phi-4 equation. Chinese Journal Of Physics.
56, 2805-2816 (2018)

[51] Khan, A., Seadawy, A. R., & Nadeem, M. (2021). Soliton
solutions for the fractional complex Ginzburg Landau equa-
tion using the Kudryashov method. Applied Mathematics
& Information Sciences, 15(1), 73-79.

[52] Nisar, K. S., Kilicman, A., & Agarwal, P. (2018). Optical
soliton solutions for the perturbed Gerdjikov Ivanov equa-
tion with Kerr law nonlinearity. Applied Mathematics &
Information Sciences, 12(6), 1233-1240.

© 2025 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1292 NS

M. A. Hafez et al.: Advanced Algebraic Approaches to Soliton...

[53] Baleanu, D., Jajarmi, A., & Asad, J. H. (2018). New aspects
of the fractional optimal control problems: Mittag-Leffler
stability and exact solutions. Progress in Fractional Dif-
ferentiation and Applications, 4(3), 161-172.

[54] Gémez-Aguilar, J. F., & Atangana, A. (2017). Fractional
Schrodinger equation with non-local and non-singular ker-
nel: A model for nonlinear waves in complex media.
Progress in Fractional Differentiation and Applications,
3(2), 85-98.

[55] El-Depsy, A., & Al-Marzoug, S. M. (2021). Optical Soli-
tons in Nonlinear Thin-Film Waveguides: A Theoretical Ap-
proach. International Journal of Thin Film Science and
Technology, 10(2), 45-53.

[56] Rahman, M. M., & Hossain, M. A. (2020). Mathematical
Modeling of Heat Transfer in Nanoscale Thin Films Using
Fractional PDEs. International Journal of Thin Film Sci-
ence and Technology, 9(3), 87-95.

[57] Rahman, M., & Basak, S. (2022). Statistical Properties
of Soliton Solutions in the (3+1)-Dimensional Nonlinear
Schrodinger Equation. Journal of Statistics Applications
& Probability, 11(1), 45-58.

[58] Alzaatreh, A., & Al-Labadi, L. (2021). A Statistical Ap-
proach to Modeling Nonlinear Wave Phenomena with Ap-
plications to Soliton Solutions. Journal of Statistics Appli-
cations & Probability, 10(2), 215-225.

[59] Igbal, M. S. (2011). Solutions of boundary value problems
for nonlinear partial differential equations by fixed point
methods, T.U. Graz library.

[60] Rehman, H., Seadawy, A., Younis, M., Rizvi, S., Anwar,
1., Baber, M. & Althobaiti, A. Weakly nonlinear electron-
acoustic waves in the fluid ions propagated via a (3+ 1)-
dimensional generalized Kortewegd de-Vriesd Zakharova
Kuznetsov equation in plasma physics. Results In Physics.
33 pp. 105069 (2022)

[61] Yakada, S., Depelair, B., Betchewe, G. & Doka, S. Miscel-
laneous new traveling waves in metamaterials by means of
the new extended direct algebraic method. Optik. 197 pp.
163108 (2019)

[62] Mirhosseini-Alizamini, S., Rezazadeh, H., Eslami, M.,
Mirzazadeh, M. & Korkmaz, A. New extended direct alge-
braic method for the Tzitzica type evolution equations aris-
ing in nonlinear optics. Computational Methods For Differ-
ential Equations. 8, 28-53 (2020)

[63] Vahidi, J., Zabihi, A., Rezazadeh, H. & Ansari, R. New ex-
tended direct algebraic method for the resonant nonlinear
SchrA{dinger equation with Kerr law nonlinearity. Optik.
227 pp. 165936 (2021)

[64] Younis, M., Seadawy, A., Baber, M., Husain, S., Igbal, M.,
Rizvi, S. & Baleanu, D. Analytical optical soliton solutions
of the Schrodinger-Poisson dynamical system. Results In
Physics. 27 pp. 104369 (2021)

[65] Kaplan, M., Akbulut, A. Raza, N. Research on sensitiv-
ity analysis and traveling wave solutions of the (4+ 1)-
dimensional nonlinear Fokas equation via three different
techniques. Physica Scripta. 97, 015203 (2022)

[66] Alzkari T.,Wei Sin Koh, Optimal Solutions of the Time-
Fractional Wave Models, International Journal of Analysis
and Applications. 23, 129 (2025)

Mohamed Ahmed
Hafez earned his Ph. D.
degree in Civil Engineering
from University of Malaya.

~

He is an Assoc. Prof.
at the Department of
Civil  Engineering, INTI

International University. He
has published over 55 papers
in journals. His research
interests are focused on Dam risk, slope stability and soft
ground improvement.

Romana Ashraf
is an assistant professor
University  of

) Lahore, Department of
Computer Science & IT. She
is also working as Teaching
Area InCharge (TAI) in the
respective department. Her
research areas are Nonlinear
Partial Differential Equations,
Soliton Theory, Numerical Methods, Mathematical
Modeling, and Fractional Differential Equations. She
has published 21 research papers in internationally
reputed journals, which have been extensively cited by
researchers both nationally and internationally, with over
281 citations. She has a strong research profile, reflected
by an h-index of 9 and an i10-index of 9. She has received
the Research Productivity Award 2023 by The University
of Lahore, Lahore.

- ; at  The
=

Ali  Akgiill is a full
professor in Siirt university,
Faculty of Art and Science,
Department of Mathematics.
He is the head of the
Mathematics department. His
research areas are Fractional
Differential Equations,
Numerical Methods,
Partial Differential Equations,
Mathematical Modeling and Functional Analysis. He
made a big contribution on fractional calculus and
numerical methods. He has more than 700 research
papers in very good journals. He has given many talks as
an invited speaker in many international conferences. He
opened many special issues in very good journals. He is
among the World’s Top 2% Scientists by Stanford
University in 2021, 2022, 2023 and 2024. He got OBADA
prize in 2022 (Young Distinguished Researchers).

© 2025 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 19, No. 6, 1273-1293 (2025) / www.naturalspublishing.com/Journals.asp

N SS 2 1293

Montasir Qasymeh
received the Ph.D. degree
in electrical engineering
from Dalhousie University,
Halifax, Canada, in 2010,
and completed a postdoctoral
fellowship at the University
of Ottawa, Canada, in 2011.
He is currently the Associate
Provost for Research,
Innovation, and Academic Development at Abu Dhabi
University (ADU), United Arab Emirates, where he also
serves as a Professor of Electrical Engineering. Dr.
Qasymeh has played a transformative role in advancing
ADU’s research and innovation agenda. He led the
establishment of the MENA region’s first quantum
computing laboratory, two interdisciplinary research
institutes, and the Abu Dhabi Graphene Center. He
has also developed robust frameworks to support
industry—academia collaboration, startup incubation, and
intellectual property commercialization. His research
interests include quantum systems, nanoplasmonics, and
terahertz wave engineering, with a particular focus on
using two-dimensional graphene materials for the design
of quantum and terahertz devices. He has authored and
co-authored more than 70 peer-reviewed publications,
including collaborative work on plasmonic sensors and
devices. A prolific inventor, Dr. Qasymeh holds 17 U.S.
patents and serves on the editorial board of a leading
multidisciplinary journal. He has organized and chaired
several high-impact conferences, including serving as
General Co-Chair of the International Conference on
Electrical, Communication, and Computer Engineering
(ICEET) in 2023 and 2024, and as Subcommittee Chair
for Quantum Science and Technology at PIERS 2025. Dr.
Qasymeh is a frequent invited speaker at global scientific
forums and actively contributes to international research
and development initiatives.

Shabbir Hussain
is a PhD scholar in the
Department of Mathematics,
University of Lahore,
under the supervision of Dr.
Romana Ashraf. His research
areas  include  nonlinear
partial differential equations,
bifurcation theory, chaos
analysis, soliton dynamics,
and analytical solution methods for complex nonlinear
systems. He has more than 10 research papers in very
good journals. He has given many talks as invited speaker
in many national conferences.

Farrah Ashraf is
an assistant professor at The
University of Lahore, Lahore,
Department of Mathematics
and Statistics. Her research
areas are Nonlinear Partial
Differential Equations,
Soliton Theory, Numerical
Methods, Mathematical
Modeling, Biomathematics
and Fractional Differential Equations. She has published
21 research papers in internationally reputed journals,
which have been extensively cited by researchers both
nationally and internationally, with over 326 citations.
She has a strong research profile, reflected by an h-index
of 8 and an i110-index of 7. She has received the Research
Productivity Award 2023 by The University of Lahore,
Lahore.

© 2025 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Algorithm for New Extended Direct Algebraic Method 
	Application of the new extended direct algebraic method 
	The graphical representation
	Discussion and Conclusion

