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Abstract: Marshall and OlkinT] introduced a new method of adding parameter to expand dfadistributions. Using this concept,
in this paper the Marshall-Olkin extended general classsifidutions is introduced. Further, some recurrencetiala for single and
product moments of generalized order statistjus) are studied. Also the results are deduced for record valnd®rder statistics.
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1 Introduction

Kamps p] introduced the unifying concept of generalized ordeilistias (os), the use of such concept has been steadily
growing along the years. This is due to the fact that such epindescribes random variables arranged in ascending
order of magnitude and includes important well known condiegt have been separately treated in statistical litezatu
Examples of such concepts are the order statistics, saguemter statistics, progressive type Il censored ordsissics,
record values and Pfeifer’s records. Application is matidus in a variety of disciplines and patrticularly in réliiy.

Letn> 2 be a given integer amd = (my, My, ..., My_1) € O"-1, k> 1 be the parameters such that

n-1
y|:k+n—i+ij >0 for 1<i<n-—1.
=l

The random variableX(1,n,m k), X(2,n,MK),...,X(n,n,M k) are said to be generalized order statistics from an
absolutely continuous distribution functidi() with the probability density funtionddf) f(), if their joint density
function is of the form

n—1

k(rjhiyj) ( I 1= FO0)] ™ F06)) [1= F O] () (1.1)

on the cond ~1(0) <x; <% < ... <xa < F~1(1).

Ifm=0,i=12,....n—1andk =1, we obtain the joinpdf of the order statistics and fo, = —1, k € N, we get the
joint pdf k—threcord values.
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Let the Marshall-Olkin extended general form of distribut be

= Alah(x) + bJ¢
PO =TT A a0 1B

a<x<pB,A>0, (1.2)

wherea, b andc are such thaft (a) = 0,F (8) = 1 andh(x) is a monotonic and differentiable functionxin the interval

(a,B).

Also we have,

3 {[ah(9 +b] — (1 —A)[ah(x) +bJ*1} .

F(x)=-— ac (%) (x) (1.3)
where,F (x) = 1— F(x)
The relation {.3) will be utilized to establish recurrence relations for nemts ofgos.
2 Single Moments
Casel: y#y;i#j=12,...,n—-1
In view of (1.1) the pdf of r —th generalized order statist(r,n, M, k) is
r
— oyl
fienmig (9 = G109 3 &) [F (] g (2.1)
1=

where,
r n-1
C1= |'!v|, y=Kkt+n—i+ % mj>0,
i= J=I

r

and a{(r)”riw), 1§|§r§n
J:
j#

Theorem 2.1. For the Marshall-Olkin extended general class of distributions as givenin (1.2) andne N, me R, k>
0,1<r<nA>0

E[E(X(nn.mK)Y] = E[EX(—Lnmk} - — E[w{X(rnmk}

cay
+ ucayf\) E[o{X(r,n,mk)}], (2.2)
wheret(x) = [ah(X) + bjw(X), @(x) = [ah(x) + b]*Lw(X), w(X) ﬁ,’gg
andy =k+n—r+3y7-tm; > 0.
Proof: We have by Athar and Islan?],
E[E{X(r,n,m K)}] — E[E{X(r—1,n,mK)}]
B r —
~C2[ € ¥ a(n)[F(9]" dx (2.3)
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Now on using 1.3 in (2.3), we get

E[E{X(ranamv k)H - E[E{X(r —1nm k)H

1 (BE(x) & — -
&S o

x{[ah(x) +b] — (1 —A)[ah(x) +b]***} f (x) dx,
which after simplification yields2.2).

Casell: m=m,i=12,....n—1.

Thepdf of X(r,n,m k) is given as:

om0 = gy (FOO] 100G (F9). (2.9
where, r
Cr1= i[lvl ; Y =k+(n—=i)(m+1),
en(X) = {miﬂ( fx)m+l , m#£ -1
—log(1—x) , m=-1
and

Theorem 2.2. For distributionasgivenin(l.2)andne N, me R, k>0, 1<r <n,A >0, % =k+(n—r)(m+1) >0,

E[E(X(EnmK)] = E[EQX0—LnmK}] - = E[p{X(tnmi)]

(1-4)
cay

+

E[o{X(r,n,mk)}] (2.5)

Proof: It may be noted that fog # y; butatm =m, i=1,2,...,n—-1,
1 ; 1
_1 r—i
—1(-1) (i—=2)H(r—1i)!

(r) =
4=t

Therefore thepd f of X(r,n, M, k) given in €.1) reduces toZ.4) cf [6].

Hence it can be seen th&.§) is the partial case oP(2) and is obtained by replacing With min (2.2).

Remark 2.1: Recurrence relation for single moments of order statigtsr= 0,k = 1) is

1

E[£0%n)] = E[E(X-1n)] ~ gy

[E[W0%n)] +(1-2) E[o0Xn)] }
At A =1, we get

E[E(Xrnﬂ = E[E(erl:n)] -
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as obtained by Ali and Khari].

Remark 2.2: Recurrence relation for single momentskef th upper record (atn = —1) will be

1

E[E{X(rn.—~1K}] = E[E{X(r— 1.1k} - — { E[${X(rn.~1k)}]

+ (1-2) E[p{X(r,n,—1k)}]}
Remark 2.3: SetA =1in (2.5, we get

E[E{X(r,n,mKk)}] = E[E{X(r—1,nmKk)}| - é E[¢{X(r,n,mk)}]

A

as obtained by Athar and Islar?][

Examples

1. Marshall-Olkin-Extended Uniform Distribution

= A(B-x
F(x)_m, 0<x<8, A >0.

We havea= -4, b=1,c=1 and h(x) =x.

Let&(x) = xI*1, then

xi+1

Wx) = (j+ 1)K —¥) and(x) = (j + L)X + X5 — 2x+7]
Thus from relationZ?.5), we have

0 v

E[X2(r.nm k)] — TNG+D

E[X)(r,nmKk)] + E[XIL(r —1,n,mK)]

(1-2)

Bly — (j+D(A-21)]
T @oaarn  cXrenmi)

as obtained by Athar and Nayabuddgh.

2. Marshall-Olkin-Extended Weibull Distribution

— Ae™

FX)=—— x>0, A>06>0
) 1-(1-A)ex] "~

Here we hava=1, b=0, c=1 andh(x) =e ¥
Assumingé (x) = xI, we get

W = -0 andot) = b 37 3000
Thus from relation2.5),

E[X!(r,nmKk)] =E[X)(r—1,nmk)] + GL{E[Xj*Q(r,n,m, K]

¥

[ (71>I+l S
+(1*)\)|Zo T E[xI-0¢ ')(r,n,m,k)}}
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as obtained by Atheat al. [4].

3. Marshall-Olkin-Extended L omax Distribution

s Ay
F(x) = [17(17/\)(1+%)7p], O<x<ow, A,0,p > 0.

We have,a= %, b=1 c=—p andh(x) =x.
Let & (x) = xI*2, then
W0 = (j+ D0+ 27) ando(x) = (i+ D5 (*F) g %™

Thus from relationZ.5), we have

E[X”l(r,n,m,k)] _ (ﬁ) E[Xj+l(r—1,n,m, k)] + (%)

x{E[Xi(r,n,m,k)} - (1)\)j2': <1t p> %E[xi“(r,n,m,k)}}

4. Marshall-Olkin-Extended L og- L ogistic Distribution

_ o aasew
PO = @ ey

O<x<o, A,0,p>0

Here we havea= 6, b=1, c=—1andh(x) = x".
Let&(x) =x/*1, then
(x) = U (xi-Pr1 1 g xi L) andg(x) = (£ xi-piL

Thus from relation2.5), we get
EXI*rnmk)] = (—2*  VE[XI*L(r—1,nmk
X ) (pvr—(1+1)) aan )

+(9[py,7(j+1)])E[XJ (r,n,m,k)}

5. Marshall-Olkin-Extended Beta of |11 Kind Distribution

— A(14+x)7t
F(x) = - T 0<x<ow, A>0

Here we havea=1, b=1, c=—-1andh(x) =x.
Suppose thaf (x) = xI*2, then

W) = (j+ 1) +xI*) ande(x) = (j+1) ¥,
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Thus from relation2.5), we get

EXITHr,n,mk)] = (ﬁ) EXIT(r—1,nmKk)]

A(j+1) i
f(m)E[XJ(r,n,m,k)].

Similarly several recurrence relations based on The@@muan be established with proper choiceadh, ¢, andh(x).

3 Product Moments
Casel: y#y;i1#j=12,...,n—-1
The jointpdf of X(r,n,M k) andX(s,n,M k), 1L <r < s<nis given as

S

fxenmi x(snmig () =Cs1( Y a”(9 [E:@] ") (3 &) Foo¥)

i=r+1 (X) =
f(x) f(y)
T/ o <X<y< ) 31
* FWFWY) y=p o
where,
ai(r)(S): ﬁ 1 , r+1<i<s<n.
S i—H
j#

Theorem 3.1. For the Marshall-Olkin extended generall class of distributions as given in (1.2). Fix a positive integer k
andforne N, mMeR, 1<r<s<n, A >0,

E[E{X(r,n,m k), X(s,n,M,K)}| = E[E{X(r,n,mMK),X(s—1,n,MKk)}]

(1-4)
cays

E[@{X(r,n,m,k),X(s,n,MmK) }] - ——E[@{X(r,n, M k),X(s,n,mKk)}] (3.2)

where,

Y(xy) = [ah(y) + b] =———
andys = k+n—s+y]_im; > 0.
Proof: We have by Athar and Islan2],

E[E{X(r,n,MmK),X(s,n,M K)}| —E[E{X(r,n,Mk),X(s—1,n,MK)}]

M
—
<
=

| S

= C52//0§X<y§8§y E(xY) i ai(r)(s)[E(Y) ¥i

i=r+1
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X _iai(r)[f(x)w;—((% dy dx. (3.3)

Now in view of (1.3) and 3.3),we have

E[E{X(r,n,m k),X(s,n,MK)}] — E[E{X(r,n,M k),X(s— 1,n,MK)}]

T FEXY) /& o [F(y)H /d _
St s S (2,40 ] (a0 w)

x {[ah(y)+b] — (1—A)[ah(y) + b]°+1}|i—((’%i%)) dy dx. (3.4)

which leads t0§.2).
Casell: m=mi=12....n—1

The jointpdf of X(r,n,m, k) andX(s,n,mk), 1 <r <s<nis given as

fX(r,n,m,k),x(s,n,m,k) (Xa Y) = (r — 1)|(CSS_1 r— 1)! [F_(X)]mf (X) grr1171

(F()

% Thm(F(y)) — hm(F (x))]*F ()] (y),

a<x<y<p (3.5)

Theorem 3.2. For distribution as given in (1.2) and condition as stated in Theorem 3.1
E[E{X(r,n,mKk),X(s,;n,mK)}] = E[E{X(r,n,mK),X(s—1,n,mK)}]

(1-4) 1
. E[o{X(r,n,mk),X(s,n,mKk)}] — EVSE [W{X(r,n,m k), X(s,n,mk)}] (3.6)

Proof: We have whery # y; butatm=m, i=1,2,...,n—-1

(r) B 1 S—i 1
g; (S)_ (erl)sfrfl(_ ) (i—rfl)!(S*i)!

Hence, jointpd f of X(r,n,m k) andX(s,n,m k) given in 3.1) reduces to3.5). cf [6].

Therefore, Theorer8.2 can be established by replacingnith min Theorem3.1

Remark 3.1: Recurrence relation for product moments of order stasiggtm=0, k=1) is

E [E (Xr,sn)] =E [E (Xr,sfl:n)] - L ) {E [QU(Xr,sn)] + (1_ A) E [(p(xr,sn)} }

ca(n—s+1
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Remark 3.2: Recurrence relation for product momentskef th record values will be
E[E{X(r,n,—1,k),X(s,;n,—1,k)}]| = E[E{X(r,n,—1,k),X(s— 1,n,—1,K)}]

1

_H({E[w{x(r,n, —1,k),X(s,;n,—1,k)}| + (1= A)E[@{X(r,n,—1,k),X(s,n, —1, k)}]}

Remark 3.3: Set A =1in (3.6),we get
E[E{X(r,n,m,k),X(s,n,mK)}] = E[E{X(r,n,m,k),X(s—1,n,m K)}|
1

_EVSE[w{X(r,n,m, k), X(s,n,m,k)}]

as obtained by Athar and Islar?][
Examples

1. Marshall-Olkin-Extended Uniform Distribution

= A(6-x)

(x):m, 0<x<6, A >0.

We have,a=—%, b=1, c=1andh(x) =x.

Let &(x,y) = Xyl*1 then

%lm

£(xy) , P xiyitl
ey = (DY = 2—)

Y(xy) = [ah(y) +b]

+2
2

andg(x,y) = (j + L)Xyl + 207 2xyi+l],

Thus from relation 3.6), we have

E[X'(r;n,mk).X)*2(s,n,m. k)| = (f_ei) E[X(r,n,m k). X1 (s,n,m k)]
0 ys i ,
+m E[X'(r,n,mk). X (s—1,n,mKk)]

Oy — (i +1)(1—21)] _ i .
T A+ E[X'(r,n,mKk). X} (s,n,m k)],

as obtained by Athar and Nayabuddaj.[

2. Mar shall-Olkin-Extended Weibull Distribution

Here,a=1, b=0, c=1andh(x)=e*.

— AeX

FX)=———, 0<Xx<o, A>006,>0.
@ e

6
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Let &(x,y) =Xy, then

Y(x,y) = [ah(y) +b] h’(y);y iy

E(Xay) i 00
and@(x,y) = [ah(y) +b]* o= = 4 57 o

Thus from relation 3.6), we get
E[X'(r,n,mKk).X)(s,n,m k)] = E[X(r,n,m k).X)(s—1,n,m k)]

+9LVS{E[Xi(r, n,m.k).X178(s,;n,mk)]

0 I+l

1)\20

Xi(r,n,m k).x1-0(= '>(snmk)]}

as obtained by Athaat al. [4].
3. Marshall-Olkin-Extended L omax Distribution

— A (1_’_1)*}9
= T
1

Here we have a= 3, b=1, c=—p, h(x) =x.

O0<x<o, A,68,p>0.

Suppose &(x,y) =Xyl then

Wxy) = [ah(y) + B F0 (4 1)yl +

XI J+1

o)

&(xy)

and gixy) = ahly) + BB — (4 D5E (17) & v

Thus from relation3.6), we have

E[X'(r.nm kX (snmk)] = PYs ) E[X'(r,n,m kX" (s—1,n,m k)]

(pvs—(j+1)

(j+1)6
’ (m){E[X (r;n,m k)X (s,n,m, k)]

— (1A)§ (1 p> éE[Xi(r, n,m k)X (s,n,m k)] }

4. Marshall-Olkin-Extended L og-L ogistic Distribution

— A (1+6xP)~1

P =g a—aarem 1 0<x<=A0.p>0

We have,a= 60, b=1, c=—1andh(x) = xP.

Let&(x,y) = Xyl 1, then
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ZExy) . o
an(X7y) = [ah(y) + b]‘7yhT — %(lej Pl 9XIyJ+1)
and ¢(x,y) = [ah(y) +b]c+lw _ (J+p1> X yiP+L,

Thus from relation3.6), we have

E[X'(r,n,mk). X" (s n,mk)] = (ﬁ)E[Xi(r,n,m, k). X" (s—1,n,m k)]
-

A(j+1)

e i j—p+1
+ (Q(pysf G +1)))E[X (r,n,m,k) X 7P (s,n,m, k)]

5. Marshall-Olkin-Extended Beta Of |1 Kind Distribution

- A(L+xt
F(X)[l—(liAjL)z(l)jo)l]’ 0<x<o, A>0.

Here,a=1, b=1, c=—1andh(x) =x.

Supposé (x,y) = Xyl *+1, then

Lixy) . i L i
Y(x,y) = [ah(y) + b} Y= = (j + (XY + Xy )

2wy o
andg(xy) = [ah(y) + b]* Pgo= = (j+1) X'y

Thus from relation3.6), we have

E[X'(r,n,mk). X1 (s n,mk)] = (ﬁ) E[X'(r.n,mk). X" (s—1,n,mk)]

A(j+1)

+ (m)E[x'(r,n,m, k)xl_(s,n,m, k)]
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