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Abstract: The property of the continuation of the convergence of the distribution function of intermediate order 

statistics under power normalizations is studied on an arbitrary nondegenerate interval to the whole real line. 
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1 Introduction 

 
 In the last two decades E. Pancheva and her collaborators (see, e.g., [13], [14] and the references therein) 

were investigating various limit theorems for extremes and extremal processes using a wider class of 

normalizing mapping than the linear ones to get a wider class of limit laws. This wider class of extreme 

limits can be used in solving approximation problems. Another, reason for using nonlinear normalization 

concerns the problem of refining the accuracy of approximation in the limit theorems. Actually, by using 

relatively non difficult monotone mapping in certain cases we may achieve a better rate of convergence, 

e.g., see [18] and [7] ). Although, no one can claim that the employment of nonlinear normalization in 

general is preferable, but as in [14] (and other many authors) showed in some cases of practical interest it 

is not only better to use nonlinear transformation, but we have to use it. Pancheva  in [13]  considered the 

power normalization ( ) = ( ), , > 0,
a
n

n n n nG x b x S x a b  where ( ) = ( ),S x sign x  and derived all the 

possible limit distributions of the maximum order statistics subjected to this normalization. These limit 

distributions are usually called the power max stable distribution functions. Mohan and Ravi in [12] 

showed that the power-max stable distributions, which are six types, attract more than linear stable df’s. 

Therefore, using the power normalization, we get a wider class of limit distribution functions which can be 

used in solving approximation problems. The intermediate order statistics have many applications. For 

example intermediate order statistics can be used to estimate probabilities of future extreme observations 

and to estimate tail quantiles of the underlying distribution that are extremes relative to available sample 

size. To be more specific, let 1 2, , , nX X X  be i.i.d. random variables (rv’s) with common df 

( ) = ( )nF x P X x  and let 1: 2: :n n n nX X X    denote to the order statistics of 1 2, , , .nX X X  

The sequence :{ }r nX  is refereed to a sequence of order statistics with rank .r  If = nr r   as n   

and 0nr

n
  (i.e., lower intermediate) or 1nr

n
  (i.e., upper intermediate) then r  is called the 

intermediate rank. When the intermediate rank sequence  { } nr  satisfies the limit relation  
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( )( ) = ,lim

2
n z n

nn

r r






                                                                            (1)   

which is known as Chibisov’s condition, for any sequence of integer values  { ( )}, nz   for which 

1
2

( )
 ,wn

n

z

n







  where  0 < <1, > 0   and     is any real number, i.e., 
2 (1 (1)),nr n   

Chibisov in [8] and Wu in [19] have fully characterized the class of possible limit df’s of the df. of the 

intermediate order statistics 
: :( ) = ( ),r n r n n n

n n
x P X a x b    where > 0na  and 

nb  are suitable 

normalizing constants. Barakat and Omar in [3] have extended the work of Chibisov to the power 

normalization case by showing that all possible limit distributions of intermediate order statistics under 

power normalization can derived from corresponding results in the extremal case, and they have fully 

characterized the class of possible nondegenerate limits of the df  

 

1

:

:( ) = ( ( ))
nr n

n n
r n r n
n n

n

X
P S X x x S x







 
 

  
 
 

                                      (2) 

where > 0n  and > 0.n  Namely, [3] derived all the possible nondegenerate types of the limit df’s 

( )H x  and ( )x  of the df’s of the upper and the lower intermediate order statistics :k n
n

X  and : ,r n
n

X  

respectively, under the power normalization, where = 1, 0,n
n

n

r
k n r

n
    as .n   These types are 

given by ; ;( ) = ( ( ))i iH x N V x   and ; ;( ) = ( ( )), =1,2,...,6,i ix N W x i   where (.)N  is the 

standard normal df and 

1; 1; [ 1, ) ( , 1)

2; 2; [0, ) [ 1,0)

3; 3; [1, ) [0,1)

4;

( ) ( ) = ( ( )) = ( ) (1 ( log((log | |))) ( );

( ) ( ) = ( ( )) = ( ) ( log(( log | |))) ( );

( ) ( ) = ( ( )) = ( ) (1 ( log( log ))) ( );

( ) ( )

i H x N V x I x N x I x

ii H x N V x I x N x I x

iii H x N V x I x N x I x

iv H x

 

 

 









   

 



 

 

  

4; [1, )

5; 5; [0, ) ( ,0)

6; 6; [0, )

 (3)
= ( ( )) = ( log(log )) ( );

( ) ( ) = ( ( )) = ( ) ( log | |) ( );

( ) ( ) = ( ( )) = (log ) ( );

N V x N x I x

v H x N V x I x N x I x

vi H x N V x N x I x



 

 

 

 









 



 

 

and the corresponding types of the lower intermediate are 

1; 1; [1, )

2; 2; ( ,0) [0,1)

3; 3; [ 1,0) [0, )

4; 4;

( ) ( ) = ( ( )) = ( log log ) ( );

( ) ( ) = ( ( )) = ( ) ( log( log )) ( );

( ) ( ) = ( ( )) = ( log( log | |)) ( ) ( );

( ) ( ) = ( ( )) = ( log log | |)

i x N W x N x I x

ii x N W x I x N x I x

iii x N W x N x I x I x

iv x N W x N x

 

 

 

 













 



   

  

  ( , 1) [ 1, )

5; 5; [0, )

6; 6; ( ,0) [0, )

(4)
( ) ( );

( ) ( ) = ( ( )) = (log ) ( );

( ) ( ) = ( ( )) = ( log | |) ( ) ( );

I x I x

v x N W x N x I x

vi x N W x N x I x I x

 

 

   



 







 



   

 

where ( ) = 0,1AI x  if , ,x A x A   respectively. 

The theory of the continuation of the convergence started with the work by [17], in which an elegant 

hypothesis is proved. This hypothesis states that if the distribution of the normalized sum of i.i.d. rv’s 

converges weakly to the normal distribution, then this implies that convergence is achieved on the whole 

real line. More recently this result has been generalized in varies directions (e.g., [15] and [6] ). However, 

some results of this problem concerning the asymptotic theory of order statistics have been obtained (see, 

e.g., [9], [10], [11], [1], [2] and [5]). Recently, [4]  proved the continuation of the restricted convergence of 
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the power normalized extremes, on the half-line of real numbers to the whole real line. [6]  proved that the 

restricted convergence of the power normalized extremes on an arbitrary nondegenerate interval implies 

the weak convergence. 

In this paper an interesting stability property of the intermediate order statistics under power normalization 

is proved. This property is the continuation of the convergence. More precisely, let > 0n  and > 0n  be 

some normalizing constants. Let 
*( )x  be a monotone function which has more than two different values 

in a closed interval [ , ].c d  Finally, let  

 
*( ( )) ( ), [ , ].n

r n nn
x S x x x c d


     Then  

 
;( | | ( )) ( ) = ( ( )), =1,2,...,6,wn

r n inn
x S x x N W x i



   

where 
*( ) = ( ), [ , ],x x x c d     and 

w

n
  stands for weak convergence, as n   (everywhere in 

what follows the symbol (
n

 ) stands for convergence, as n  ). 

We end this introductory section with a definition and two lemmas, which help us in establishing 

the aimed results. 

 Definition 1.1. Let { }n nF  be a sequence of df’s. Then, the restricted convergence ( ) ( ),S

n n
F x F x  

where S  is a set of real numbers and F  is a nondecreasing function, means that the convergence of 

{ }n nF  to the limit F  is restricted on ,S  for all continuity points of .F  Moreover, a function ( )F x  is 

said to be a nondegenerate on ,S  if it has at least two growth points on .S  

Lemma 1.1. (see, [3]). Let { , 1}nu n   be a sequence of real numbers and 0 .   Then  

 
 ( )  

( ) ( )            .n n
n n n n

n

n F u r
u N if and only if

r
 


    

Lemma 1.2. ([4]). Let  ( ) F x  be a nondecreasing and nondegenerate right continuous function on 

 [ , ]. c d  If, for a sequence  { }  n nF  of df’s and some constants  , , , > 0, n n n na b    we have  

    [ , ] [ , ]| | ( ) ( ), | | ( ) ( ), (5)
b c d c dn n

n n n nn n
F a x S x F x F x S x F x


   

then,  

 

1

1 1. (6)
b

n
n n

n n

n n

and
a b

  
  

 
 

Conversely, if (1.6) holds, then each of the relationships in (1.5) implies the other.  

 

2  Main Results 

 Theorem 2.1. Let ( )F x  be a df for which there exist real constants > 0n  and > 0n  such that  

 
[ , ] *( | | ( )) ( ), (7)c dn

r n nn
x S x x


   

where 
*( )x  is any nondecreasing (right continuous) function which has at least two growth points in the 

interval ( , )c d  and the real rank sequence { }nr  satisfies the condition (1), i.e., Chibisov’s condition. Then 

;( | | ( )) ( ) = ( ( )), {1,2,...,6},wn
r n inn

x S x x N W x i


    where ;( ( ))iN W x  is defined in (4). 

Moreover, 
*( ) = ( ), [ , ].x x x c d     

Before giving the details of the proof of Theorem 2.1, we first establish the following lemma. 
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Lemma 2.1. Let the rank sequence satisfy (1). Furthermore, let (7) be satisfied. Then 

{ ( | | ( ))}n
r n n
n

x S x


  is the sequence of stochastically bounded df’s (for the definition of 

stochastically bounded, see [1]). 

 

Proof. To prove this lemma, it suffices to show that , for any subsequence kn  such that  

 ( | | ( )) ( ), (8)
n Rk

r n kn k
k

x S x x


   

where ( )x  is a nondecreasing right continuous function, we must have ( ) = 0   and ( ) =1.   On 

the other hand, in view of Lemma 1.1, (7) is equivalent to  

 
[ , ] *

:

( | | ( ))
( | | ( )) = ( ).

n
c dn nn

r n n nn
n

nF x S x r
W x S x W x

r


 




  

Moreover, (8) is equivalent to  

 
:

( | | ( ))
( | | ( )) = ( ),

n
k

k n nn Rk kk
r n n knk k k

n
k

n F x S x r
W x S x W x

r



 



  

where 
* *( ( )) = ( ),N W x x  for all [ , ]x c d , ( ( )) = ( ),N W x x  for all x , 

*( ) = ( ),W x W x  for all 

[ , ],x c d  and  

 
2

1
:

1 2

1

( )
( ) = .

n

r n
n

n

n F x r
W x

r


 

Hence, to prove this lemma it suffices to show that ( ) =W    and ( ) = .W    Now, for any finite 

real number ,t  (7) may be written as  

 
[ , *( )

: ( ) ( )
( )

( | | ( )) ( ),c dn t

r n t n t nn t
x S x x



   

where 
1 /2( ) = [ ]n t n n t  and [ ]  denotes the integer part of .  The last limit relation, in view of 

Lemma 1.1, is equivalent to 
[ , *( )

: ( ) ( )
( )

( | | ( )) ( ).
b c dn t

r n t n t nn t
W a x S x W x  On the other hand, we can 

write  

 
( )( ) ( )

: ( ) ( ) : ( )
( )

( ) ( )

( )( )
( | | ( )) = ( | | ( )) .

n n tn t n tn
r n t n t r n n t
n t n

n t n t

n t r nrrn t
W x S x W x S x

n r n r

 

 


  

It is clear that 
1 /2{ } ={ ( ) } ={[ ]}nz n t n n t  are sequences of integer values for which 

1 /2
.n

n

z
t

n 
  

Therefore, we can deduce that nr  satisfies the limit relation  

 ( )( ) = ( ) = , > 0.lim lim
2

n t n n z n
nn n

t
r r r r




 

   

Moreover, the following limit relations can easily be verified:  

 
( )

( )
1n

n

n t

rn t

n r
  

and  

 
( )

( )

( )
(1 ) .

n n t

n

n t

n t r nr
t

n r



   
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Hence, we get 
[ , ] *( )

: ( )( | | ( )) (1 ) ( ),c dn t

r n n t nn
W x S x t W x



     which in view of Lemma 1.1 

yields  

 
[ , ] *( )

: ( )( | | ( )) ( ( ) (1 ) ). (9)c dn t

r n n t nn
x S x N W x t



      

Therefore, applying Lemma 2.4 in [1] and by (7), (9) and (8) we deduce that there exist two real functions 

( ) > 0t  and ( ) > 0t  such that 
*( ( ) (1 ) ) = ( ( ( ) | | ) ( )),N W x t N W t x S x    i.e.  

 
* ( )( ) = ( ( ) | | ( )) (1 ) , [ , ]. (10)tW x W t x S x t x c d      

Now, if ( ) >W   , then (10) yields 
*( ) ( ) (1 ) ,W x W t      for all arbitrary positive large 

value of .t  Hence, by letting ,t   we deduce that 
*( ) = , [ , ],W x x c d    which contradicts our 

assumptions. On the other hand , if ( ) < ,W    then we have (in view of (10)) 

*( ) ( ) (1 ) ,W x W t      for all arbitrary negative values of .t  Consequently, we get 
*( ) = ,W x   

which again contradicts our assumptions. This completes the proof of Lemma 2.1. 

We now turn to the proof of Theorem 2.1 . Since the proof is some what lengthy, we split it into 

several steps, some of which are of independent interest. 

 

The Proof of Theorem 2.1. 
 

Step 1. If there exist two real numbers <t t  , such that < < 0 < < ,t t    

( )( ( ) | | ( )) <tc t c S c d
  and 

( )< ( ( ) | | ( )) ,tc t d S d d
   then 

*( ) = 0c  and 
*( ) =1.d  (This 

means that the convergence in (7) will continue weakly to a nondegenerate df and in this case the proof of 

the theorem will follow at once from the result of [3] ). 

 

Proof. If two such real numbers t   and t   exist then, by virtue of (10), we deduce that  
* * ( ) ( ) *( ) ( ( ) | | ( )) = ( ( ) | | ( )) = ( ) (1 ) ,  > 0,t tW c W t c S c W t c S c W c t t   

        

* * ( ) ( ) *( ) ( ( ) | | ( )) = ( ( ) | | ( )) = ( ) (1 ) ,  < 0,t tW d W t d S d W t d S d W d t t   
        

which is impossible unless 
*( ) =     W c or   and 

*( ) =     .W d or   But the cases 
*( ) =W c   and 

*( ) =W d   are impossible because they lead to 
* *( ( )) =1= ( )N W c c  and 

* *( ( )) = 0 = ( ),N W d d  respectively. Therefore, 
*( ) =W c   and 

*( ) =W d  , which completes the 

proof of Step 1. 

 

Step 2. Under the assumptions of Lemma 2.1, it is impossible to find 0 < <t   , such that  
( )< ( ( ) | | ( ))tc d t c S c
  and to find < < 0t   such that 

( )( ) | | ( ) < .tt d S d c d
   

 

Proof. If two such real numbers exist then, in view of (10), we get  
( ) * ( )( ( ) | | ( )) ( ) = ( ) = ( ( ) | | ( )) (1 ) , > 0,t tW t c S c W c W c W t c S c t t   
        

and 
( ) * ( )( ( ) | | ( )) ( ) = ( ) = ( ( ) | | ( )) (1 ) ,  < 0,t tW t d S d W d W d W t d S d t t   
        

which are impossible unless 
( )( ( ) | | ( )) =tW t c S c
   or   and 

( )( ( ) | | ( ))tW t d S d
  =   or 

.  The value ,  in the preceding two cases, leads to 
*( ) = 0d  (in the first case we have 

( ) *0 = ( ) = ( ( ) | | ( )) ( ) = ( ),tt c S c d d
      i.e. 

*( ) = 0d  and in the second case we have 

*( ) = ( ) = (1 ) = , W d W d t     i.e., 
*( ) = 0),d  which is impossible. The value ,  in the 

above two cases , is also impossible because it leads to 
*( ) =1c  (in the first case we get 

*( ) = ( ) = (1 ) = ,W c W c t       i.e., 
*( ) = ,W c   which implies that 

*( ) =1,c  while in the 

second case we have 
( )(( ( ) | | ( )))tt d S d
 ) 

*=1 ( ) = ( )c c  . This proves Step 2. 
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Step 3. By combining Steps 1 and 2, we deduce, immediately, the following assertion: 

(i) If there exists a real number 0 < <t    such that 
( )( ) | | ( ),tc t c S c
  then 

*( ) = 0,c  

which implies the continuation of the convergence in (7) to the left (i.e., to  ). 

(ii) If there exists a real number < < 0t   such that 
( )( ) | | ( ) ,tt d S d d
   then 

*( ) =1,d  

which implies the continuation of the convergence in (7) to the right (i.e., to  ). 

(iii) If there exists two such numbers as defined above , the convergence in (7) will continue 

weakly, ,x  to a nondegenerate df which coincides with 
*( )x  on [ , ].c d  

Moreover, in this case, the theorem will follows immediately from the results of [3]. 

 

Step 4. Under our conditions there exist at least two growth points 1x  and 2x  in ( , ).c d  Let us assume 

that 1 2< .x x  Assume further that 
( )< ( ) | | ( ) < 0.td t d S d t   Then there exists < 0t   such that   

( ) ( )

1( ) | | ( ) < < < ( ) | | ( ). (11)t tt c S c x d t d S d      

Proof. Since the limit ( )x  in (8) is a nondegenerate df, it follows from the Chibisov results and the 

result of [3] that it must be of the form ( ( )).N W x  Moreover, ( )W x  must be one of the types (4). Hence, 

using Khintchine’s convergence theorem it is easy to prove that  

 
( )( ) = ( ( ) | | ( )) (1 ) ,   .tW x W t x S x t t and x     

Now, a quick check shows that 
(1 )

( ) =
t

t e



 

 in Type 1 and Type 3, 
(1 )

( ) =
t

t e





 in Type 2 and 

Type 4 and ( ) =1t  in Type 5 and Type 6. Also, ( ) =1t  in Types 1, 2, 3, and 4, 
(1 )( ) = tt e   

 in 

Type 5 and 
(1 )( ) = tt e  

 in Type 6. Let us define a new continuous function 
( )( ) = ( ) | | ( ).t

cg t t c S c  

Clearly (0) = .cg c  Hence there exists > 0  such that  

 
( )

1( ) (0) = ( ) | | ( ) < ,t

c cg t g t c S c c x c      

whenever < < 0.t   This implies that for all < < 0t  (there are infinity many t  such that 

< < 0t ) we have 
( )

1( ) | | ( ) < ,tt c S c x  which completes the proof of Step 4. 

 

Step 5. Assume that < 0t , we have 
( )< ( ) | | ( )td t d S d . Then the convergence in (7) will continue 

weakly for all values of x  to the right (i.e., >x d ). 

 

Proof. Let   be the set of all < 0,t  which satisfy the condition (11) . Henceforth, we consider only those 

values t  . Furthermore, let us consider the following three cases: 

(I) there exist t   such that ( ) <1;t  

(II) there exist t   such that ( ) =1;t  

(III)       t   we have ( ) >1.t  

 

Case I. Clearly we have 
( )< ( ) | | ( ).td t d S d  Now, if we show that the convergence of the sequence 

:{ ( | | )}n
r n n n
n

x


  continues to the point 

1

1 ( )

= ( ) ,
t

D t





 then, in view of Step 3 (ii), the convergence 

will continue for all x  to the right. Indeed, by (9) and (10), we have  

 

[ , ]

( )( )

: ( )( | | ( )) ( ( ) | | ( )). (12)

c d

tn t

r n n t
n

n

x S x t x S x
     

Put 
( )= ( ) | | ( ),ty t x S x  we get  
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[ , ]
1 1

* ( )*

: ( ( ) | | ( )) ( ), (13)

c d

t
n

r n n
n

n

t y S y y


    

where 

( )

( )* * ( )( )

( ) ( ) 1( ) = { ( )} , = , = ( ) | | ( )
( )

n t

n t tt

n n t n tt t c t c S c
t






    




 and 
( )

1 = ( ) | | td t d   ( ).S d  In 

view of the facts that 
*

1 1( ) = ( ), [ , ] [ , ],x x x c d c d     and 
*( )x  has more than two different 

values in the interval 1 1[ , ] [ , ],c d c d  and by applying Lemma 2.1.3 (see [4]) on (7) and (13), we get  

 

1
* *( ) ( )

1  1.
n

n n

n n

n n

t t
and

 

 

 
  

 
 

By another application of Lemma 2.1.3 (see [4]), 
*{ ( )}n nt  and 

*{ ( )}n nt  in (13) may be changed to n  

and ,n  respectively. Hence, we get  

 1 1[ , ]

: ( | | ( )) ( ),
c dn

r n n nn
y S x y


    

which, in view of (7), leads obviously to 1[ , ]

: ( | | ( )) ( ).
c dn

r n n nn
y S x y


   Repeating this argument 

N  times, we get the relation  

 
[ , ]

: ( | | ( )) ( ),Nc dn
r n n nn

y S x y


   

where  

 

1 ( )
11 ( ) ... ( ) ( ) ( )1 ( )= { ( )} | | ( )) = { ( )} | | ( ))

N t
N N Nt t t tt

Nd t d S d t d S d



    


   

 

and 

1

1 ( )

= ( ) .
t

N N
d D t






  Therefore, due to the continuity of the function ( ), ,W y y  the proof of 

Step 5 follows in this case. 

 

Case II. In this case, we can easily show that ( ) 1, t t     (in fact ( ) <1t  if < 0d  and ( ) >1t  

if > 0d ). Hence, if we put = ( ) | | ( )y t x S x  in (12) (with ( ) =1t ), we get  

 
** [ , ]( )** 1 1

: ( ( ) | | ( )) ( ), (14)
c dt

n
r n n nn

t y S y y



 

    

where 1 1= ( ) | | ( ), = ( ) | | ( ),c t c S c d t d S d    
( )**

( )
( ) =

( ( ))

n t

n
n t

t
t







 and 

**

( )( ) = .n n tt   An application 

of Lemma 2.1.3 (see [4]) to (7) and (14), thus yields  

 

1
** **( ) ( )

1   1.
n

n n

n n

n n

t t
and

 

 

 
  

 
 

Note that 
*

1 1( ) = ( )   [ , ] [ , ]x x x c d c d      and 
*( )x  has more than two different values in the 

interval 1 1[ , ] [ , ].c d c d   By applying Lemma 2.1.3, the two sequences 
**( )n t  and 

**( )n t  in (14) may be 

changed to n  and ,n  respectively. Therefore, we get 

[ , ]
1 1

: ( | | ( )) ( ),

c d

n
r n n
n

n

y S y y




 

   which 

obviously leads to 
[ , ]

1
: ( | | ( ))

c d
n

r n n nn
y S y





   ( ).y  By using the last procedure N  times, we 

deduce that  
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[ , ]

: ( | | ( )) ( ),
c d

Nn
r n n nn

y S y y



 

   

where  

 
0,  ( ) <1,

= ( ) | | ( )
,  ( ) 1.

N

N N

if t
d t d S d

if t







 

 
 

The proof in this case follows immediately in view of the continuity ( ),W y  for all y  and the fact that 

( ) 1.t   

 

Case III. In this case we have 
( )< ( ) | | ( ).td t d S d  Using the same argument, which was applied in 

Case I, we get  

 
[ , ]

: ( | | ( )) ( ),
c d

Nn
r n n nn

y S y y


   

where  

    
( )1

( ) 1 ( ) 11 ( )
0,  < 0,

= ( ) ( ) | | ( )
,  0.

N t
t tt

N N

if d
d t t d S d

if d


    




 
 

Then the convergence in (7) will continue to ( ), >x x d   (to the right), which completes the proof. 

 

Step 6. Let 
( )( ) | | ( ) <   > 0tt c S c c t  . Then there exist at least one > 0t   such that 

( ) ( )

2( ) | | ( ) < < < ( ) | | ( ).t tt c S c c x t d S d      

 

Proof. The proof of this step is exactly the same as the proof of Step 4 (with only the obvious 

modifications). 

 

Step 7. Let 
( )( ) | | ( ) < , > 0.tt c S c c t   Then the convergence in (7) will continue weakly for all values 

of x  to the left (i.e., to  ). 

 

Proof. The proof of this step is exactly the same as the proof of Step 5 (with only the obvious 

modifications). 

 

Proof of Theorem 2.1 . The proof of Theorem 2.1 in this case follows immediately by combining Lemma 

2.1 and Steps 1-7. 
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