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Abstract: This paper presents a systematic approach to investigating the existence, uniqueness, and stability of fractional impulsive
differential equations through the Atangana-Baleanu derivative, facilitating the application of Schafer’s fixed-point theorem and the
Banach fixed-point theorem. Also, the stability results are thoroughly analyzed, with integral boundary conditions and mixed delays
enriching the depth and rigor of the investigation.
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1 Introduction

Fractional calculus provides a broader mathematical framework that combines differential & integral operations,
extending the conventional scope of calculus [1,2,3]. The idea of fractional derivatives originated concurrently with the
evolution of classical derivative concepts. In 1695, the idea of fractional order was proposed initially by Hospital &
Leibniz, which gradually attracted the attention of researchers. This type of fractional derivative has captured the interest
of prominent mathematicians such as Liouville, Riemann, Euler, Griinwald, Laplace, Letnikov, among others. The field
of fractional calculus, which has its roots in the 19th century, encompasses the study of fractional differential equations
(FDEs), as well as fractional dynamics & geometry. Applications of fractional studies span numerous fields, such as
bioengineering, mechanical & electrical engineering, control systems, robotics, statistical physics, chemistry, optics,
acoustics, as well as areas like viscoelasticity & rheology, among others[4,5,6]. Fractional-order models offer enhanced
accuracy compared to traditional integer-order models, providing deeper insights into complex dynamics. In pursuit of
refining these models, many researchers have introduced diverse formulations of fractional derivatives, notably including
the ABC (Atangana-Baleanu Caputo) derivative, which has become a focal point in advancing the study of fractional
calculus [7].

In numerous real-world applications, we encounter systems that are subjected to brief disturbances,referred to as impulsive
conditions, where the duration of which is often negligible compared to the overall time scale of the process. Such
impulsive effects can result in the occurrence of jump discontinuities in the solutions of the corresponding equations
at specific moments in time. This phenomenon highlights the sensitivity of dynamic systems to transient influences,
emphasizing the importance of understanding the effects of even minor disruptions on system behavior[8]. Kamran et
al. [9] studied the Bagley-Torvik equation by applying the Laplace transform, utilizing the ABC derivative as part of
their analysis. Partohaghighi et al. [10] propose an advection-dispersion model utilizing ABC derivative & Chebyshev
polynomials to address transport of pollutants in a non-integer framework. Numerous researchers have delved into the
AB-fractional derivative, exploring its applications and impact across a wide range of analytical frameworks, such as
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existence proofs [11,12,13, 14], stability studies [15,16], & model development [17,18].
Building on the findings of [19], we explore the initial boundary problem (IBP) for impulsive fractional differential
equations (FDEs) within the ABC framework, incorporating mixed delays in the specified form,

(85DNp(1) = glt.p(t).p(mt), £ECDp(1))), 1 # 15, 1 €[0,1], 0<m < 1,
pp(0)+gp (0) = Jy hi(p(3))d3, pp(1)+ap (1) = fy ha(p(3))d3, 1 <1 <2 (1.1)
Ap(tk) :Fk( (tk))’ Ap (tk) :Fk(p(tk))’ k= lvv"'m

here 4B¢D} be ABC fractional derivative, g : [0, 1] x R — R is a nonlinear fn & the fns /1, ks : R — R where each of them
exhibits continuity, p > 0,g > 0 specifies the real constants.

In the 2™ section, we presented key results, definitions, & theorems. 3" gection focused on hypotheses, lemmas, &
analytical findings related to the fractional differential equations exhibiting impulsive condition characterized by integral
boundary conditions & mixed delays, utilizing FPT. Stability analysis of the problem is examined in 4 section.

2 Facts

Definition 1./19] Suppose u € H' (a,b),b > a, so that the derivative of ABC is represented in the following form [7]:

D ~ S
Do) = T [ @l G a5 e o) @

here E(J) denotes the Mittag-Leffler function & .47 (0) = .4#'(1) = 1 represents a fn being normalized.
Associate AB integral is

F150)(0) = gD+ — 5 (1) (o)

The derivatives of R-L, R-L. AB, Caputo & ABC are discussed in [1,11,12,13].
Proposition 1./20,21] Let 0 < § < 1, so that

D)) = u(0) - u0) (Es(20°) ~ 25551 (309))
=u(D) —u(0).

Theorem 1.(Schaefer’s FPT) [22] To demonstrate that © : W — W has at least one FP within a closed, bounded, &
convex subset W of a Banach space, we note that if © is compact, then there exists at least one point x € # s.t. D (x) = x.

3 Main results

Lemma 1.Ler 1 € (1,2], 6 : [0, 1] — R exhibits continuity, then p € W serves as a soln to the subsequent problem:

(4B€DH)p (1) =68(),t€[0,1,0<m<1,t#1
pp(0)+qp (0) = Jo hi(p(3))dz, pp(1)+qp (1) = fy ha(p(3))d3, 1 <1 <2 3.1)
Ap(ty) = Fi(p(t), 20 (1) = Fe(p(t)), k=1,,..0

The soln of (3.1) is

Fen 06)s + i fot —a)* 300 +87, v € 0.1
1 Jo 5(3>da+ﬂ B St —3)' 1 8(3)ds
P(1) = + ot 1fz71(f/—3)l 18(3)d; (3.2)
+Wl<) (t=1)) [ (1= 5)" 728 (3)ds
+ZE Fi(p(1; >>+2" (=) (P () + 67, 1 € (t,1], k=1,,..9
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ProofLett € |0,t1], p be a solution of (1.1) & ay,a, € %, we get

Pt) = 225 [ 8(3)ds+ i Jalt—3)' ' 8(3)d3 —ar — aut .
50):Tﬁ%ﬂ&)+7WT‘TTk0*)l%(ﬂﬁﬂz '

Fort € (t1,5]

Pt) = 722 Jo 833+ ity Jn (1 —3) ' 8(3)ds —dy — dz(t_tl)} (3.4)

p'(1) = Pt D+ o I (0 —3) 28(3)ds — da.
Substitute 71 in ¢ in (3.3), we get

P@>:j%fntk” A (- ><wf%vwl%m%—m—w]

Ty 2—08 l—] tl l 2

Substitute 71 in ¢ in (3.4), we get

plf) = 1_1/6 )d3 —d,
/ 2-96
+ __ = = _
tl)_,/V(l—l)a(t]) d>.

Through Impulsive conditions, we obtain
Ap(n)=p)—pl)=Flp(n))

A0 )= ()= () = Frlp(a)
— /1/(11—;1])1“(1)/01(“ —5)V8(3)d3 — a1 —aaty + Fi(p(11))

A (1 —ll_)ll(l —1) /0" (h—9)""28(3)d3 —ar+ Fi(p(n))

i.e., —dl

& —dy =

Substitute d; & d5 in (3.4), we get

1_1/5 3+ l_m()[«qw%m%
+M/(: (t13)1‘15(5)d5+€/1/(z 1))%(_11_)1)/0”01z)"25(z)d3
+F(p(t))+(t—n)F(p()) — a1 —at

P 0= 00+ i /. 98

+ 70 _ll—)ll(l — /Ot1 (t1 —3)"28()dz +Fi(p(n)) — as.

Similarly for ¢ € (#, 1], one has
p) = 8 83+ S S ) 8(6)ds + S
xglglw—nIW<wyh%%%%ijﬁ (=1
F (=328 G)ds  +EX Fi(p (1) + X, (t—1) R (p () —ar — o,
te€ (t, 1], k=1,2,.0
P =258+ it (= 3) 28(G)ds + it
xZi ]ft] (tj=3) 28 (3)d3 + Zi_ Fi(p (1)) —az,t € (1, 1], k=1,2,..90.

(3.5)
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Using boundary conditions in (3.5), we get

(1—1) tj — (1—1)
_pJV(l—l)F l)2f=1~/tjl(tj_3) 16(5)d3_ (l—l) ( )
< (1) [ ' (=328 )dz,—fzjle,(pm))—12§:1<1—rj>F,<p<r,»>>
(2—1) 61 (l— 1) ! "
_ tj 2 _
e f‘l)r”(l_ 1)25-;1 / 4(@—3)“26(3)@— L \F(p()
1
4 [ halp)ds
and
-1 ! - (-1
1—1 / S )F(l)/[k(l_é) 86+
+ I Fi(p(t) + -, (1 p(tj)+ - / hi(p(3))d3 + (/‘(/2(1__1)1)5(1‘/()
gt—1) q(1—1)

-G =) /,k (=0 86)ds+ e r )
sty [7 906+ LT o)~ [ o)
J:It j—3 3)a3 p]:l,/pj pOZPZ) 3

Jj—1

Sub a; & a;, we get

%f 6(3)ds + )r fo( 3)'16(3)d;+ 6%, 1 €[0,11];
iy Jo ()d3+ﬂ B Ji (1 —3)' 7" 8(3)ds
sp(n) = +ﬁ - 1f,-_1(t; )’ '8(3)d3
+W (@ fJ).f,;jfl(fj—z)l*25(z)d3
+ZE Fip(t ))+2k [t —t)Ei(p(t) + &%, 1 € (1, 1], k=1,,..9%

Corollary 1.A result of Lemma, (1.1) has the following solution

fo¢pd3+wl 1 fo( 3) T Ppd3+ &%, 1€ [0,1];
fo ¢Pd5+</m DI ftk( 3) Dpd;
Ip(t) = +W = ljz—l(tj 3)' ! Ppd;
+W N tf)fzjfl(’j_ﬁ)lfz‘ppdé
+ZE Fi(p(t ))+2’< (=) Fi(p(t) + &%, 1 € (g, 1], k=1,..9%
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here
L1t q2—1) [ g(t—1) ! -
(2 =k hl(P(é))déme A ‘Pp(é)dz’:*m/tk (1-3)"" Dy (3)d3
q(l B 1) n i 1— Q(l — 1)
AT R AR e ey ey
<) [ (G5 26+ LEL R () + L5 (1) F(p()
1 Jj—1 2 -
2 [plads + A s )+ A
1 _ i
[a- e LU )(l_l)z;m [ e
+ 221 lF /h2
(2—l)t (1—1)t ! — (1—1)t
_JV(lfl)./o qj”(”d"’_wuq)r(z)/,k(l_?’) ldsp(@)dﬁ_waq)r(l)
3 [_:"]<rj—z>’—1d>p<a>da— M_“l)}l()l_l)t a0 [ 69 e
—(E1 Fy(p (1)) — 1 Z (1 - w/hl ))ds - jﬂ:j)j)(pp(zk)
q(1—1) - gt—1)
T —1)T (1—1)/(1’3) z‘pp(f’)d"”pml—l)r(l_l)
1
< [ =0 0= SR e )+ [ ha(p)ds
Assumptions

Ay g:[0,1] x #* — [0,00) is continuous, V p,p € €([0,], %) & £, > 0,0 < A, < 1, then
|g(t,p(2),p(mt), Pp(2)) —8(1,p(2),p(mt), Dps(1))| SLg(|P(f)—ﬁ(f)|
+p(mt) —p(mt)]
+ Nel@p (1) — By (1))

A, There exist a constants Cy,C, > 0 such that

A3z There exists a constants C3,C4 >0, p € R s.t.

[ (p(2)) = (p(1))| < Cslp(t) —p(2)]
[ha(p (1)) = ha (P (1)) < Calp(t) = p(2)]

A4 There exists a constants Cs5,Cg > 0, p € R s.t.

As There exists a constants 6,6, 603 € C([0,1],R") such that

8(t.p(1).p(mr), 5" Dip ()| < 61(1) + 62(1) (Ip (1)| + | (mr)])
+65(1) 4" Dip(1)],r € [0,1],p €2
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A¢ g,Fy, F; be continuous & 3 a constant B, B*, M, M* > 0 such that

[Fi(p (1) < Zllpll 7w +
Fi(p ()| < A\pll7s +.2

Theorem 2. Suppose (A1)-(Ag) are met then (1.1) contains at least one solution.

Proof.  Step 1: To demonstrate the continuity of ..
ie., {pn} € # with p, — p € 20.

2—1 T 1—

|an(f)—jP(f)‘:m b q’p,n(ﬁ)_‘pp(éﬂdﬁ‘f‘m/tkt(t_ﬁ)l_l

—1 tk 1—1
X |q’p.n(3) ®p(5)|d3+mxo<tk<t/t;rl(tk 3)

1—1
N a—DC(—1)

e
o<t <t _tk|/t 1(tk —3)" 2| Dp.a(3) — Pp(3)ld3+
-
Zo<ye<t|Fi(Pn(t)) — Fi(p ()| + Zo<y<e |t — il [Fi(pn () — Fi(p (1))

I - i
1 [ on(6) =P a5+ L2 [ (005) - 250l

|Pp n(3) — Pp(3)|ds +

A (1—1)
+ Im /,kl (1=3)""" [ Pp.n(3) — Pp (5)ld3
ml}il /,[j, (1 =3)""" | o n(3) — Do (5)ld5

PPN (1—1)
2(1 — 1
Sy e AL SO R
b D [ ) - @0l
PN (=D —1) =", 79 p.n(3) = Pp3)ld3

2 [ @pale) — @plds + o [
(1—1)t
N (1—1) (1) 777!

|Dp.n(3) — Pp(3)ld3 + VAT (_l 1_)11“)(tl —1)

=) [ =921 (5) = D)l

X [ Dpn(3) — Pp(3)|ds +
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+1Z|Fj(Palt))) = Fi(p ()| + 122 (1= 1)) Fj(pu(1}) — Fi(p (1))

L [ on) ~ o o) ids + 12 00 - @y(0)
q(1—1)t -

+p</V(lfl)F( 1),/,,( (1=3)' 7P n(5) = By 5)lds
q(t—1) m o [Y

p N (11— —1)77=! (tj=3)" 21 Pp.n(3) — Pp(5)lds

L5 B on6) ~ P14 & [ ha(puts) —ha(p ).
P Jo

where @, (1), Py (1) € W satisfies Py, (1) = g(t, Pn(t), pu(mt), Pp, (1)) &
D, (1) =g(t,p(r),p(mt), Py (t)). Applying Az, one can obtain

B, (1) = B (1)) = [(t, (1), pulmr), Bp, (1)) — g(t,p(1),p (1), B (1)
< Ly (Ipalr) = ()| + |pa(mr) = p () |+ Nyl D, (1) — By (1))

ie., || Pp, — Ppll < =47 ||p,, pllpc. Asn—o0,pp = p = Py, — Py Ib>0s.t, V1, |Pp (1) <b & |Dp(r)] <.

Then (1 —3)" "' |®p, (1) — By (t)| < 2b(t —3)" "
(t;—3)""" [Bp, (1) — Bp (1)] < 2b(t; —3)""
(t;—3)" | Pp, (1) — B (1) < 2b(1j—3)" >
(1=5)"""|Bp, (1) = Bp (1) < 2b(1 —5)" "
(1=3)" 2| Pp, (1) — Dy (1) < 2b(1—3)'

Vit e [0,1] then s — 2b(t —3)" 1,5 — 2b(tj—3) 15— 2b(t; —3) 2,5 — 2b(1 —3)' 1,5 — 2b(1 — 3)' 2 are integrable.
Applying the dominated convergent theorem of Lebesgue, || p,(t) — Zp(¢)|| — 0 ast — oo. i.e., # exhibits continuity.
Step 2: Demonstrate that .# exhibits boundedness

LetVpe&={pe#}:|plpc<r.

To demonstrate ||.Zp|loy < 7.
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Fort € (#,1), we have

1— 1—1

700 = s 190+ iy [ 9 00+
1—1

nlk
x X, tn—3)" Do (3)|d by r—t
0<tk<t./tk71(k 3 p(3)| 3‘5‘(/1/(171)1—,071) 0<tk<t‘ i

/ (tx = 3)" 1Py (3)|d3 + Zo<r<a | Fe(p (1)) | + Zo<tt |t — el 1 Fic(p (1)

0 [Timponias + 23U [yl + L

/(13)l—1|¢p(5)|d3+m2;ft1 ’ (ti—3)" | Dp(3)|d3

pﬂ(lill_)lil—l) xR (11— fj)/,,tjl( =3P, (3)|d5+g2121|Ff(p(tf))|
2
+%2}£( DIE ()| + =5 /Im da+J1(/2()>|¢p(fk)|

q*(1—1) .
+p2JV(l—1)F(z—1)/(1 3)' 1P (3)ds

2 . 5
q (l — l) m tJ o 1—2 qf N ~ -
2'/1/(1 —1 F(l )2 . l(tj 3) |¢P(3)‘d5+ pzzjzl |F](p([]))|

Tk _ 1
+ 4 [ alp s+~ [ ep(oids + B [y

-1 't -1
Ji/((lll))lt“(l)zjgll. - (17 =3)""" | Dp (5)ld5 + VAR (,l 1)F)(tl —1)

J

£ (1-17) x / (=9 2@ lds-+ 1 [F(p (1) |+ (1 =17 F o 07)

Jj—1

+— / |h1(p(3))ld3

_ 1
+quV2( s ! P(tk)|+pﬂ(lq(_ll)11—)(tl_l)/tk(1—3)“2|¢p(5)ld5

+

P (3)|d3 +

P (1 (_l 1_)11“)(1 . 1)d x L, /ttjl(tj —3)' | Dp(5)ld3

L1 F o))+ [ (o).

By (Hs),

[Pp ()] < lg(t,p(2),p(mt), Pp (1))
< 61(1) + 62(1) (P (1)[ + | (me)]) + 63 () [ Pp (1))

where 6] = max;c; |0 (¢)| < 1,0, = max,c;|6:(r)| < 1,05 = max,es|63(r)| < 1. Taking maximum,

|Dp ()] < 67 +26, 1" + 65| Dy (1)
0; +26;"
— =

D, (1) <
= max|Pp (0l < =7 s
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then the above inequality becomes

[-Zp()]| < %(@uzpqwzwpj(li;);(l+1)(2p+mp+(1+m)(p+q))
+Jml:ll)r(l)(p2+q2(l+m)+pq(l+2‘ﬁ))]f*+W(p(um)wm)
MW;Mﬂ@m+mﬂﬂmm+fmﬂiﬁ@+@+$@+@:n
.. . be bounded.

Step 3: To demonstrate equicontinuity of .#.

Assume @y, @ € (fy,trv1] s. t. @ < @ & & exhibits boundedness in 2 as in step 2. Now, for p € &, we have
o) - o) = [T @pa)lds+ o [+
PR = IPROVI= 00—y Jo 1PN DTy, PSS e T

(O]

[ = B s+ s ()

l—l "Ik
4““4‘4‘——72 _ _ l*l‘i
N (1= 1) (1) 05k= “’1./%71(”‘ 3)7 1P (3)lds

1—1
Fa—nra—1) < Fu<e-all
Tk
/71 (t — 3)172|¢p (3)|d3 + Zo<t<ar—an [F(p ()]

T

+

+ w — 1) — (01 — 1)

sy o021~ (@0 ] lpla)) + 2= 00

[ tentolas+ Lo OB [ty )i

+m2}ﬁ] :l(fj—z)l1|<1"p(3)dzwL
xER(1 —fj)/'fj (1) =3)" 2 Pp(3)ld3 + (0n — @) E2, |Fi(p(1)))]

tj—1

(1=1(@n— o)
N (-DI'1—1)

+(@— o0 =2 (1 =) A+ 22 [ p(5) s

q—1(am—an) [! -
p V(-1 _11)/@ (1-3)

q2—1)(n —an)
pA(1—1)

@y + A [ (g 2l sy

+

|Dp (1) | +

SO o+ 2 [ o)y

2—1 1—1

< m(pabﬂah—wl)(erq)Hpﬂ(li1)F(l+1)(2(wz_wl)l

—1)(n—aw)
A (1—=DI(1)
+(1+M) (@02 — @) (Br* +B*) + (0 — o1 ) (Mr* + M)

+ 03— 0f + (0 - 0)(2+ ) + (+01+ )]

(@ =) — (@1 1)+ (1 + D)+ 22 1.y 66)

As @ — an, the R.H.S of (3.6) tends to 0. Using Arzela-Ascoli theorem, .# exhibits complete continuity.
Step 4: A priori estimates: Assume &5 : {p € # : p = 6.9p, for 0 < o < 1}. One must demonstrate that it exhibits
boundedness. Assume p € &%+, so that p = 7*.#p for some 0 < p < 1.
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Thus, as established in step 2, V7 € [0, 1], one can obtain

ot* 2—1
0 [ 2 2p°+2pq+4°) +

I
170l = 27—

oy 1)+ pal1+20)] +

(Mr* +M*)
e

FaTy 2 e (1 W(+)
(Br* +B*)

+ (p(1+91) +4¢M)

c C
(p2(1+W)+2qu+qzm)+;§(2p+q)+ p%(pﬂ)

son<n

.". &5 be bounded.
Therefore, it has been demonstrated that .# possesses at least one FP, as established by Theorem 1.

Theorem 3.If (A1) & (A3) & the inequality

2L, ((2—1)(2p2+2pq+q2) (1=1)(2p+q(1+9) +p(1+29))
(L+N) p*A (1) p/ (=D (+1)
+(l—1)(p(p+q‘ﬁ)+qz(1+‘ﬁ)+p61(1+‘ﬁ)))+g
A -DI(Q)

(p(14+7) +¢MN)

G

+
p2

C C
(p2(1+‘ﬁ)+2pq‘ﬁ+q2‘ﬁ)+p%(2p+q)+p%(q+p)Sl, (3.7

If these conditions are met, then (1.1) possesses a unique solution.

ProofLet p,p € # , one can obtain

700) = 7P0)| = 5 | 190(6) = o0+~ s [ -9
|Dp(3) — D5 (3)|d3
1—1 Ty -
+m20<tk<[/tr1(tk_5) |¢p(3)—d>p(3)|d5

1—1 1k
z - —3)'2| @y (3) — @
T R ] / (=3 2 p(5) — D (3)]ds

+ Zo<y<t|Fi(p (1)) — Fi(P (1)) | 4+ Zo<y<t |t — 1| |Fi(p (1)) — Fi (P (1))
1

0 [ o) - s + 12 @)~ p(s)lay

- p«/Vq((ll—_l?F(l)/l(l —3)" [ Pp(3) — B (5)|d3
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+p</1/(lq<ll_) 1)(1 I)Zm (1_0)/[;'(0_3)12|¢p(3)_¢ﬁ(5)|d5
+ 2 ERE (R () = FP )|+ I (1= 1) F5(p(1) ~ (B (1))
2
+jz/01 i1 (pL6) ~ (P8I + ~- 2000 - @y(0)
201 _
o U [0 21000 - 2
20, _ 4
’ pzﬂg El1 11“)(1 - 1)2/21[/__1(0—5)”2\4’;3(5) — Pp(3)lds
7 2 F (5 q [ _
HEERE ()~ )|+ [ (o)~ ha(p()lds

2—1)r (% (1—1) ! —
P 1906 B+ s [ 19 1906~ Bl

+w(zl_l>)}<z>2?nl [ 6= 1006) - @ (5)lds

+ W(l(_ll)})[l_l)zm - [ =3 (0)— Bp(3)1s

L (p (1)) — Fi(p ()] £ (1 1) F (p (1)) — F (B (1)
1

0 [ )~ (p(sDlds + 12 @) - (0

+pJV(i](_l1_)11~)(tl_l)/t]€(13)1_2%(3)‘Pp(3)|d3

PJV(?(—ll_)Il“)(tl—l) = ttjl(tj_z’)l2|¢P(5)—‘1’(3)d5

L2 K () = FPu)|+ - [ Ia(p(6) ~a(p6)) s

Consider

Pp (1) = g(t,p (1), p(mt), Pp (1)), Pp (1) = &(t,p (1), p (), P (1))-

bl

Employing A;, one can obtain

B (1) = B ()] = lglt,p (1), P (m), By 1)) — (e, P (1), P me), By 1))
< L (I () = p(1)| + p (m) — p () |+ Nel 5 (1) — D5(0)])

2L
1Pp = Bpllpc = 1—

g _ =
Ng\lp pllpc-
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From above inequality, we get

17p(t) = 7p(t)|lpc < [(1%52,) <<2 l;(ZZJI;/(TEPI‘;“Lq |

1—=1DC2p+g(1+M)+ p(1+2M))
pAN (=D (1+1)
L= 1) (p(p+49M) +4*(1+MN) + pq(1 +‘ﬂ)))
PPN (1—-1IQ)
G

+— ) (p(14+91) +gM)

C2 C3
+p( PP(1+9) +2pgN+¢*N) + p2<2p+q)

C. _
+;aq+m|m—pmc

170 (t) =B ()llpc < Klp—pllpc

K=

2L, ((2—1)(2P2+2P11+612)+(1—1)(2P+Q(1+m)+17(1+2m))
(1+Ny) PN p V(=D +1)
+(1—1)(p(p+q9?)+612(1+‘ﬁ)+pCJ(1+‘ﬁ))
PPN (1—=1)C(1)
C

2 C3 C4
+ ?(pz(l +N) +2pgN+ ¢*N) + ?(Zerq) + ?(qup) <1.

)+C;( (1490) 4 ¢20)

4 is contraction.
.. According to Banach’s FPT, the solution to (1.1) is unique. This concludes proof.

4 Stability

Theorem 4.If (A1) & (A3) & the inequality (3.7) holds, Thus, (1.1) exhibits UH stability.

Proof.Suppose x € 20U be the solution of inequality (6) in [6] & p be a solution (1.1) i.e., unique. So that applying Remark
Lin [6], fort € [0,1],7 # tx,k = 1,,...91, one can obtain

(0%Dhx(r) =g, x(0),x(mr), §°Dyx(t)) +y(t), 1 €[0,1], 0<m <1, 1 #1,
px(0)+ax (0) = fo hi(x(3)ds, px(1)+qx (1) = fy ha(x(3))d3, 1 <1 <2 4.1)
Ax(t) = F(x()), A (1) = Be(x (), k= 1,,..0

& the soln is

Ty Jo Prds + i y Joy(3)ds + <y Jo(t —3)' ! yds

wl’l 7ot =3 (>d3+<’5 t6[07t1],

1 1 fék(pxdﬁ"’(/(l 1) ()d3+/ )r fzk( 3 ldj%d?)
(1 1)1"(1 ftk( 3 ()dﬁ

(11711)111 1ft—1( 3)' 7 Pyds
+/V(11711)m,1fz71( 3)' ()3
PS8 s
ﬁ V(0 =17) 1 (6 =3)" 2y (5)d3
JFZ J(%(tj))+¥f:]yj+2]: (t t/)Fj(X(tj))
JrZ/: (t=t))yj+ &, 1€ (1], k=1,,.9
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here

&= ["mlponas+ A5V [ @ty + A5V [y
b 1 e
p/q((ll:1l))r(l) /,k (1=3"hds + pJVCI((ll:1l))r(l)
R ey xR AU

) G gl
I Sl ”/t (1=3) P Byl + el s

j—1

1j

(=) [ (6= P56+ Lo () + iy + L mp (1)

tj_1

Ao+ 2z -0+ % | " p<z>>da+%¢p<zk>
P p*AN (1—1)

7(2-1) q (1—1) 1 .
P W e T L (Y s
(1)
+p2</V(lfl) (171)/ (1-3)" ()5 + 2

Z}L]/tjljl(tj_ﬁ)lztp (3)d3 + zJV(Q( _) (1—1)

1j
o [ -9 s+ SR+ G- % [ e

Jj—1

22—t [& (2 1t [k (1—1)t
</V(1—1)/o ¢P(3)d3—/(l_1)/0 y(é)dé—m

_ 1 _
x /tkl(l —5)”¢p(za)d3—m./tk (1 —3)”y(5)d3—m

<z [ G- s - i s [ -9 6
(1— 1) ) Y -~ (1— 1)
TR (=) [ 1-3) s~ DT

Jj—1

1j
)T (=t) [ (=36~ Fi(p () ~ 15y,
1

tj—

— X (1= 1) Fj(p(t)) —tZj_ (1 = 1))y / hi(p )i)%(;k)
g(2—u)t q(l—l)t .
AN (- 1)y(t") TN -1 1)/,,{ (1-3) 2‘151’(5)‘13
gi—1) - g(t—1)t
TN —DI(1— 1)/tk (1=3)" s = —ra =1
Zle/ltj (1= 3)" 2 Pp (3)d3 — W(f(_l 1_)})(2_1) I l/ftj (tj=3)""¥(5)d3

J—=1 j—1

9'sn g
Lt Flp () - L3 ol + L [ hatp
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Then

1) =0 = s [ 1260 = B 6)lds + =iy 0 —0)

1—1 tk 1—1
,/V(lfl)l—‘(l)20<tk<t/rrl(tk 3)
1—1
A -1ri—1

[ 00=9212405) = B )1+ Zocs, <l () ~ Fp )

)20<tk<t|t — 1]

+ Zocyal = U0~ Eulp )|+ 1 [ 1 (2(6) = (pL6)) s

q2—-1) g(t—1)
PV =1) Jo |‘Dx(5)—¢p(5)|d5+m

gt—1)

1 1
/tk(1—5)171@%(3)_¢p(5)|d3+m2ﬁl/t_ (tj—3)""

Jj—1

94(6) = Byl + - M () [ -0

,/V(l—l)F(l—l)
Py (3) - ()Ida+ Ly |F((t) = Fi(p (1))

L2 (1)) - B+ S [ G

7(2-1) (171) 1 .
+Wl_l)‘¢x(fk)*¢p(tk)|+p2j(l_I)F(l_])/tk(175) 2

(1—1) 1 .
<126) = p Wl [ 69

< By (5) — B )\d5+q—ZZ}’LIE(x(tj))—FJ(p(tj))I

"/ ha(x 3)lds
(l_l)t : 1—
1_1 / | Dy (5 |d3+m/tk(1—3) :

X | Py (3) — p(z)da+m2}’11/t” (tj—3) Py (3) —

J—1

e S [ =3 e - el

I8 [Fi(x(1))) — Fi(p (t/))\HEm (1=1))IFj(x () = Fj(p(1;))|

AL (s + A2 )~ 1)

M(l(_‘l‘)})(l_l)/ (1 5) 21, (3) — By )l

pJV(lQ(_l 1_)11)(1_1)2‘}1 /jtj (17 =3)" 2Py (3) — Pp(3)|d3

+ 2”1|F( p(e;)+ - /|h2 ))ld3

3))|d3

Dy (3)|d3
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+ %/j ly(3)|d3 + Jl/(ll_ll)r(l)/;(t—é)11|y(5)d3
1—1

1—1 Tk —
m20<tk<t/zk—l(tk_3) 1|y(3)‘d3+ﬂ/(l—1)1"(l—1)

+

Ik
X Zo<y<t|t — 1] / l(tk —3)172|Y(5)|d3 + Zo<a <t |y(tr)| + Zo< <[t — te] [y (1) |
t—

iy b R e [ -9 b
=) at U
¥ (=) ! 1—1)r(—1)

g - q q
0= [ =3 20O+ LRyl + T2 (1=l

20m N 2 X
%'y(’k”*pzﬂzyl)pl)(l_l)/[k (1-3)"?1y(3)|ds
20, _ : 5
+p2</;/(ql (11)11)(11)%':1/ (tj_3)172|)’(3)|d3+%2?l1|yj|

2—-1)t j(j— 1)t

. ! 1—1
+m/0 |y(3)|d3+m/[k(l—a) v(3)|d3
(1—1) m o [1 (1—1)t
+m = A (=D (t—1)
Xz}’il(l—fj)/_tj (t;—3)" 2y G)ds + 2 |yl +Z2 (1—1))]y;]

q(2—1)t ) g(1— 1)t I 17
e My ] (-9 b6

q 1— 1)t 1j . qt .
pJI/(l(_l)I_‘)(l_l) jgil/t (tj_5>l 2‘)’(5)|d5+52j:1|y]‘|~

L =9 s+

tj_1

+

(£=3)"" " y(3)ld3 +

20 -p 0l < [ 55

(=D (p(p+9M) +¢*(1+N) + pg(1+N))

+ PN (= D)

)+%(p(1—|—‘ﬁ)—|—q‘ﬁ)

+ 3P4+ + 2000+ + 3 2pq) + g +0)] I —pllre
2-1)2p*+2pg+q°) (1 =1)(2p+q(1+MN)+p(1+2N))
PAa—1) PV (L= D +1)
(=1 (p(p+gM) +¢*(1+ M) + pg(1 +N))
PN

1
+ ?(sz(l +9) +3pqm+q2fn)]e

+

+

= |lx —pllrc < Cge
I 12=19@2p*+2pg+q°)  (1=1)2p+q(1+N) +p(1+2M))
1-K prA (1—1) pN(1—=1DI(1+1)
(1 =1)(p(p+¢M) +¢*(1+9) + pg(1 + )
p*A (1=1DI(1)

C, =

+

1

s 2p*(1+M) +3pqm+q2‘ﬁ)}

.. (1.1) is UH stable.

2L, ((2-0)2p*+2pg+q*)  (1—1)(2p+q(1+N)+ p(1+2N))
( prPA(1—1) pN(1—1DI(1+1)
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Corollary 2. Suppose in Theorem 4, define x(€) = Cy(€) s. 1. x(0) = 0, so that (1.1) represents generalized UH stable.
A5Consider, x be a non decreasing fn belonging to C(I < R),3 u, > 0,€ > 0 s.t.,

of/x(1) < pex(t)
Theorem 5. If (A1) & (A3), (A7) & the inequality (3.7) holds, then (1.1) is UHR stability pertaining to (T,x).

Proof.Suppose x € 20 is a soln of (6) in [6], p be a unique solution (1.1) by theorem 4, & Remark 3 in [6] we get the
results

. 2L, ((2-1)2p*+2pg+q?)  (1—1)(2p+q(1+M) + p(1+2MN))
20 -p0l < [35 ah DD+ 1)
-1 N+ (1+N 147 C
—I—(l it (p+Z2</)V-5EICI_(l)41;(l;+PCI( - ))> pl( p(14+M7) +4¢MN)

C
+p—§(p2(1+m)+2pqm+q2m)

G
17
22-y(p+g) | (-1)B+N)
+a(n)pee | p V1)  Aa-DI+1)
(=D (P (1+ D) (1+9) +¢>(1+ ) +2pgN)
’ PV~ D) )

C.
2 pa)+ et p)]lx - plire

2(0_
+rs[%(2p2(1 +N) +3pgN+ N+ %)}

¢ {2(2—1)(p+q) =DE+) | =DE D) (4+9)+¢7 (14+9)+2pgD)
x—pll < (x | o r =) T V=D PN -1 (1)
B (1-K)

2(0—
o[ L P21+ 9+ 3pgN+ 0+ T2 e
(1-K)

+

where K < 1. . (1.1) is UHR stable.

Conclusion

Our research delves into existence, uniqueness, and stability of fractional impulsive differential equations through the
Atangana-Baleanu derivative, by leveraging the application of Schafer’s and the Banach fixed-point theorem. Also, the
stability results are thoroughly analyzed, with integral boundary conditions and mixed delays enriching the depth and
rigor of the investigation.
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