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Abstract: In the paper, we introduce probabilistic extensions of poly-Frobenius-Genocchi polynomials and modified probabilistic
Genocchi-polynomials. By making use of their generating functions, we derive explicit identities and a symmetric relation. In special
cases, the obtained results reduce to classical one. Additionally, by choosing appropriate random variable, we obtain new identities
including Stirling numbers of the first kind, Frobenius-Euler numbers, Frobenius-Genocchi numbers and Bernoulli numbers of negative

order.
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1 Introduction

Special functions and polynomials appear as solutions to
ordinary and partial differential equations. Their
importance properties are frequently used in
approximation, computation, and numerical analysis. The
various properties and connections of special functions
and polynomials have been studied and investigated by
many authors. For example, in [1], Choi et al. derived
identities for Frobenius-Euler numbers and polynomials
by using the fermionic p-adic g-integral equation on Z,.

In [2], Duran et al. considered a new class of
Frobenius-Genocchi  polynomials, called type 2
poly-Frobenius-Genocchi  polynomials, through the

polyexponential function. In [3], Khan and Srivastava
also worked on introducing a new class of generalized
Apostol-type Frobenius-Genocchi polynomials and
explored their properties and relations. In [4], Kim and
Kim discussed higher-order Frobenius-Euler polynomials
associated with poly-Bernoulli polynomials, which have
been derived from the polylogarithmic function. In [5],
Kim et al. derived new identities for poly-Genocchi
polynomials. In [6], Wani et al. focused on introducing
Gould-Hopper-based Frobenius-Genocchi polynomials
and developed their properties. Yasar and Ozarslan [7]

derived differential equations for Frobenius-Euler
polynomials using the quasi-monomiality principle. They
also introduced Frobenius-Genocchi polynomials and
obtained some recurrence relations and differential
equations. In [8], Araci and Acikgoz studied Bernstein
polynomials and Frobenius-Euler —numbers and
polynomials. They also applied the method of generating
functions and fermionic p-adic integral representation on
Z,, which has been used to derive further classes of
Bernstein polynomials and Frobenius-Euler numbers and
polynomials. In [9], Adell introduced a new
generalization of the Stirling numbers of the second kind
and obtained new interesting identities. In [10], Karagenc
et al. introduced probabilistic Bernstein polynomials and
has derived new and interesting correlations among
various special functions and special number sequences,
such as Euler polynomials, higher-order Bernoulli
polynomials, higher-order Frobenius-Euler polynomials,
Stirling numbers of the second kind, and Bell
polynomials. We now begin with the following notations:

Ni={1,2,3,..},No:= {0,1,2,3,.. = NU{0}. (1)

Z,Q,R* will respectively, be denoted integers, rational
numbers, and positive real numbers.
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Let Y be chosen as a random variable satisfying the
moment conditions by

t"E[|Y]"
E[|Y|"] <ecand lim [ENYY] =0,(t| <rr>0) (2)
N—yoo n!
where E means mathematical expectation. From here, one
may write that

E[ely} = ZE[Y”] (|t| <rrER+) 3)
n=0
or equivalently,
E[[Y["] <eoo, (Jt| <r,reRT). 4)

{Yj}lle is a sequence of mutually independent copies of
the Y with Sy =Y + Y2 + ... + ¥4, (k€ N) with S = 0.
(see [9,10)).

Several distributions that will be used in deriving the
results of this paper are given below:

1.Poisson distribution. Y ~ Poisson(a) with the
parameter with yielding moment generating function

(mgf) as
El] = €1, (5)

2.Gamma distribution. Let Y ~ I'(1,1) be random
variable with mgf as

E[e”}:% r<1. (6)

3.Exponential distribution. Y ~ E(o) be random
variable with mgf as

Ele] = ,0<a. (7

1—oat
(see [9,10]).

We now reminder polylogarithms Lij(7), Genocchi

polynomials %, (x), Frobenius-Genocchi polynomials

GE (x|u), Euler polynomials E,(x), Frobenius Euler

polynomials H, (x|u), Bernoulli polynomials f, (x),

Bernoulli polynomials Bﬁfa) (x) of negative order, Stirling
numbers of the first kind S} (n,k), Stirling numbers of the

second kind and Bell polynomials ¢, (x). Also we

i

recall the probabilistic Stirling numbers of second kind

{Z} , probabilistic Bernoulli polynomials B} (x),
Y

probabilistic Euler polynomials &) (x), probabilistic
Frobenius-Euler ~ polynomials  H, (x|u), modified
probabilistic  Bernoulli ~ polynomials BY (x) and
probabilistic Lah numbers L} (n,k).

Motivated by the above, we introduce probabilistic

(kY

poly-Frobenius-Genocchi numbers Gy, )(u) associated

with Y, modified probabilistic Frobenius-Genocchi
numbers GY (u) associated with Y.

In [2,5], it is well known that the polylogarithms are
defined by

Lie() = ¥ 2. (| < 1,k € Z), ®)

4y < L0

Lig—1 (£(2)). ©)

(< m) (10)

where provided that x = 0, we have E, (0) := E, that
denotes Euler numbers.
In [13], Frobenius-Euler polynomials are defined as

l—u , & "
pr— —r;)H”(xu) ,(weC—{1}) an
where H, (x;—1) := Hy (x).

In [2,12], the Genocchi polynomials, ¢, (x), are described
by

2t > t"
= —. (|t 12
731 = LA W <m) (12)

where provided that x = 0, we have ¥,(0) := ¥, that
means Genocchi numbers.
In [2,3], Frobenius-Genocchi polynomials G% (x,u) are

given by

(1 ZGqu

J(weC—{1}), (13)

satisfying G (x,—1) := %, (x) and

Gr];Ll (xau)
n+1
In [14], the each Bernoulli polynomials of degree n,

B (x), can be found by means of the following generating
function:

= H, (x,u). (14

ZBn

Let o be a non-negative integer. Bernoulli polynomials of

(]t < 2m) . (15)

negative order, Bs,fa) (x), are defined as follows:

(S) e = Lo ow i ez, a0

4 n=0
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In [8], the Stirling numbers of the first kind, S (n,k), are
defined by means of the following generating function:

L Zs, nk (17

Throughout of this paper, we will assume as follows: If
1+t becomes a complex number, the value of log(1+¢)
is then defined by

log(1+1) =log|l+1t|+iarg(l+1¢), (18)

where

1.log|1 +¢| is the real-valued logarithm of the modulus
[1+1|.
2.arg(1+7) is the angle of 1 +¢, typically restricted to
the principal branch (— 7, 7).
In [9], it is well known that the Stirling numbers of the
second kind are defined as

-1 & (n 1"
—a ”Zk{k}ﬁ (19)

In [21], Bell polynomials ¢, (x) is defined thanks to
x(e —1) - "
e = ;k 0 (x) —, (20)

which aligns with the moment generating function of
Poisson distribution having the mean x.
Adell and Lekuona ([9,11]) gave the probabilistic Stirling
numbers of second kind are defined by

CICE A
G

Kim and Kim ([16]) introduced new families of Bernoulli
and Euler polynomials subject to a random variable Y as
follows, respectively:

w Zﬁn S0 @)
and
2 IS IR SIS
B 1 Bl :}EOEH () (23)

where BY (x) and EY (x) are called probabilistic Bernoulli
and Euler polynomials. In the case when Y = 1,
BY (x)=B, (x) and E} (x)=E, (x) turn out to be well known
(classical or ordinary) Bernoulli and Euler polynomials.
Also, at the value of x =0, BY (0) = B} and E} (0) = E,
are called the probabilistic Bernoulli and Euler numbers.
n [18], modified probabilistic Bernoulli polynomials are
known as

o oY . nd n
% (E["]) = LBl () . ey

In [18], probabilistic Frobenius-Euler polynomials are
defined as (u € C—{1})

]—M X > tn
E[e”]—u v ) = Z,Hr)z/ (X,M)E (25)

In [19], the probabilistic Lah numbers are defined by

%(E[(%)Y D ZLYnk , (ke N).

(26)

In the next section, we introduce the generating function
for the probabilistic poly-Frobenius-Genocchi
polynomials. Utilizing this generating function, we derive
explicit identities. Furthermore, by selecting appropriate
random variables, we establish connections between the
aforementioned polynomial and other special functions
and polynomials.

2 Main Results

We are now in a position to state the following theorem,
which serves as the main definition of this paper for
deriving new identities, relations, and properties.

Definition 1.Let Y be a random
k € Zu € Cu # 1 The

poly-Frobenius-Genocchi
associated with Y by

variable and
probabilistic

polynomials G (x,u)

t” (1 —u)Lig (1—E[e™])

e )

27)

ZG

Forx=0, GS,"’Y) (0,u) := £,"’Y) (u) are called probabilistic
poly-Frobenius-Genocchi numbers.

Definition 2.Let Y be a random variable and k € Z,u €
C,u # 1. The modifed probabilistic Frobenius-Genocchi
polynomials GY (x,u) associated with Y by

Z 6! (x.u) t_‘ _ (I1—u)log(E [ety])(E[e’Y])x. 28)

Ele]—u

For x = 0,GY(0,u) := GY(u) are called modified
probabilistic Frobenius-Genocchi numbers.

Theorem 1.The probabilistic poly-Frobenius-Genocchi
numbers associated with Y can be expressed as

o) H D)
ZZ{{}Y TN

j=li=1

(~1 >G< ()
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Proof.By (27), we have
t" (1 u)Lig (1— ]E[ —77)
Z G u—REle]

Cleu & (=) (Ee -t
_uf]E[e”Y]Z (I+ 1)k (I+1)!

S+

n=0

[l ( 1)1+| oo n4+1
<,§) (z+1)k§,{l+l}y
(=1t (n’":m(wl)’

By comparing the coefficients of ;—", on the both sides
of the above, we see that

n—1

6% (u y

Jj=0

j 1){ LI}Y 1')1";<l+1>!HL.,/-<u>

(1
<’:){ }, S

n l’l‘ n+l ]l, .
ZZ (n— ik {{} HZ/'(”>"

j=1i=1

=3

Y)Y

~.
Il

J
J
J

by straight forward manipulation over sum, we get the
desired result.

Theorem 2. Let Y be a random variable, we have

L (kY) o ST () (A )= 1)
Yo wsin-y =Ly Y (1) A —

x S1(j,DH) (WL (n— j,m+1).

Proof.Since

> ky), 1" (I—wLig(1-E[e])
”;OG" uo = u—E[e Y] ’

and replacing 7 by log(1 —¢) in (27) in this case, we obtain

l’l

iZc;;” ()1 (n, 1) (— )%

n=0[=0

> 10g17t >
e

(=)

Then, by (27), we get

n=01=0
=& (m1)! e
<,,Zi)mzo(m+1)"Ly(n+]’m+l)(n+1)!>
o (WS (1 (m 1) (1)
L(ELD () ey
n+1
XS](j,l)HlY(M)LY(n*j+1,m+1)) (nt_:])!.

Thus by comparing coefficients L, —1 on both sides of the
above, we arrive at the desired result

Theorem 3.Let Y be a random variable, we have

Gi"" () = (—1)"GY (u). (30)
Proof:By (27) for k = 1, we see that

(1—u)Li; (1-E[e"™"])

Y 6wt =

= u—El[e ]
~ (1—u)log(E[e™™])
B Ele ] —u
o ) m
- Y e

which means the claimed equality.

Theorem 4.Let Y be a random variable. Then we have the
explicit identity:

n—1 j i+ 1
G (u) = Zmzo(fil) {{L} (=1 H ().
py=
(31)
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Proof.By (27) for k = 1, we have

_ (1—w)Liy (1-E[e"])

= n! u—TE[e Y]
2 (1—uw(1-Ele )™
_Eg) (I+1)(u—E[e ™))
o e [n+1 n i
-LrE{ing, o ey

XZ 1Y ( L'

- [n+1 ntl+1
—1 I
(,_zo{,+1}y< ) )

tn+l o £

X CEn ZO(*I)"H]H;(”)

E(EEC{,

il
(n+1)"

I
=
Q,MS

m!

x (71)"+11!H,f,j(u)>

By comparing the coefficients of ;—", on both sides, we
obtain the desired identity.

Theorem 5. Let Y be a random variable.
following equality holds true:

g0 e

E[Y’ j+l]HY (u) BY

n—1—i

Then the

n =

Proof.By (27) for k = 2, we have

~ (1—w)Lir(1-E[e])
B u—TE[e Y]

B el IE[ye*xY]
T u—E[e ] Jo

logE[e™]
“(Fewor) o
- 1—u (2 (1)K E[y"H)
T u—Ele ] Jo (nzb n!

Ned mxm
X Z B,);q ) dx

_i)<z(),zb( )(z+l) -

il
(n+1)1"

><E[Yi’j“]H,f,[(u)B}/)

Thus by comparing coefficients L, -1 on both sides of the
above, we arrive at the desired result.

Theorem 6.Let Y be a random variable, we get

n [ n
vy {l}yG,f(u)Sl(l,k). (33)

1=0k=0

G,y (u)

Proof.By (28), we have

- n 1—u)log (E [eY

_ (1—u)log (E[e"])

elog(Ele™])

—u

- log(E[e"]—1+1))*
:I;)sz(u)(og([ ]1! 1)

:ick Zslzk

= Z (ZE)];)Gk )S1(1,k) {l},,) ;—n'

which means the claimed equality.

[’y}*l)

Theorem 7.Let Y be a random variable, we have

G ( Xn‘,nzj{n;;}r?]}y (nﬂ)(—l)kk!HjY(u)l (34)

j=0k=0 J

Proof. Since

Z Gn+1

o (1—u)log (Ele'])

n+1)! B E[e’Y]fu
L& (DR —u) (Bl 1)
—,;) k+1 Y(Ele!Y] —u)
e r tn+1
1;)_1 k'z{kﬂ} (n+1)!

(i"z

" +] I’l+l tl’l+]
k+1 v\ J (n+1)1"
Note that G¥(u) = 0. Thus, by comparing coefficients
[n+l

Grn On both sides of the above, we arrive at the desired
result.

nMg

Theorem 8.Let Y be a random variable, then we have the
explicit identity

(33)
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ProofBy (28) we have Proof.By (6) and (27), we get
Glk t" ~ (I—uw)Lix (1-E[e"])
Z B u—Ele 7]
t" ~ (1-u)log (E[e" Y] -
”Z(')G T olog(El E"gy]( ) = L—u Lig (l - %)
2 (D) (Ble7] - 1) “ ’
:k;() (k+1) (E[e"]—u) _ 1—14I e (L)H] .] i
— Y R Y 71@5[6”]) u—e T AL (,j+l) 1
k: "= ' & (log(1+1))! & /T
& [n+1 s = Z(_I)HIHZ(”) Z ;
Xz{k+1} [CESH] i=0 I S G+HDk
v (v St " % (n+-]) —1)n
_u;)<k:o< 1)k!{k+]}y(”+])!> n;) J ( )
d (log(IE[e’y]))m i oo M
XL = X0 Y10
B [ n ok n+1 t/x+l - j+] - ' '
,E(kgb( 1) k’{k+l}y (n+1)!> % Zt—z n (_])I‘l*]tnf‘[
. = (+ D=\
(B[]~ 1)/ Jj=0 n=j

m=0 =" J! o
i(fl)kk'{’ﬂﬁl} et = (Z Z(—])I+IH1(M)S1 (nvl)ﬁ)
k=0 kL (mt 1)

o [ - / oo (1) (D"
XZ ZH,,,(M)SN]’,m))Z{j_}y% X ,,;)]Z()(]) (]+l)kt )

oo n n ©  n m n—m n—m—j+I+1
_ Tt s ) _ n—m\ (n+1)!(-1) J

;) (k:0< ) {k+1}y (n+1)! n:OmEOZg(’)j;O j G+ !

“ (v y i l ! n+1
H, (u)S,(j,m . — t

><lg(’] (Z{)”;’O ( ) <j >{j})’> I X H[(M)S] (m,l)m
v T B n+1\ [n—i+1
_u); (;}k:(]j;ﬂm;ﬂ( ) k‘< i >{ k+1 }y By comparing coefficients " on both sides of the above,

0
oy s ! we arrive at the desired result.
X {J}y (1) 1(./7"1)) CEShik

Theorem 10.Let Y ~ I'(1,1), we get

GY (u Zsl n,k)GE (u)(—1)"+*. (37)
Thus, by comparing coefficients L, ;1 on both sides of the =
above, we arrive at the desired result.
Proof.Since,
d " 1 —u)log(E[e!”
AT (1—u) log(Ele D
o n! Ele/Y] —u
_ (1-u)log(+4)
Theorem 9.Let Y ~ I'(1,1), we get = —u

_ (I-u)(=log(1 1))

- e—log(1-1) _

— i Glf(u)(_])k (log(] _t))k

=0 k!
n—1 m n—1-m n—m— j+l1 oo oo n
kY), \ nlm) (-1) T+ N G ) (1) ot
Gn = : e (w)(=1)" ) Si(n, k) (1)
w-LE (") S LW Esinb-1
x Sy (m,1)H;(u). o [ n r e "
o - £ (Letwirsin) -
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Thus, by comparing coefficients ﬁ on both sides of the
above, we arrive at the desired result.

Theorem 11.Let Y ~ E(t), we get

n—

mon—l-m /. 1 _ n n=l-m—j+l(p !
GMw=Y Y ¥ ( | )a< Vs ).

m=0i=0 j=0 m!(j+1)

(38)

Proof.-We omit the proof because it is same as the proof of
Theorem 9.

Theorem 12.Let Y ~ E(t), we get

GY (u Z oS (n,k)GE (u)(—1)"*, (39)

Proof.-We omit the proof because it is same as the proof of
Theorem 10.

Theorem 13.Let Y ~ Poisson(a), we get

- i GE (u)a* {Z} (40)

> " 1 —u)log(Ele’Y

ng;) f(u)%:( E[)e’(;?u -
_ (I1—u)a(e —1)

e(e=1) _y
:iGF(u) Gl
k=0 ¢ k!

v i, kv fnl
- ¥ i we ”Zk{k}n,

Thus, by comparing coefficients ﬁ on both sides of the
above, we arrive at the desired result.

Theorem 14.Let Y ~ Poisson(a), we get

D EECT) Bt e

Proof.By (5) and (28) we have

oo n+1 oo
(-t ke (€ —1)
= B; k(u)oc
_iB*])tH] iH(u)OckH i m ﬁ
N " ! k| m!
n=0 k=0 m=k

Il
-t
(o8]
7
=
)
t
(o
(agE
—
> 3
——
=
S
R
.
t
-

n=0 nl o =0i=0
_ o v n J}B( )H(M)ak+l
NN GIHES
tn+1
<o

which means the claimed equality.

3 Conclusion

In the paper, we have explored extensions of probabilistic
poly-Frobenius-Genocchi polynomials, and introduced
probabilistic  poly-Frobenius Genocchi polynomials
associated with Y. We have also derived explicit formulas,
established various related identities, and obtained a
symmetric relation for these polynomials. Furthermore,
we have investigated explicit expressions for the modified
probabilistic Genocchi polynomials associated with Y,
which  differ slightly from the probabilistic
Frobenius-Genocchi polynomials associated with Y. As
special cases, we consider applications in case that Y is
poisson, gamma, and exponential distributions.
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