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Abstract: This paper presents a systematic approach to investigating the existence, uniqueness, and stability of fractional impulsive
differential equations through the Atangana-Baleanu derivative, facilitating the application of Schafer’s fixed-point theorem and the
Banach fixed-point theorem. Also, the stability results are thoroughly analyzed, with integral boundary conditions and mixed delays
enriching the depth and rigor of the investigation.
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1 Introduction

Fractional calculus provides a broader mathematical framework that combines differential & integral operations,
extending the conventional scope of calculus [1,2,3]. The idea of fractional derivatives originated concurrently with the
evolution of classical derivative concepts. In 1695, the idea of fractional order was proposed initially by Hospital &
Leibniz, which gradually attracted the attention of researchers. This type of fractional derivative has captured the interest
of prominent mathematicians such as Liouville, Riemann, Euler, Grünwald, Laplace, Letnikov, among others. The field
of fractional calculus, which has its roots in the 19th century, encompasses the study of fractional differential equations
(FDEs), as well as fractional dynamics & geometry. Applications of fractional studies span numerous fields, such as
bioengineering, mechanical & electrical engineering, control systems, robotics, statistical physics, chemistry, optics,
acoustics, as well as areas like viscoelasticity & rheology, among others[4,5,6]. Fractional-order models offer enhanced
accuracy compared to traditional integer-order models, providing deeper insights into complex dynamics. In pursuit of
refining these models, many researchers have introduced diverse formulations of fractional derivatives, notably including
the ABC (Atangana-Baleanu Caputo) derivative, which has become a focal point in advancing the study of fractional
calculus [7].
In numerous real-world applications, we encounter systems that are subjected to brief disturbances,referred to as impulsive
conditions, where the duration of which is often negligible compared to the overall time scale of the process. Such
impulsive effects can result in the occurrence of jump discontinuities in the solutions of the corresponding equations
at specific moments in time. This phenomenon highlights the sensitivity of dynamic systems to transient influences,
emphasizing the importance of understanding the effects of even minor disruptions on system behavior[8]. Kamran et
al. [9] studied the Bagley-Torvik equation by applying the Laplace transform, utilizing the ABC derivative as part of
their analysis. Partohaghighi et al. [10] propose an advection-dispersion model utilizing ABC derivative & Chebyshev
polynomials to address transport of pollutants in a non-integer framework. Numerous researchers have delved into the
AB-fractional derivative, exploring its applications and impact across a wide range of analytical frameworks, such as
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existence proofs [11,12,13,14], stability studies [15,16], & model development [17,18].
Building on the findings of [19], we explore the initial boundary problem (IBP) for impulsive fractional differential
equations (FDEs) within the ABC framework, incorporating mixed delays in the specified form,

( ABC
0 Dι

t )ρ(t) = g(t,ρ(t),ρ(mt), ABC
0 Dι

t ρ(t))), t ̸= tk, t ∈ [0,1], 0 < m < 1,

pρ(0)+qρ
′
(0) =

∫ 1
0 h1(ρ(z))dz, pρ(1)+qρ

′
(1) =

∫ 1
0 h2(ρ(z))dz, 1 < ι ≤ 2

△ρ(tk) = Fk(ρ(tk)), △ρ
′
(tk) = F̄k(ρ(tk)), k = 1, , ...N

 (1.1)

here ABC
0 Dι

t be ABC fractional derivative, g : [0,1]×R3 → R is a nonlinear fn & the fns h1,h2 : R → R where each of them
exhibits continuity, p > 0,q ≥ 0 specifies the real constants.
In the 2nd section, we presented key results, definitions, & theorems. 3rd section focused on hypotheses, lemmas, &
analytical findings related to the fractional differential equations exhibiting impulsive condition characterized by integral
boundary conditions & mixed delays, utilizing FPT. Stability analysis of the problem is examined in 4th section.

2 Facts

Definition 1.[19] Suppose u ∈ H1(a,b),b > a, so that the derivative of ABC is represented in the following form [7]:

ABC
0 Dδ (u(υ̃)) =

N (δ )

1−δ

∫
υ̃

0
u
′
(s̆)Eδ [

(υ̃ − s̆)δ

δ −1
]ds̆ δ ∈ [0,1] (2.1)

here E(δ ) denotes the Mittag-Leffler function & N (0) = N (1) = 1 represents a fn being normalized.
Associate AB integral is

(AB
0 Iδ u)(υ̃) =

1−δ

N (δ )
u(υ̃)+

δ

N (δ )
(0Iδ u)(υ̃)

The derivatives of R-L, R-L AB, Caputo & ABC are discussed in [1,11,12,13].

Proposition 1.[20,21] Let 0 ≤ δ ≤ 1, so that

(AB
0 Iδ (ABC

0 Dδ u))(υ̃) = u(υ̃)−u(0)
(

Eδ (λυ̃
δ )− δ

1−δ
Eδ ,δ+1(λυ̃

δ )

)
= u(υ̃)−u(0).

Theorem 1.(Schaefer’s FPT) [22] To demonstrate that D : W → W has at least one FP within a closed, bounded, &
convex subset W of a Banach space, we note that if D is compact, then there exists at least one point x ∈W s.t. D(x) = x.

3 Main results

Lemma 1.Let ι ∈ (1,2], δ : [0,1]→ R exhibits continuity, then ρ ∈ W serves as a soln to the subsequent problem:

( ABC
0 Dι

t )ρ(t) = δ (t), t ∈ [0,1], 0 < m < 1, t ̸= tk

pρ(0)+qρ
′
(0) =

∫ 1
0 h1(ρ(z))dz, pρ(1)+qρ

′
(1) =

∫ 1
0 h2(ρ(z))dz, 1 < ι ≤ 2

△ρ(tk) = Fk(ρ(tk)), △ρ
′
(tk) = F̄k(ρ(tk)), k = 1, , ...N

 (3.1)

The soln of (3.1) is

ρ(t) =



2−ι

N (ι−1)
∫ t

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1δ (z)dz+G∗, t ∈ [0, t1];

2−ι

N (ι−1)
∫ tk

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1δ (z)dz

+ ι−1
N (ι−1)Γ (ι) ιk

j=1
∫ t j

t j−1(t j − z)ι−1δ (z)dz

+ ι−1
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)
∫ t j

t j−1(t j − z)ι−2δ (z)dz

+Σ k
j=1Fj(ρ(t j))+Σ k

j=1(t − t j)F̄j(ρ(t j))+G∗, t ∈ (tk,1], k = 1, , ...N;


(3.2)
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Proof.Let t ∈ [0, t1], ρ be a solution of (1.1) & a1,a2 ∈ R, we get

ρ(t) = 2−δ

N (ι−1)
∫ t

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1δ (z)dz−a1 −a2t

ρ
′
(t) = 2−δ

N (ι−1)δ (t)+ ι−1
N (ι−1)Γ (ι−1)

∫ t
0(t − z)ι−2δ (z)dz−a2.

 (3.3)

For t ∈ (t1, t2]

ρ(t) = 2−δ

N (ι−1)
∫ t1

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
t1(t − z)ι−1δ (z)dz−d1 −d2(t − t1)

ρ
′
(t) = 2−δ

N (ι−1)δ (t1)+ ι−1
N (ι−1)Γ (ι−1)

∫ t
t1(t − z)ι−2δ (z)dz−d2.

 (3.4)

Substitute t1 in t in (3.3), we get

ρ(t−1 ) =
2−δ

N (ι −1)

∫ t1

0
δ (z)dz+

ι −1
N (ι −1)Γ (ι)

∫ t1

0
(t1 − z)ι−1

δ (z)dz−a1 −a2t1

ρ
′
(t−1 ) =

2−δ

N (ι −1)
δ (t1)+

ι −1
N (ι −1)Γ (ι −1)

∫ t1

0
(t1 − z)ι−2

δ (z)dz−a2.

Substitute t1 in t in (3.4), we get

ρ(t+1 ) =
2−δ

N (ι −1)

∫ t1

0
δ (z)dz−d1

ρ
′
(t+1 ) =

2−δ

N (ι −1)
δ (t1)−d2.

Through Impulsive conditions, we obtain

△ ρ(t1) = ρ(t+1 )−ρ(t−1 ) = F1(ρ(t1))

△ ρ
′
(t1) = ρ

′
(t+1 )−ρ

′
(t−1 ) = F̄1(ρ(t1))

i.e.,−d1 =
ι −1

N (ι −1)Γ (ι)

∫ t1

0
(t1 − s)(ι−1)

δ (z)dz−a1 −a2t1 +F1(ρ(t1))

&−d2 =
ι −1

N (ι −1)Γ (ι −1)

∫ t1

0
(t1 − s)(ι−2)

δ (z)dz−a2 + F̄1(ρ(t1))

Substitute d1 & d2 in (3.4), we get

ρ(t) =
2−δ

N (ι −1)

∫ t1

0
δ (z)dz+

ι −1
N (ι −1)Γ (ι)

∫ t

t1
(t − z)ι−1

δ (z)dz

+
ι −1

N (ι −1)Γ (ι)

∫ t1

0
(t1 − z)ι−1

δ (z)dz+
(t − t1)(ι −1)

N (ι −1)Γ (ι −1)

∫ t1

0
(t1 − z)ι−2

δ (z)dz

+F1(ρ(t1))+(t − t1)F̄1(ρ(t1))−a1 −a2t

ρ
′
(t) =

2−δ

N (ι −1)
δ (t1)+

ι −1
N (ι −1)Γ (ι −1)

∫ t

t1
(t − z)ι−2

δ (z)dz

+
ι −1

N (ι −1)Γ (ι −1)

∫ t1

0
(t1 − z)ι−2

δ (z)dz+ F̄1(ρ(t1))−a2.

Similarly for t ∈ (tk,1], one has

ρ(t) = 2−δ

N (ι−1)
∫ tk

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1δ (z)dz+ ι−1

N (ι−1)Γ (ι)

×ιk
j=1

∫ t j
t j−1

(t j − z)ι−1δ (z)dz+ (t−t1)(ι−1)
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)∫ t j
t j−1

(t j − z)ι−2δ (z)dz +Σ k
j=1Fj(ρ(t j))+Σ k

j=1(t − t j)F̄1(ρ(t1))−a1 −a2t,

t ∈ (tk,1], k = 1,2, ...N

ρ
′
(t) = 2−δ

N (ι−1)δ (tk)+ ι−1
N (ι−1)Γ (ι−1)

∫ t
tk
(t − z)ι−2δ (z)dz+ ι−1

N (ι−1)Γ (ι−1)

×Σ k
j=1

∫ t j
t j−1

(t j − z)ι−2δ (z)dz+Σ k
j=1F̄j(ρ(t j))−a2, t ∈ (tk,1], k = 1,2, ...N.


(3.5)
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Using boundary conditions in (3.5), we get

a1 =− 1
p

∫ 1

0
h1(ρ(z))dz−

q(2− ι)

pN (ι −1)

∫ tk

0
δ (z)dz− q(ι −1)

pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

δ (z)dz

− q(ι −1)
pN (ι −1)Γ (ι)

Σ
k
j=1

∫ t j

t j−1

(t j − z)ι−1
δ (z)dz− q(ι −1)

pN (ι −1)Γ (ι −1)

×Σ
k
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
δ (z)dz− q

p
Σ

k
j=1Fj(ρ(t j))−

q
p

Σ
k
j=1(1− t j)F̄j(ρ(t j))

− q
p2

∫ 1

0
h1(ρ(z))dz−

q2(2− ι)

p2N (ι −1)
δ (tk)−

q2(ι −1)
p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

δ (z)dz

− q2(ι −1)
p2N (ι −1)Γ (ι −1)

Σ
k
j=1

∫ t j

t j−1

(t j − z)ι−2
δ (z)dz− q2

p2 Σ
k
j=1F̄j(ρ(t j))

+
q
p2

∫ 1

0
h2(ρ(z))dz

and

a2 =
(2− ι)

N (ι −1)

∫ tk

0
δ (z)dz+

(ι −1)
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

δ (z)dz+
(ι −1)

N (ι −1)Γ (ι)

×Σ
k
j=1

∫ t j

t j−1

(t j − z)ι−1
δ (z)dz+

(ι −1)
N (ι −1)Γ (ι −1)

Σ
k
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
δ (z)dz

+Σ
k
j=1Fj(ρ(t j))+Σ

k
j=1(1− t j)F̄j(ρ(t j))+

1
p

∫ 1

0
h1(ρ(z))dz+

q(2− ι)

pN (ι −1)
δ (tk)

+
q(ι −1)

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

δ (z)dz+
q(ι −1)

pN (ι −1)Γ (ι −1)

×Σ
k
j=1

∫ t j

t j−1

(t j − z)ι−2
δ (z)dz+

q
p

Σ
k
j=1F̄j(ρ(t j))−

1
p

∫ 1

0
h2(ρ(z))dz.

Sub a1 & a2, we get

∴ ρ(t) =



2−ι

N (ι−1)
∫ t

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1δ (z)dz+G∗, t ∈ [0, t1];

2−ι

N (ι−1)
∫ tk

0 δ (z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1δ (z)dz

+ ι−1
N (ι−1)Γ (ι)Σ k

j=1
∫ t j

t j−1(t j − z)ι−1δ (z)dz

+ ι−1
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)
∫ t j

t j−1(t j − z)ι−2δ (z)dz

+Σ k
j=1Fj(ρ(t j))+Σ k

j=1(t − t j)F̄j(ρ(t j))+G∗, t ∈ (tk,1], k = 1, , ...N;

Corollary 1.A result of Lemma, (1.1) has the following solution

I ρ(t) =



2−ι

N (ι−1)
∫ t

0 Φρ dz+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1Φρ dz+G∗, t ∈ [0, t1];

2−ι

N (ι−1)
∫ tk

0 Φρ dz+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1Φρ dz

+ ι−1
N (ι−1)Γ (ι)Σ k

j=1
∫ t j

t j−1(t j − z)ι−1Φρ dz

+ ι−1
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)
∫ t j

t j−1(t j − z)ι−2Φρ dz

+Σ k
j=1Fj(ρ(t j))+Σ k

j=1(t − t j)F̄j(ρ(t j))+G∗, t ∈ (tk,1], k = 1, ...N;
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here

G∗ =
1
p

∫ 1

0
h1(ρ(z))dz+

q(2− ι)

pN (ι −1)

∫ tk

0
Φρ(z)dz+

q(ι −1)
pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

Φρ(z)dz

+
q(ι −1)

pN (ι −1)Γ (ι)
Σ

n
j=1

∫ t j

t j−1

(t j − z)ι−1
Φρ(z)dz+

q(ι −1)
pN (ι −1)Γ (ι −1)

×Σ
n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz+

q
p

Σ
n
j=1Fj(ρ(t j))+

q
p

Σ
n
j=1(1− t j)F̄j(ρ(t j))

+
q
p2

∫ 1

0
h1(ρ(z))dz+

q2(2− ι)

p2N (ι −1)
Φρ(tk)+

q2(ι −1)
p2N (ι −1)Γ (ι −1)∫ 1

tk
(1− z)ι−2

Φρ(z)dz+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ

n
j=1

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz

+
q2

p2 Σ
n
j=1F̄j(ρ(t j))−

q
p2

∫ 1

0
h2(ρ(z))dz

− (2− ι)t
N (ι −1)

∫ tk

0
Φρ(z)dz−

(ι −1)t
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

Φρ(z)dz−
(ι −1)t

N (ι −1)Γ (ι)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−1
Φρ(z)dz−

(ι −1)
N (ι −1)Γ (ι −1)t

Σ
n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz

− tΣ n
j=1Fj(ρ(t j))− tΣ n

j=1(1− t j)F̄j(ρ(t j))−
t
p

∫ 1

0
h1(ρ(z))dz−

q(2− ι)t
pN (ι −1)

Φρ(tk)

− q(ι −1)t
pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

Φρ(z)dz−
q(ι −1)t

pN (ι −1)Γ (ι −1)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz−

qt
p

Σ
n
j=1F̄j(ρ(t j))+

t
p

∫ 1

0
h2(ρ(z))dz.

Assumptions
A1 g : [0,1]×R3 → [0,∞) is continuous, ∀ ρ, ρ̄ ∈ C ([0,∞],R) & Lg > 0,0 < Ng < 1, then

|g(t,ρ(t),ρ(mt),Φρ(t))−g(t, ρ̄(t), ρ̄(mt),Φρ̄(t))| ≤ Lg

(
|ρ(t)− ρ̄(t)|

+ |ρ(mt)− ρ̄(mt)|

+Ng|Φρ(t)−Φρ̄(t)|
)

A2 There exist a constants C1,C2 > 0 such that

|Fk(ρ(tm))−Fk(ρ̄(tm))| ≤C1|ρ(tm)− ρ̄(tm)|
|F̄k(ρ(tm))− F̄k(ρ̄(tm))| ≤C2|ρ(tm)− ρ̄(tm)|

A3 There exists a constants C3,C4 > 0, ρ ∈ R s.t.

|h1(ρ(t))−h1(ρ̄(t))| ≤C3|ρ(t)− ρ̄(t)|
|h2(ρ(t))−h2(ρ̄(t))| ≤C4|ρ(t)− ρ̄(t)|

A4 There exists a constants C5,C6 > 0, ρ ∈ R s.t.

|h1(ρ(t)))| ≤C5

|h2(ρ(t)))| ≤C6

A5 There exists a constants θ1,θ2,θ3 ∈C([0,1],R+) such that

|g(t,ρ(t),ρ(mt), ABC
0 Dι

t ρ(t))| ≤ θ1(t)+θ2(t)(|ρ(t)|+ |ρ(mt)|)
+θ3(t)| ABC

0 Dι
t ρ(t)|, t ∈ [0,1],ρ ∈W
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A6 g,Fk, F̄k be continuous & ∃ a constant B,B∗,M,M∗ > 0 such that

|Fk(ρ(t))| ≤ B∥ρ∥PC +B∗

|F̄k(ρ(t))| ≤ M ∥ρ∥PC +M ∗

Theorem 2. Suppose (A1)-(A6) are met then (1.1) contains at least one solution.

Proof. Step 1: To demonstrate the continuity of I .
i.e., {ρn} ∈ W with ρn → ρ ∈W.

|I ρn(t)−I ρ(t)|= 2− ι

N (ι −1)

∫ tk

0
|Φρ,n(z)−Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι)

∫ t

tk
(t − z)ι−1

×|Φρ,n(z)−Φρ(z)|dz+
ι −1

N (ι −1)Γ (ι)
Σ0<tk<t

∫ tk

tk−1
(tk − z)ι−1

|Φρ,n(z)−Φρ(z)|dz+
ι −1

N (ι −1)Γ (ι −1)

Σ0<tk<t |t − tk|
∫ tk

tk−1
(tk − z)ι−2|Φρ,n(z)−Φρ(z)|dz+

Σ0<tk<t |Fk(ρn(tk))−Fk(ρ(tk))|+Σ0<tk<t |t − tk||F̄k(ρn(tk))− F̄k(ρ(tk))|

+
1
p

∫ 1

0
|h1(ρn(z))−h1(ρ(z))|dz+

q(2− ι)

pN (ι −1)

∫ tk

0
|Φρ,n(z)−Φρ(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|Φρ,n(z)−Φρ(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι)
ι
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ,n(z)−Φρ(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι −1)
Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ,n(z)−Φρ(z)|dz

+
q
p

Σ
N
j=1|Fj(ρn(t j))−Fj(ρ(t j))|+

q
p

Σ
N
j=1(1− t j)|F̄j(ρn(t j))− F̄j(ρ(t j))|

+
q
p2

∫ 1

0
|h1(ρn(z))−h1(ρ(z))|dz+

q2(2− ι)

p2N (ι −1)
|Φρ,n(tk)−Φρ(tk)|

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ,n(z)−Φρ(z)|dz

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ,n(z)−Φρ(z)|dz

+
q2

p2 Σ
N
j=1|F̄j(ρn(t j))− F̄j(ρ(t j))|+

q
p2

∫ 1

0
|h2(ρn(z))−h2(ρ(z))|dz

+
(2− ι)t

N (ι −1)

∫ tk

0
|Φρ,n(z)−Φρ(z)|dz+

(ι −1)t
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

×|Φρ,n(z)−Φρ(z)|dz+
(ι −1)t

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1

|Φρ,n(z)−Φρ(z)|dz+
(ι −1)t

N (ι −1)Γ (ι −1)

Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ,n(z)−Φρ(z)|dz
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+ tΣN
j=1|Fj(ρn(t j))−Fj(ρ(t j))|+ tΣN

j=1(1− t j)|F̄j(ρn(t j))− F̄j(ρ(t j))|

+
t
p

∫ 1

0
|h1(ρn(z))−h1(ρ(z))|dz+

q(2− ι)t
pN (ι −1)

|Φρ,n(tk)−Φρ(tk)|

+
q(ι −1)t

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ,n(z)−Φρ(z)|dz

+
q(ι −1)t

pN (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ,n(z)−Φρ(z)|dz

+
qt
p

Σ
n
j=1|F̄j(ρn(t j))− F̄j(ρ(t j))|+

t
p

∫ 1

0
|h2(ρn(z))−h2(ρ(z))|dz.

where Φρn(t),Φρ(t) ∈W satisfies Φρn(t) = g(t,ρn(t),ρn(mt),Φρn(t)) &
Φρ(t) = g(t,ρ(t),ρ(mt),Φρ(t)). Applying A2, one can obtain

|Φρn(t)−Φρ(t)|= |g(t,ρn(t),ρn(mt),Φρn(t))−g(t,ρ(t),ρ(mt),Φρ(t))|

≤ Lg

(
|ρn(t)−ρ(t)|+ |ρn(mt)−ρ(mt)|+Ng|Φρn(t)−Φρ(t)|

)

i.e., ∥Φρn −Φρ∥ ≤
2Lg

1−Ng
∥ρn −ρ∥PC. As n → ∞,ρn → ρ ⇒ Φρn → Φρ ∃ b > 0 s.t., ∀ t, |Φρ,n(t)| ≤ b & |Φρ(t)| ≤ b.

Then (t − z)ι−1|Φρn(t)−Φρ(t)| ≤ 2b(t − z)ι−1

(t j − z)ι−1|Φρn(t)−Φρ(t)| ≤ 2b(t j − z)ι−1

(t j − z)ι−2|Φρn(t)−Φρ(t)| ≤ 2b(t j − z)ι−2

(1− z)ι−1|Φρn(t)−Φρ(t)| ≤ 2b(1− z)ι−1

(1− z)ι−2|Φρn(t)−Φρ(t)| ≤ 2b(1− z)ι−2

∀ t ∈ [0,1] then z→ 2b(t − z)ι−1,z→ 2b(t j − z)ι−1,z→ 2b(t j − z)ι−2,z→ 2b(1− z)ι−1,z→ 2b(1− z)ι−2 are integrable.
Applying the dominated convergent theorem of Lebesgue, ∥I ρn(t)−I ρ(t)∥→ 0 as t → ∞. i.e., I exhibits continuity.
Step 2: Demonstrate that I exhibits boundedness
Let ∀ ρ ∈ E = {ρ ∈ W } : ∥ρ∥PC ≤ r∗.
To demonstrate ∥I ρ∥W ≤ η .
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For t ∈ (tk,1), we have

|I ρ(t)|= 2− ι

N (ι −1)

∫ tk

0
|Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι)

∫ t

tk
(t − z)ι−1|Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι)

×Σ0<tk<t

∫ tk

tk−1
(tk − z)ι−1|Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι −1)

Σ0<tk<t |t − tk|

×
∫ tk

tk−1
(tk − z)ι−2|Φρ(z)|dz+Σ0<tk<t |Fk(ρ(tk))|+Σ0<tk<t |t − tk||F̄k(ρ(tk))|

+
1
p

∫ 1

0
|h1(ρ(z))|dz+

q(2− ι)

pN (ι −1)

∫ tk

0
|Φρ(z)|dz+

q(ι −1)
pN (ι −1)Γ (ι)∫ 1

tk
(1− z)ι−1|Φρ(z)|dz+

q(ι −1)
pN (ι −1)Γ (ι)

Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι −1)
×Σ

N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz+
q
p

Σ
N
j=1|Fj(ρ(t j))|

+
q
p

Σ
N
j=1(1− t j)|F̄j(ρ(t j))|+

q
p2

∫ 1

0
|h1(ρ(z))|dz+

q2(2− ι)

p2N (ι −1)
|Φρ(tk)|

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ(z)|dz

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz+
q2

p2 Σ
N
j=1|F̄j(ρ(t j))|

+
q
p2

∫ 1

0
|h2(ρ(z))|dz+

(2− ι)t
N (ι −1)

∫ tk

0
|Φρ(z)|dz+

(ι −1)t
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

|Φρ(z)|dz+
(ι −1)t

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ(z)|dz+
(ι −1)t

N (ι −1)Γ (ι −1)

Σ
N
j=1(1− t j)×

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz+ tΣN
j=1|Fj(ρ(t j))|+ tΣN

j=1(1− t j)|F̄j(ρ(t j))|

+
t
p

∫ 1

0
|h1(ρ(z))|dz

+
q(2− ι)t

pN (ι −1)
|Φρ(tk)|+

q(ι −1)t
pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ(z)|dz

+
q(ι −1)t

pN (ι −1)Γ (ι −1)
d ×Σ

N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz

+
qt
p

Σ
n
j=1|F̄j(ρ(t j))|+

t
p

∫ 1

0
|h2(ρ(z))|dz.

By (H6),

|Φρ(t)| ≤ |g(t,ρ(t),ρ(mt),Φρ(t)|
≤ θ1(t)+θ2(t)(|ρ(t)|+ |ρ(mt)|)+θ3(t)|Φρ(t)|.

where θ ∗
1 = maxt∈J |θ1(t)|< 1,θ ∗

2 = maxt∈J |θ2(t)|< 1,θ ∗
3 = maxt∈J |θ3(t)|< 1. Taking maximum,

|Φρ(t)| ≤ θ
∗
1 +2θ

∗
2 r∗+θ

∗
3 |Φρ(t)|

⇒ max
t∈J

|Φρ(t)| ≤
θ ∗

1 +2θ ∗
2 r∗

1−θ ∗
3

:= τ
∗
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then the above inequality becomes

∥I ρ(t)∥ ≤
[ 2− ι

p2N (ι −1)
(2p2 +2pq+q2)+

ι −1
pN (ι −1)Γ (ι +1)

(2p+Np+(1+N)(p+q))

+
ι −1

N (ι −1)Γ (ι)
(p2 +q2(1+N)+ pq(1+2N))

]
τ
∗+

(Br∗+B∗)

p
(p(1+N)+qN)

+
(Mr∗+M∗)

p2 (p2(1+N)+2pqN+q2N)+
C5

p2 (2p+q)+
C6

p2 (p+q) : η

∴ I be bounded.
Step 3: To demonstrate equicontinuity of I .
Assume ω1,ω2 ∈ (tk, tk+1] s. t. ω1 < ω2 & E exhibits boundedness in W as in step 2. Now, for ρ ∈ E , we have

|I ρ(ω2)−I ρ(ω1)|=
2− ι

N (ι −1)

∫
ω1

0
|Φρ(z)|dz+

2− ι

N (ι −1)

∫
ω2

ω1

|Φρ(z)|dz+
ι −1

N (ι −1)Γ (ι)

×
∫

ω1

0
(t − z)ι−1|Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι)

∫
ω2

ω1

(t − z)ι−1|Φρ(z)|dz

+
ι −1

N (ι −1)Γ (ι)
Σ0<tk<ω2−ω1

∫ tk

tk−1
(tk − z)ι−1|Φρ(z)|dz

+
ι −1

N (ι −1)Γ (ι −1)
×Σ0<tk<ω2−ω1 |(ω2 − tk)− (ω1 − tk)|∫ tk

tk−1
(tk − z)ι−2|Φρ(z)|dz+Σ0<tk<ω2−ω1 |Fk(ρ(tk))|

+Σ0<tk<ω2−ω1 |(ω2 − tk)− (ω1 − tk)||F̄k(ρ(tk))|+
(2− ι)(ω2 −ω1)

N (ι −1)∫ tk

0
|Φρ(z)|dz+

(ι −1)(ω2 −ω1)

N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|Φρ(z)|dz

+
(ι −1)(ω2 −ω1)

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ(z)|dz+
(ι −1)(ω2 −ω1)

N (ι −1)Γ (ι −1)

×Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz+(ω2 −ω1)Σ
N
j=1|Fj(ρ(t j))|

+(ω2 −ω1)Σ
N
j=1(1− t j)|F̄j(ρ(t j))|+

(ω2 −ω1)

p

∫ 1

0
|h1(ρ(z))|dz

+
q(2− ι)(ω2 −ω1)

pN (ι −1)
|Φρ(tk)|+

q(ι −1)(ω2 −ω1)

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

|Φρ(z)|dz+
q(ι −1)(ω2 −ω1)

pN (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)|dz

+
q(ω2 −ω1)

p
Σ

n
j=1|F̄j(ρ(t j))|+

(ω2 −ω1)

p

∫ 1

0
|h2(ρ(z))|dz

≤
[ 2− ι

pN (ι −1)
(pω2 +(ω2 −ω1)(p+q))+

ι −1
pN (ι −1)Γ (ι +1)

(2(ω2 −ω1)
ι

+ω
ι
2 −ω

ι
1 +(ω2 −ω1)(2+N))+

(ι −1)(ω2 −ω1)

N (ι −1)Γ (ι)
((1+N)(1+

q
p
))
]
τ
∗

+(1+N)(ω2 −ω1)(Br∗+B∗)+(ω2 −ω1)(Mr∗+M∗)

× (|(ω2 − tk)− (ω1 − tk)|+N(1+
q
p
))+

(ω2 −ω1)

p
(C5 +C6) (3.6)

As ω1 → ω2, the R.H.S of (3.6) tends to 0. Using Arzela-Ascoli theorem, I exhibits complete continuity.
Step 4: A priori estimates: Assume Eσ : {ρ ∈ W : ρ = σI ρ, for 0 < σ < 1}. One must demonstrate that it exhibits
boundedness. Assume ρ ∈ Eτ∗ , so that ρ = τ∗I ρ for some 0 < ρ < 1.
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Thus, as established in step 2, ∀ t ∈ [0,1], one can obtain

∥I ρ∥ ≤ στ∗

N (ι −1)

[2− ι

p2 (2p2 +2pq+q2)+
ι −1

pΓ (ι +1)
(2p+Np+(1+N)(p+q))

+
ι −1
Γ (ι)

(p2 +q2(1+N)+ pq(1+2N))
]
+

(Br∗+B∗)

p
(p(1+N)+qN)

+
(Mr∗+M∗)

p2 (p2(1+N)+2pqN+q2N)+
C5

p2 (2p+q)+
C6

p2 (p+q)

≤ ση < η

∴ Eσ be bounded.
Therefore, it has been demonstrated that I possesses at least one FP, as established by Theorem 1.

Theorem 3.If (A1) & (A3) & the inequality

2Lg

(1+Ng)

( (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

)
+

C1

p
(p(1+N)+qN)

+
C2

p2 (p2(1+N)+2pqN+q2N)+
C3

p2 (2p+q)+
C4

p2 (q+ p)≤ 1, (3.7)

If these conditions are met, then (1.1) possesses a unique solution.

Proof.Let ρ, ρ̄ ∈ W , one can obtain

|I ρ(t)−I ρ̄(t)|= 2− ι

N (ι −1)

∫ tk

0
|Φρ(z)−Φρ̄(z)|dz+

ι −1
N (ι −1)Γ (ι)

∫ t

tk
(t − z)ι−1

|Φρ(z)−Φρ̄(z)|dz

+
ι −1

N (ι −1)Γ (ι)
Σ0<tk<t

∫ tk

tk−1
(tk − z)ι−1|Φρ(z)−Φρ̄(z)|dz

+
ι −1

N (ι −1)Γ (ι −1)
Σ0<tk<t |t − tk|

∫ tk

tk−1
(tk − z)ι−2|Φρ(z)−Φρ̄(z)|dz

+Σ0<tk<t |Fk(ρ(tk))−Fk(ρ̄(tk))|+Σ0<tk<t |t − tk||F̄k(ρ(tk))− F̄k(ρ̄(tk))|

+
1
p

∫ 1

0
|h1(ρ(z))−h1(ρ̄(z))|dz+

q(2− ι)

pN (ι −1)

∫ tk

0
|Φρ(z)−Φρ̄(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|Φρ(z)−Φρ̄(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ(z)−Φρ̄(z)|dz
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+
q(ι −1)

pN (ι −1)Γ (ι −1)
Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)−Φρ̄(z)|dz

+
q
p

Σ
N
j=1|Fj(ρ(t j))−Fj(ρ̄(t j))|+

q
p

Σ
N
j=1(1− t j)|F̄j(ρ(t j))− F̄j(ρ̄(t j))|

+
q
p2

∫ 1

0
|h1(ρ(z))−h1(ρ̄(z))|dz+

q2(2− ι)

p2N (ι −1)
|Φρ,n(tk)−Φρ(tk)|

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ(z)−Φρ̄(z)|dz

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)−Φρ̄(z)|dz

+
q2

p2 Σ
N
j=1|F̄j(ρ(t j))− F̄j(ρ̄(t j))|+

q
p2

∫ 1

0
|h2(ρ(z))−h2(ρ̄(z))|dz

+
(2− ι)t

N (ι −1)

∫ tk

0
|Φρ(z)−Φρ̄(z)|dz+

(ι −1)t
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|Φρ(z)−Φρ̄(z)|dz

+
(ι −1)t

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φρ(z)−Φρ̄(z)|dz

+
(ι −1)t

N (ι −1)Γ (ι −1)
Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)−Φρ̄(z)|dz

+ tΣN
j=1|Fj(ρ(t j))−Fj(ρ̄(t j))|+ tΣN

j=1(1− t j)|F̄j(ρ(t j))− F̄j(ρ̄(t j))|

+
t
p

∫ 1

0
|h1(ρ(z))−h1(ρ̄(z))|dz+

q(2− ι)t
pN (ι −1)

|Φρ(tk)−Φρ̄(tk)|

+
q(ι −1)t

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φρ(z)−Φρ̄(z)|dz

+
q(ι −1)t

pN (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φρ(z)−Φρ̄(z)|dz

+
qt
p

Σ
n
j=1|F̄j(ρ(t j))− F̄j(ρ̄(t j))|+

t
p

∫ 1

0
|h2(ρ(z))−h2(ρ̄(z))|dz.

Consider

Φρ(t) = g(t,ρ(t),ρ(mt),Φρ(t)),Φρ̄(t) = g(t, ρ̄(t), ρ̄(mt),Φρ̄(t)).

Employing A2, one can obtain

|Φρ(t)−Φρ̄(t)|= |g(t,ρ(t),ρ(mt),Φρ(t))−g(t, ρ̄(t), ρ̄(mt),Φρ̄(t))|

≤ Lg

(
|ρ(t)− ρ̄(t)|+ |ρ(mt)− ρ̄(mt)|+Ng|Φρ(t)−Φρ̄(t)|

)
∥Φρ −Φρ̄∥PC ≤

2Lg

1−Ng
∥ρ − ρ̄∥PC.
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From above inequality, we get

∥I ρ(t)−I ρ̄(t)∥PC ≤
[ 2Lg

(1+Ng)

( (2− ι)(2p2 +2pq+q2)

p2N (ι −1)

+
(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

)
+

C1

p
(p(1+N)+qN)

+
C2

p2 (p2(1+N)+2pqN+q2N)+
C3

p2 (2p+q)

+
C4

p2 (q+ p)
]
∥ρ − ρ̄∥PC

∥I ρ(t)−I ρ̄(t)∥PC ≤ K∥ρ − ρ̄∥PC

K =
2Lg

(1+Ng)

( (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

)
+

C1

p
(p(1+N)+qN)

+
C2

p2 (p2(1+N)+2pqN+q2N)+
C3

p2 (2p+q)+
C4

p2 (q+ p)< 1.

I is contraction.
∴ According to Banach’s FPT, the solution to (1.1) is unique. This concludes proof.

4 Stability

Theorem 4.If (A1) & (A3) & the inequality (3.7) holds, Thus, (1.1) exhibits UH stability.

Proof.Suppose χ ∈W be the solution of inequality (6) in [6] & ρ be a solution (1.1) i.e., unique. So that applying Remark
1 in [6], for t ∈ [0,1], t ̸= tk,k = 1, , ...N, one can obtain

( ABC
0 Dι

t )χ(t) = g(t,χ(t),χ(mt), ABC
0 Dι

t χ(t))+ y(t), t ∈ [0,1], 0 < m < 1, t ̸= tk

pχ(0)+qχ
′
(0) =

∫ 1
0 h1(χ(z))dz, pχ(1)+qχ

′
(1) =

∫ 1
0 h2(χ(z))dz, 1 < ι ≤ 2

△χ(tk) = Fk(χ(tk)), △χ
′
(tk) = F̄k(χ(tk)), k = 1, , ...N

 (4.1)

& the soln is

χ(t) =



2−ι

N (ι−1)
∫ t

0 Φχ dz+ 2−ι

N (ι−1)
∫ t

0 y(z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1Φχ dz

+ ι−1
N (ι−1)Γ (ι)

∫ t
0(t − z)ι−1y(z)dz+ Ḡ, t ∈ [0, t1];

2−ι

N (ι−1)
∫ tk

0 Φχ dz+ 2−ι

N (ι−1)
∫ tk

0 y(z)dz+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1Φχ dz

+ ι−1
N (ι−1)Γ (ι)

∫ t
tk
(t − z)ι−1y(z)dz

+ ι−1
N (ι−1)Γ (ι)Σ k

j=1
∫ t j

t j−1(t j − z)ι−1Φχ dz

+ ι−1
N (ι−1)Γ (ι)Σ k

j=1
∫ t j

t j−1(t j − z)ι−1y(z)dz

+ ι−1
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)
∫ t j

t j−1(t j − z)ι−2Φχ dz

+ ι−1
N (ι−1)Γ (ι−1)Σ k

j=1(t − t j)
∫ t j

t j−1(t j − z)ι−2y(z)dz

+Σ k
j=1Fj(χ(t j))+Σ k

j=1y j +Σ k
j=1(t − t j)F̄j(χ(t j))

+Σ k
j=1(t − t j)y j + Ḡ, t ∈ (tk,1], k = 1, , ...N;
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here

Ḡ=
1
p

∫ 1

0
h1(ρ(z))dz+

q(2− ι)

pN (ι −1)

∫ tk

0
Φρ(z)dz+

q(2− ι)

pN (ι −1)

∫ tk

0
y(z)dz

+
q(ι −1)

pN (ι −1)Γ (ι)
×

∫ 1

tk
(1− z)ι−1

Φρ(z)dz

+
q(ι −1)

pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1y(z)dz+

q(ι −1)
pN (ι −1)Γ (ι)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−1
Φρ(z)dz+

q(ι −1)
pN (ι −1)Γ (ι)

Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−1y(z)dz

+
q(ι −1)

pN (ι −1)Γ (ι −1)
Σ

n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz+

q(ι −1)
pN (ι −1)Γ (ι −1)

×Σ
n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2y(z)dz+
q
p

Σ
n
j=1Fj(ρ(t j))+

q
p

Σ
n
j=1y j +

q
p

Σ
n
j=1(1− t j)

F̄j(ρ(t j))+
q
p

Σ
n
j=1(1− t j)y j +

q
p2

∫ 1

0
h1(ρ(z))dz+

q2(2− ι)

p2N (ι −1)
Φρ(tk)

+
q2(2− ι)

p2N (ι −1)
y(tk)+

q2(ι −1)
p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

Φρ(z)dz

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2y(z)dz+

q2(ι −1)
p2N (ι −1)Γ (ι −1)

Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz+

q2(ι −1)
p2N (ι −1)Γ (ι −1)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−2y(z)dz+
q2

p2 Σ
n
j=1F̄j(ρ(t j))+

q2

p2 Σ
n
j=1y j −

q
p2

∫ 1

0
h2(ρ(z))dz

− (2− ι)t
N (ι −1)

∫ tk

0
Φρ(z)dz−

(2− ι)t
N (ι −1)

∫ tk

0
y(z)dz− (ι −1)t

N (ι −1)Γ (ι)

×
∫ 1

tk
(1− z)ι−1

Φρ(z)dz−
(ι −1)t

N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1y(z)dz− (ι −1)t

N (ι −1)Γ (ι)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−1
Φρ(z)dz−

(ι −1)t
N (ι −1)Γ (ι)

Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−1y(z)dz

− (ι −1)t
N (ι −1)Γ (ι −1)

Σ
n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz−

(ι −1)t
N (ι −1)Γ (ι −1)

×Σ
n
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2y(z)dz− tΣ n
j=1Fj(ρ(t j))− tΣ n

j=1y j

− tΣ n
j=1(1− t j)F̄j(ρ(t j))− tΣ n

j=1(1− t j)y j −
t
p

∫ 1

0
h1(ρ(z))dz−

q(2− ι)t
pN (ι −1)

Φρ(tk)

− q(2− ι)t
pN (ι −1)

y(tk)−
q(ι −1)t

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

Φρ(z)dz

− q(ι −1)t
pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2y(z)dz− q(ι −1)t

pN (ι −1)Γ (ι −1)

Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−2
Φρ(z)dz−

q(ι −1)t
pN (ι −1)Γ (ι −1)

×Σ
n
j=1

∫ t j

t j−1

(t j − z)ι−2y(z)dz

− qt
p

Σ
n
j=1F̄j(ρ(t j))−

qt
p

Σ
n
j=1y j(ρ(t j))+

t
p

∫ 1

0
h2(ρ(z))dz.
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Then

|χ(t)−ρ(t)|= 2− ι

N (ι −1)

∫ tk

0
|Φχ(z)−Φρ(z)|dz+

ι −1
N (ι −1)Γ (ι)

∫ t

tk
(t − z)ι−1

×|Φχ(z)−Φρ(z)|dz+
ι −1

N (ι −1)Γ (ι)
Σ0<tk<t

∫ tk

tk−1
(tk − z)ι−1

|Φχ(z)−Φρ(z)|dz+
ι −1

N (ι −1)Γ (ι −1)
Σ0<tk<t |t − tk|∫ tk

tk−1
(tk − z)ι−2|Φχ(z)−Φρ(z)|dz+Σ0<tk<t |Fk(χ(tk))−Fk(ρ(tk))|

+Σ0<tk<t |t − tk||F̄k(χ(tk))− F̄k(ρ(tk))|+
1
p

∫ 1

0
|h1(χ(z))−h1(ρ(z))|dz

+
q(2− ι)

pN (ι −1)

∫ tk

0
|Φχ(z)−Φρ(z)|dz+

q(ι −1)
pN (ι −1)Γ (ι)∫ 1

tk
(1− z)ι−1|Φχ(z)−Φρ(z)|dz+

q(ι −1)
pN (ι −1)Γ (ι)

Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1

|Φχ(z)−Φρ(z)|dz+
q(ι −1)

pN (ι −1)Γ (ι −1)
×Σ

N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2

|Φχ(z)−Φρ(z)|dz+
q
p

Σ
N
j=1|Fj(χ(t j))−Fj(ρ(t j))|

+
q
p

Σ
N
j=1(1− t j)|F̄j(χ(t j))− F̄j(ρ(t j))|+

q
p2

∫ 1

0
|h1(χ(z))−h1(ρ(z))|dz

+
q2(2− ι)

p2N (ι −1)
|Φχ(tk)−Φρ(tk)|+

q2(ι −1)
p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2

×|Φχ(z)−Φρ(z)|dz+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2

×|Φχ(z)−Φρ(z)|dz+
q2

p2 Σ
N
j=1|F̄j(χ(t j))− F̄j(ρ(t j))|

+
q
p2

∫ 1

0
|h2(χ(z))−h2(ρ(z))|dz

+
(2− ι)t

N (ι −1)

∫ tk

0
|Φχ(z)−Φρ(z)|dz+

(ι −1)t
N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1

×|Φχ(z)−Φρ(z)|dz+
(ι −1)t

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|Φχ(z)−Φρ(z)|dz

+
(ι −1)t

N (ι −1)Γ (ι −1)
Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|Φχ(z)−Φρ(z)|dz

+ tΣN
j=1|Fj(χ(t j))−Fj(ρ(t j))|+ tΣN

j=1(1− t j)|F̄j(χ(t j))− F̄j(ρ(t j))|

+
t
p

∫ 1

0
|h1(χ(z))−h1(ρ(z))|dz+

q(2− ι)t
pN (ι −1)

|Φχ(tk)−Φρ(tk)|

+
q(ι −1)t

pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|Φχ(z)−Φρ(z)|dz

+
q(ι −1)t

pN (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|Φχ(z)−Φρ(z)|dz

+
qt
p

Σ
n
j=1|F̄j(χ(t j))− F̄j(ρ(t j))|+

t
p

∫ 1

0
|h2(χ(z))−h2(ρ(z))|dz
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+
2− ι

N (ι −1)

∫ tk

0
|y(z)|dz+ ι −1

N (ι −1)Γ (ι)

∫ t

tk
(t − z)ι−1|y(z)|dz

+
ι −1

N (ι −1)Γ (ι)
Σ0<tk<t

∫ tk

tk−1
(tk − z)ι−1|y(z)|dz+ ι −1

N (ι −1)Γ (ι −1)

×Σ0<tk<t |t − tk|
∫ tk

tk−1
(tk − z)ι−2|y(z)|dz+Σ0<tk<t |y(tk)|+Σ0<tk<t |t − tk||y(tk)|

+
q(2− ι)

pN (ι −1)

∫ tk

0
|y(z)|dz+ q(ι −1)

pN (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|y(z)|dz

+
q(ι −1)

pN (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|y(z)|dz+ q(ι −1)
pN (ι −1)Γ (ι −1)

Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|y(z)|dz+ q
p

Σ
N
j=1|y j|+

q
p

Σ
N
j=1(1− t j)|y j|

+
q2(2− ι)

p2N (ι −1)
|y(tk)|+

q2(ι −1)
p2N (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|y(z)|dz

+
q2(ι −1)

p2N (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|y(z)|dz+ q2

p2 Σ
N
j=1|y j|

+
(2− ι)t

N (ι −1)

∫ tk

0
|y(z)|dz+ (ι −1)t

N (ι −1)Γ (ι)

∫ 1

tk
(1− z)ι−1|y(z)|dz

+
(ι −1)t

N (ι −1)Γ (ι)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−1|y(z)|dz+ (ι −1)t
N (ι −1)Γ (ι −1)

×Σ
N
j=1(1− t j)

∫ t j

t j−1

(t j − z)ι−2|y(z)|dz+ tΣN
j=1|y j|+ tΣN

j=1(1− t j)|y j|

+
q(2− ι)t

pN (ι −1)
|y(tk)|+

q(ι −1)t
pN (ι −1)Γ (ι −1)

∫ 1

tk
(1− z)ι−2|y(z)|dz

+
q(ι −1)t

pN (ι −1)Γ (ι −1)
Σ
N
j=1

∫ t j

t j−1

(t j − z)ι−2|y(z)|dz+ qt
p

Σ
n
j=1|y j|.

∥χ(t)−ρ(t)∥ ≤
[ 2Lg

(1+Ng)

( (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

)
+

C1

p
(p(1+N)+qN)

+
C2

p2 (p2(1+N)+2pqN+q2N)+
C3

p2 (2p+q)+
C4

p2 (q+ p)
]
∥χ −ρ∥PC

+
[ (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

+
1
p2 (2p2(1+N)+3pqN+q2N)

]
ε

⇒∥χ −ρ∥PC ≤Cgε

Cg =
1

1−K

[ (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

+
1
p2 (2p2(1+N)+3pqN+q2N)

]
∴ (1.1) is UH stable.
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Corollary 2. Suppose in Theorem 4, define x(ε) =Cg(ε) s. t. x(0) = 0, so that (1.1) represents generalized UH stable.

A7Consider, x be a non decreasing fn belonging to C(I < R),∃ µx > 0,ε > 0 s.t.,

0Iι
t x(t)≤ µxx(t)

Theorem 5. If (A1) & (A3), (A7) & the inequality (3.7) holds, then (1.1) is UHR stability pertaining to (τ,x).

Proof.Suppose χ ∈ W is a soln of (6) in [6], ρ be a unique solution (1.1) by theorem 4, & Remark 3 in [6] we get the
results

∥χ(t)−ρ(t)∥ ≤
[ 2Lg

(1+Ng)

( (2− ι)(2p2 +2pq+q2)

p2N (ι −1)
+

(ι −1)(2p+q(1+N)+ p(1+2N))

pN (ι −1)Γ (ι +1)

+
(ι −1)(p(p+qN)+q2(1+N)+ pq(1+N))

p2N (ι −1)Γ (ι)

)
+

C1

p
(p(1+N)+qN)

+
C2

p2 (p2(1+N)+2pqN+q2N)+
C3

p2 (2p+q)+
C4

p2 (q+ p)
]
∥χ −ρ∥PC

+ x(t)µxε

[2(2− ι)(p+q)
pN (ι −1)

+
(ι −1)(3+N)

N (ι −1)Γ (ι +1)

+
(ι −1)(p2(1+ q

p )(1+N)+q2(1+N)+2pqN)

p2N (ι −1)Γ (ι)

]
+ τε

[ 1
p2 (2p2(1+N)+3pqN+q2N+

q2(2− ι)

N (ι)
)
]

∥χ −ρ∥ ≤

(
x(t)µx

[
2(2−ι)(p+q)

pN (ι−1) + (ι−1)(3+N)
N (ι−1)Γ (ι+1) +

(ι−1)(p2(1+ q
p )(1+N)+q2(1+N)+2pqN)

p2N (ι−1)Γ (ι)

]
(1−K)

+
τ

[
1
p2 (2p2(1+N)+3pqN+q2N+ q2(2−ι)

N (ι) )
])

ε

(1−K)

where K < 1. ∴ (1.1) is UHR stable.

Conclusion

Our research delves into existence, uniqueness, and stability of fractional impulsive differential equations through the
Atangana-Baleanu derivative, by leveraging the application of Schafer’s and the Banach fixed-point theorem. Also, the
stability results are thoroughly analyzed, with integral boundary conditions and mixed delays enriching the depth and
rigor of the investigation.
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