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Abstract: In this manuscript, we extend the notion of Kolmogorov numbers of bounded linear operators to a class of unbounded
operators, namely; relatively bounded operators with respect to a densely defined closed linear operator 7. We get many interesting
results about 7-Kolmogorov numbers, for example; we show that a 7-bounded operator is relatively 7-compact if and only if its
sequence of T-Kolmogorov numbers converges to zero. Moreover we prove that a T-bounded operator is of finite rank at most # if and
only if its nth T-Kolmogorov number vanishes.
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1 Introduction

In 1964, the concept of Kolmogorov numbers for
bounded linear operators between Banach spaces was
introduced by I. A. Novosel’skij based on A. N.
Kolmogorov’s notion of diameters (see [1], p. 193). These
numbers are one of the important examples of s-numbers,
which was invented by E. Schmidt in 1907. The sequence
of Kolmogorov numbers d, has many interesting
properties. For example, a bounded linear operator is
compact if and only if its sequence of Kolmogorov
numbers tends to zero. For a brief discussion of the
algebraic and analytic properties of d,, and other
characteristics of bounded linear operators; please, see
[1]. In this work, we extend the notion of Kolmogorov
numbers to a class of unbounded operators, namely; the
class of relatively bounded operators with respect to a
densely defined closed linear operator. Parallel to the
above mentioned fact, we prove that a relatively bounded
operator is relatively compact if and only if its sequence
of T-Kolmogorov numbers converges to zero. In [2], the
compactness of operators was classified according to rate
of convergence to zero of its Kolmogorov numbers. We
apply these results to relative compactness.

2 Notations, basic definitions and
propositions

Let us agree henceforth that X and Y are two Banach
spaces, where Z#(X,Y) denote the space of all bounded
linear operators from X into Y, and let dim(F) denote the
dimension of a given subspace F of Y.

Definition 1/3] An unbounded operator T : X — Y with
domain D(T) C X is a pair (D(T),T), where D(T) is a
linear subspace of X, and T is a linear map from D(T) to
Y.

Definition 2/3] Let T be an operator from X to Y. A
sequence {x,} C D(T) is called T-convergent to x € X
(and write x, * x ) if both {x,} and {Tx,} are Cauchy
sequences (and x, — Xx).

Definition 3/3,4,5] A linear operator T from X to Y is
said to be closed if x, — x implies x € D(T), and Tx =

lim T x;,.

We denote the class of all closed densely defined linear
operators from X into ¥ by € (X,Y).

Definition 4/3,6] Let X and Y be Banach spaces and T €
€ (X,Y). Set

Ixll7 == Il +I7x][,  xeD(T). )
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Then, ||-||; defines a norm on D(T) which is called the
graph norm (or simply T-norm ).

Further, it is easy to show that (D(T),||-||;) is a Banach
space, the completeness of D(T) is a direct consequence
of the closedness of 7.

Definition 5/7] A sequence {x,} C D(T) is said to be T-
bounded if there exists a constant ¢ > 0 such that

llxnll7 < ¢ for everyn € N.

Definition 6/8] Let T be an operator from X into Y. A
T-Cauchy sequence in D(T) is a Cauchy sequence with
respect to the T-norm.

Definition 7/3,6,9] Let T be densely defined closed linear
operator with domain D(T) C X. A linear operator A is

called relatively bounded with respect to T or simply T-
bounded, if D(T) C D(A), and

[Ax[| < allx|[+b[Tx]l,  xeD(T), 2

where a,b are non-negative constants.

The greatest lower bound by of all possible constants b
in (2) is called the relative bound of A with respect to T or
simply the 7-bound of A.

Remark.[7,10]

1.An unbounded operator A is said to be T-bounded, or
relatively bounded if and only if it is bounded with
respect to the graph norm.

2.The set of all T-bounded operators forms a vector
space.

A notion analogous to relative boundedness is that of
relative compactness.

Definition 8/3,6,9] Let T be a closed operator from X to
Y, the linear operator A where D(T) C D(A) C X is said
to be relativity compact with respect to T, or simply; T-
compact, if for any sequence {x,} in D(T) with both {x,}
and {Tx,} are bounded, the sequence {Ax,} contains a
convergent sub-sequence.

Remark.[11] A T-bounded operator A is T-compact if and
only if it translates any 7-bounded set into a relatively
compact set.

Remark.[10] The set LT (X,Y) of all T-compact operators
from X to Y forms a vector space.

Remark.[3] If an operator A is T-compact, then it is 7-
bounded.

For further details about the relatively bounded and

relatively compact operators, we refer the reader to [3,10,
12,13].
Definition 9/4] Let K be a subset of a normed space X,
for a given € > 0, a set M C X is said to be an €- net for
K if for every point x € K there is a point x¢ € M such that
[lx —xe|| < €.

Lemma 10/4] A subset K of a Banach space X is
relatively compact (its closure is compact ) if and only if
for every € >0, K has a finite €-net.

2.1 The n-th Kolmogrov diameter of a bounded
subset of a normed space

Definition 11/2] Let K be a bounded subset of a Banach
space X with the closed unit ball Ux. For n € N, the n-th
diameter 6,(K), is defined as the infimum of all positive
numbers c¢ such that there is a linear subspace F with
dimension at most n such that K C cUx + F'; that is,

6, (K) :==inf{c >0:K C cUx +F, dimF <n}.

These diameters were first introduced by A. N.
Kolmogorov.

Remark.[14,15]

1.6)(K) > 61(K) > 6(K) > ---.

2.A bounded subset K of a normed space X is
precompact (has a finite €-net for every € > 0) if and
only if

lim 8, (K) =0.

n—so0

3.A bounded subset K of a normed space X lies in a
linear subspace of dimension at most » if and only if

8, (K) = 0.

2.2 The s-numbers of bounded linear operators

Definition 12/71] A map s, which assigns to every
operator T € B(X,Y) a unique sequence (s, (T)),_, of
real numbers, is called s-function, if the following
conditions are satisfied:

L|T|| =s0(T)>s1(T)>--->0 forallT € B(X,Y)
(monotonicity);

2.8min(Th + o) < sm(Th) + su(T2) for all
T\, h e B(X,Y)andm,n € N (additivity);

3.5, (RST) <||R|| 50 (S)-||T|| forall T € B(Xy,X),S €
AB(X,Y), and R € B(Y,Yy) (multiplicativity);

4.5, (AT) = |A|-sx(T) forall T € B(X,Y),AER;

S.if rank(T) < n, then s,(T) =0 forall T € B(X,Y)
(rank(T) is the dimension of range(T)) (rank
property);

1, forr<n

6.5.(I,) =<’ ’
sr(ln) 0, forr>n,
where I, is the identity operator of the Euclidean space
= {xe?:x;=0 ifi>n} toitself (property of
norming);

7.if dimX > n, then s, (Ix) = 1
property).
We call s, (T), the n-th s-number of the operator T.

(norm-determining

There are many examples of s-numbers of operators
acting between Banach  spaces, namely, the
approximation numbers, the Kolmogorov numbers, the
Gelfand numbers, the Tichomirov numbers, the Weyl
numbers, the Chang numbers, and the Hilbert numbers,
they are defined as follows:
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1.The n-th approximation number, denoted by (T, is
defined as

0, (T) =inf{||T — Al : A € B(X,Y),rank(A) < n}.

These numbers measure the closeness by which a
bounded linear map may be approximated by similar
maps but with finite-dimensional range.

2.The n-th Kolmogorov number, denoted by d, (T), is
defined as
d, (T)=8,(T (Ux)).

Roughly speaking, the Kolmogorov numbers d,(7')
deal with that part of the set T'(Ux) which lies outside
a certain finite dimensional subspace.

3.The n-th Gelfand number, denoted by ¢, (T'), is defined
as
cn(T) =ay(JyT),

4.The n-th Tichomirov number, denoted by d;(T), is
defined as
d;(T)=d,(IyT),

where Jy is a metric injection from the space Y into a
higher space (> () for adequate index set Q (a metric
injection is a one to one operator with closed range and
with norm equal one).

5.The n-th Weyl number, denoted by x, (T), is defined
as

xn (T) =inf{o, (TA): [|[A: > > X]| <1}

6.The n-th Chang number, denoted by y, (T'), is defined
as

u(T) =inf{a, (ST): ||S:Y — £*|| < 1}.
7.The n-th Hilbert number, denoted by 4, (T'), is defined
by
ha (T) = sup{ 0, (STA) :[|S: Y — EZH < land
|A:®—Xx|| <1}
For more informations about those numbers, we refer the
reader to [1,2,16].
In the following, we list some basic proprieties of
Kolmogorov numbers.
Proposition 1./15] For two mappings S, T € B(X,Y ), we
always have
1.dpin(S+T) <dp(S)+dy(T).
2'|dm(s) 7dm(T)| < HS* TH
3.d,(T)=0ifand only if T € o7,(X.Y), where <7, is a

finite dimensional space of dimension at most n.

By n(ST) < d(S) - d(T).

Remark.Proposition (1) is also valid for the approximation
numbers.

3 Main Results

Let us introduce the closed relative unit ball of a Banach
space X, by

Ug ={xeD(T): |lx|r <1}.

Definition 13Let X and Y be two Banach spaces, and let
T €€ (X,Y). Set

x|||r := max {||x||,||Tx|}-
Il XEB(T){H 17X}

[lx|ll; defines a norm on D(T) which is equivalent to the
norm ||x||;, and so (D(T),|.|l;) becomes a Banach
space.

By D%, we denote the relative T-unit ball which is the
unit ball related to the norm ||x| 7, i.e.,

Ok = {x:lxll; <1, xeD(T)}.

Lemma 14Let X and Y be two Banach spaces, and let T €
€ (X,Y). The unit balls Uy, Uy , U; and TD)T(, are related
as follows:

1.9 =UxNT~'Uy.
2.0 cof.
3Uo<a<1 (AUN(1—=A)T'Uy) CUY.

It is well known that a bounded linear operator A is
compact if and only if it translates the unit ball Ux of its
domain X into a relatively compact subset A(Ux) in the
co-domain Y. In the following proposition, by
reformulating definition (8), we show that a relatively
bounded operator A with respect to 7 is relatively
compact if and only if it translates the relative 7 -unit ball
DL of its domain X into a relatively compact subset
A (D}) in the co-domain Y.

Proposition 2.A T-bounded operator A is a T-compact if
and only if A (’)D)T() is relatively compact.

Proof.Let A be a T-bounded operator which translates the
relative 7-unit ball D% of its domain X into a relatively
compact subset A (D%), and suppose that {x,} is a
T-bounded sequence in X, if there exist two positive
numbers ¢ and ¢; such that ||x,|| < ¢ and ||Tx,|| < c¢;. In

this case,
Xn
{on} = {max{cl ,e2} }

is a relatively 7-bounded in ’D,T(. From the compactness of
A (D)), then there exists a sequence {n;} of integers such
that {A(yy, ) } is a convergent sub-sequence in A (%), and
so is {A(xy,)}. This is the relatively compactness in the
sense of definition (8). On the other hand, by taking {x,}
in ’)D,T(, hence the relative compactness of the operator A
in sense of definition (8) implies that A (D%) is relatively
compact.
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Definition 1570 each T-bounded operator A, we can
assign a non-negative number ||A||; defined by

[|Ax]] [|Ax]]
U — .
xen(r) Ixllz xepiry max {{lx]|, | 7x[|}
x#0 x#0

= inf >0:]|Ax|| < .
XGIB(T){C [[Ax[] < c[lx[ll 7}

Proposition 3.The set of all relatively compact operators
is closed in the set of the relatively bounded operators.

Proof.Suppose that {A,} is a sequence of T- compact
operators from X into Y with A, — A , where A is a T-
bounded operator. Then we want to show that the limit
operator A € LT (X,Y). It is sufficient from proposition (2)
to show that A (D}) is a relatively compact set. To do
this, fix € > 0. Since A, — A, so there exists n such that

llAn—Ally < 3)

£
R
By assumption A, is T-compact, and so A, (DL) is
compact. The Therefore there are a finite number of vectors

Yk €Ay (@T)( m) such that

m

AEDCUGAED ). @

k=1

If welety € A (D)), then y = Ax for some x € D%. By (4)

,,xEU(

From (3) and since [|x]|; < 1, we get

©X +yk)

llye =yl < |||yk — Al + [l Anx = Ax]l

Il < =
—4 4xT 2

So that y € (5A(D%)+y). Since y € A(D%) was
arbitrary, then this shows that

QX c L”J( QX +J’k)

Therefore,

m

AR < U (3405 +r) < U fen

k=1

©X +yk)

Since € was arbitrary, then A (’D,T() has an &-net. Hence,
from Lemma (10), the proof is done.

Theorem 16.Let Ay,As,...,A, be a sequence of
T-compact operators, then the summation Y |A; is
T-compact.

ProofLet {x,} be a sequence in D%. Since A; (D%) is
relatively compact, for all i = 1,...,n, there exists a
sub-sequence of indices ny such that A;x,, is convergent
for i = 1,...,n and so, Y7 {Ax,} has a convergent
sub-sequence.

Theorem 17.The product of a relatively compact operator
with a relatively bounded operator is relatively compact.

Proof-More precisely, let S be a T-bounded operator from
Xo to X, and let A € LT (X,Y), where Xy, X, and Y are
Banach spaces, then we want to prove that the
composition AS is relatively compact with respect to 7.
Given {z,} C Ux,,||za|l7 < 1, Since S is a T-bounded
operator, from Remark (2), we have ||Sz,||7 < ||za|7, then
the sequence {Sz,} is T- bounded, Therefore, it follows
from Remark (2) that {ASz,} is a relatively compact set.
Hence, AS is T- compact.

Lemma 18Let S be a T-bounded operator from Xy to X,
and A € LT(X,Y). IfR € B (Y,Yy), where Xo,X,Y, and ¥
are Banach spaces; that is,

XOLX%YLYO,

then RAS € LT (Xo,Yp).

Proof.Given {x,} C Ux. Since A is a T-compact operator,
then from Remark (2), there is a sub-sequence {Ax,, } of
{Ax, } which converges. Hence, from Remark (2), we have

[RAY (|7 < l[Axn,[|7-

Therefore, from the continuity of R, the sequence {RAx,, . }
converges. Thus, RA € LT (X,Y;), and from Theorem (17),
we finish the proof.

Now, we introduce a definition for the n-th
T-Kolmogorov number for the 7-bounded operator A.

Definition 19Let A be an arbitrary T-bounded operator.
The infimum of all positive numbers ¢ such that there is a
linear subspace F of Y with dimension at most n for which

A(D}) CcUy +F

is called the n-th T-Kolmogorov number for T-bounded
operator A, and we will denote it by dl (A). That is;

dy (A) = 8, (A (Dx))
=inf{c>0:A(D%) C cUy +F, dimF <n}.

Accordingly, we can give a definition for the
T-Tichomirov numbers for 7-bounded operators.

Definition 20Let A be an arbitrary T-bounded operator
from a normed space X into a normed space Y. Let J be a
canonical embedding of the Banach space Y into a super
universal space (= (I) for a suitable subset I. Then,

)" (JA) = 8, (JA(DY)) .
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Remark.One can prove that the number d’! (JA) is
independent of the choice of the embedding J.

In the following proposition, we give an equivelant
definition for the n -th T-Kolmogorov numbers of a
relatively bounded operator A with respect to a densely
closed operator T'.

Proposition 4.Let X and Y be two normed spaces, with
unit balls Uy and Uy respectively, and let A be a linear
operator relatively bounded with respect to a densely
defined operator T from X to Y such that
D(T) C D(A) C X, the n-th T-Kolmogorov number for A
could be written as

dy (A)=inf  sup inf JlA @) =7l
dim F<nxe©)(

Proof.From definition 19 then, for any positive € and for
any finite dimensional subspace FF C Y withdimF < n, we
have

A(DY) ¢ (8, (A (D)) —€) Uy +F.
Otherwise; if

A(Dx) € (8. (A (DX)) —&) Uy + Ry
for some Fy, then &, (A (D%)) < 8, (A (D%)) — €, and
this gives a contradiction. Thus, for any finite dimensional

subspace F C Y with dimF < n, there exists xg € @,T(
such that

8 (A (9%)) — & < inf |A(x0) — £l
feF
Consequently, for any finite dimensional subspace F' C Y
with dimF < n, we get
5, (A(DF)) —e < sup inf [ Ax— /|-
xG:‘D;fGF

Since ¢ is arbitrary, then

T < . . -
5 (4(0R) < jat sup it Jax—7llr.

Now, for every 1 > 0, there exists Fy C Y such that
dimFy < n, and

A(D%) € (8, (A(D%)) +1) Uy + Fo.
Hence, for every x € BD)T(,
Ax= (8, (A(D%))+n)u+f.f € Fo,u € Uy.
Therefore,
Ax— f= (5,, (A (TD)T()) JrTl) u.
Henceforth,

sup 1nf lAx—fll; < 6, (A (D
xE’D

¥))+n. (6

From (5) and (6), we get for every n positive, there
exists Fy such that dim Fy < n, and

8, (A(Dx)) < sup inf [|Ax— fll; <&, (A(Dx)) +n.
x69§f6F0

Remark.Let A be an arbitrary T-bounded operator, from a
normed space X into a normed space Y. As an easy
consequence of the definition of the n-th T Kolmogorov
number, we obtain that

1.dg (A) = sup,cor [lAx] = [|A]l7-
2.)|Aly = dg (A) > df (A) > d; (A) > --->0.
3.d7 (AA) = |A|dT (A) forall A € R.

Proposition 5.Let Ay and A, be two T-bounded operators.
Then, for every ny,ny € N, we have

dr

ny+ny

(A1 +Az) <d) (A1) +d] (A2).

Proof.For an arbitrary positive number €, there exist two
finite dimensional sub-spaces Fj,F> C Y such that
dimF; < ny, and dimF, < ny with

T .
dni (Ai) :dm}lﬁl‘f<n, il;Dprlgf A (x) filllTvl =12 (D
Therefore,
o 1+ 80) = o sup i -+-42) )=l
< gont, supinf ([l41 () = filly + 42 () = £ll7)
im Fy <nj
dim F>, <ny szEFz
< inf f A
< it 98, 10 I )= il
f f A
* 2, S 0 M2 0) = Foll
=d} (A1)+d;,(A)+€  (from (7).

The arbitrariness of € > 0 completes the proof.

Theorem 21.A T-bounded operator A is T-compact if and
only if d¥ (A) tends to zero as n goes to infinity.

Prooflet A € LT(X,Y). Then, from proposition (2),
A (DY) is a relatively compact set in Y. Therefore, for
every € > 0, there exists a finite number of elements
Y1,¥2, - ,¥m €Y such that

m
T) - U {yi+eUy}.
i=1

Hence,
A (DY) C G+ely,

where G is the linear sub-space of ¥ with dimG < m
spanned by the elements y; (i=1,---,m). On the other

hand,
di (A)=6,(A(D%)) <e foreveryn>m.
Therefore,
lim d! (A) = 0.
n—eo
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Conversely, if
lim d! (A) =0
n—soo

for the T-bounded operator A, then for every € > 0, there
exists k € N such that

dl (A) < € forevery m > k.

By the definition of the n-th T-Kolmogorov number, there
exists a subspace F of Y with dimF < k such that

A (DY) CeUy +F.

Since Uy NF ={y € F : ||y|| < 1} is a bounded subset in a
finite dimensional subspace, then it is relatively compact.
So, it has a finite €-net (say) {z1,22," - ,zm} such that

(dg(A)—l—E) (UyﬂF) - [’J{Zi“rSUy}.

Hence, for every x € Q)T(, we can represent Ax in the form

Ax=¢y+z, where ycUyand z€F.

Thus,
2| < [|Ax]| + €]yl < [|Axll; +& = dg (A) +e.

Consequently,
Ax=gey+zeeUy+ (df (A)+¢€)(UyNF) CUL, {zi+2eUy}.

That is;

A(D%) € | J{zi+2¢eUy}.
i=1

Thus, A(’D,T() has a finite 2€-net for every & > 0.
Therefore, it is relatively compact.

Proposition 6.The n-th T-Kolmogorov number for
T-bounded operator A vanishes if and only if A is a finite
rank operator with rank(A) < n. That is;

d'(A) =0 if and only if rank(A) = dim(range(A)) < n.
(®)

ProofWe consider a T-bounded operator A acting
between two normed spaces X and Y. Let dI (A) = 0.
Suppose contrarily that the dimension of the range of the
A is larger than n. Then, there exist x; (i =1, ,n+ 1)
elements in D(T) where Ax;’s are linearly independent
elements in range(A). By Hahan Banach theorem, we can
determine n + 1 linear functionals g, with (Ax;, gx) = 9.
Since any determinant is a continuous function for all its
arguments, and since the determinant

det (&) = det (g (Ax;)) =1,
then there exists a positive number 1) such that

det{og} #0 for|dy — ol <m,(i,k=1,---,n+1).

Set

S A T

maxp || gl
Since Ax; (i=1,--- ,n+ 1) are linearly independent, then
x;’s are linearly independent. Without loss of generality,
we can take ||x;|] < 1 and ||Tx;]| <1 (by dividing each x;
by ||xilll; = max (|[xi]|,||Txi||), if necessary). Therefore,
x; € D) foreveryi=1---,n+ 1. Since by hypothesis

inf{c>0:A(D%) C Uy +F,dimF <n} =0,

then there exists a finite dimensional subspace F of Y with
dimF < n such that Ax; € YUy + F. Hence, for every i =
1,---,n+1, we get

xiEQ)T(, and z; € F.

Axi = yyi+2Zi, yi € Uy,

Consequently,
[Ax; =zl < 7.

Since the elements z;,z2,- -+ ,z,+1 are linearly dependent
in F, we have det{(z;,gx) } = 0. On the other hand,

|8k (Axi) — gx (zi)| < llgxll [|[Ax: — zill

= llgkll —— <.
max g
We have the assertion
det{(zi,gk) } = det{({A(xi),gx) — M (i, 8k)} # 0.
This contradiction shows that the assumption

dim (range(A)) > n is false and this completes the proof.

Conclusion In this work we give an extension of the
concept of Kolmogorov numbers to a class of unbounded
operators, namely relatively bounded operators with
respect to a densely defined closed linear operator. We
prove that a relatively bounded operator is relatively
compact if and only if its sequence of relative
Kolmogorov numbers converges to zero. Moreover, the
n-th relative Kolmogorov number of an operator vanishes
if and only if it is of finite rank (with rank at most n).
These results about relative Kolmogorov numbers for
relatively bounded operators are similar to the known
results concerning Kolmogorov numbers for bounded
linear operators.
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