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Abstract: In this article, we introduce the notion of statistically pre-Cauchy doubleesemuof fuzzy numbers. Then we present a
characterization of the class of bounded statistically pre-Cauchy doedpleesces of fuzzy numbers with the help of Orlicz function.
Further, we present a characterization of the class of bounded stdistimavergent double sequences of fuzzy numbers and linked
with Cesaro summability.
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1. Introduction (i) uis fuzzy convex,

i.e.u[Ax+(1—A)y] > min{u(x),u(y)} for all x,y €
Fuzzy set theory, compared to other mathematicalR@nd forallA €0,1]. _
theories, is perhaps the most easily adaptable theory to (iil) UiS upper semi-continuous. _
practice. The main reason is that a fuzzy set has the (iv) The set[ul, = {xe R:u(x) >0} is compact,
property of relativity, variability, and inexactness ineth where{x € R: u(x) > 0} denotes the closure of the set
definition of its elements. Instead of defining an entity in {x € R:u(x) > 0} in the usual topology oR.
calculus by assuming that its role is exactly known, we  We denote the set of all fuzzy numbersRby E* and
can use fuzzy sets to define the same entity by allowingcalled it as the space of fuzzy numbetslevel set[u], of
possible deviations and inexactness in its role. Thisuc E!is defined by
representation suits well the uncertainties encountered i
practical life, which make fuzzy sets a valuable i, = { {fteRiu(t)>A}, (0<A <,
mathematical tool. The concepts of fuzzy sets and fuzzy A {teR:u(t)>A}, (A =0).

set operations were first introduced by Zadeh] [and L'ighe set[u], is a closed, bounded and non-empty interval

subsequently several authors have discussed vario ) ; :

aspects of the theory and applications of fuzzy sets suc or _each A € [01] which is defined by
as fuzzy topological spaces, similarity relations and yuzz
orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka2(] introduced Fit) {1,t:r,

[u,=[u™(A),u" (A)]. R can be embedded &%, since
eachr € Rcan be regarded as a fuzzy number

bounded and convergent sequences of fuzzy numbers and 0, t#T.

studied their some properties. Later on sequences of fuzzy

numbers have been discussed by Diamond and Kloeden LetW be the set of all closed bounded intervAlef

[11], Dutta [8,9] and many others. real numbers such thét= [A;,Ay]. Define the relatior
A fuzzy number is a fuzzy set on the real axis, i.e., aonW as follows:

mappingu : R — [0, 1Jwhich satisfies the following four d(A,B) = max{|A1 — B1, /A2 — Bs[}.

conditions:
(i) uis normal, i.e., there exist axy € R such that Itis well known that(W, d) is a complete metric space
u(x) =1 (See Diamond and Kloede(]).
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A fuzzy double sequence is a double infinite array of It is obvious that, ifx = (Xjx) is bounded, then for an
fuzzy real numbers. We denote a fuzzy double sequence bgrlicz functionM, M (d (Xjk, o)) is bounded for eachand
(amn), Wwhereamn are fuzzy real numbers for eaohin € N. k.

The initial works on double sequences of real or complex  The Cedro means (also called Ces averages) of a
terms is found in Bromwichd]. Hardy [14] introduced sequenced,) are the terms of the sequenag)( where
the notion of regular convergence for double sequences of,, = %Zin:laiis the arithmetic mean of the firsh
real or complex terms. The works on double sequence waglements of 4,). This concept is named after Ernesto
further investigated by Basarir and Solanc&h Moricz Cesxro. It is known that, if §,) converges td than ¢,)
[22), Tripathy [27] and many others. also converges to the same limitHardy [15]). This

Let (ak,) € 2wF, set of all double sequences of means that the operation of taking @es means
fuzzy numbers. Then the expressipg S, axk, is called  preserves convergent sequences and their limits. This is
a series corresponding to the double seque(mg(z)of the basis for taking Ca@so means as a summability
fuzzy number. DenoteSy, = Xﬂlzlzﬂzzlaklkz for method in the theory of divergent series. If the sequence
allm,n e N. If the sequenceSyn)converges to a fuzzy of tr]e Cearo means is convergent,_the series is said to be
number u, then we say that the serieBy, Sk, ak, Ce;aro summable. There are certainly many examples for
converges ta and Writey y, 3k, aik, = U. whu;h the sequence of Ca® means converges, but the

Statistically convergence is a generalization of theoriginal sequence does not. For example, the sequence
usual notation of convergence that parallels the usual@) = (—1)" which is Ceéro sum- mable to 0. Cae
theory of convergence. The concept of statisticalmeans are often used in applied mathematics and in
convergence was first introduced by Fasg][and also  particular to Fourier series (Katznelsat6]). For details
independently by Buck4] and Schoenberg2p] for real about Cearo summable spaces of scalar sequences, one
and complex sequences. Further this concept was studig®dy refer to Maddox 19]. For some recent works on
by Salat 5], Fridy [13], Cannor pb,6] and many others. statistical convergence as summability method and its
Connor, Fridy and Kline 7] studied the notion of applications, one may refer to Alotaibi and Mursalegh [
statistically pre-Cauchy sequence of scalars inand Mohiuddin and AiyubZ3]. The investigation of this

comparison with statistically convergent sequence. paper will further encourage to study statistical
A double sequence of fuzzy numbeéxy) is called ~convergence via summability techniques and applications
statistically convergent tb if in fuzzy setting.
Throughout the paper,w™ denote the set of all
; 1 ; - double  sequences of fuzzy numbers and
— sd(X; >ej< <n}|=0.
m!”Il}oo mn|{(1’k> dlxj,L) 2 €, <mk<n}| =0 X = (Xjk) €2 W~ be an element.

By -wSC we denote the space of strongly @as

where the vertical bars indicate the number of elementsin, "= = 10 0ie sequences of fuzzy numbers, where

the set.
A double sequence of fuzzy numipeg) is called

statistically pre-Cauchy if for everg > 0 there exist s o .13 B

p = p(¢) andg(¢) such that W 5= {x= (Xjk) €2 W Irlnmn anlk;d()(jk’ D=0
. 1 . .

m!mmm [{(j,K) : d(Xjk, Xpg) > €, j <mk<n}|=0. forsome_}.

A double sequence of fuzzy numigey) is said to be

bounded if su (xj,0) < o and we denote the class of 2. Main Results
ik

In this section, we the help of Orlicz function we present
a characterization of the class of bounded statistically
pre-Cauchy double sequences of fuzzy numbers. Then we
present a characterization of the class of bounded
statistically convergent double sequences of fuzzy
numbers. Further, we link Cesro summability with
statistical convergence.

such sequences by".

An Orlicz Function is a functioM : [0,c0) — [0, )
which is continuous, non decreasing and convex with
M(0) = 0, M(x) > 0 for x > 0andM(x) — o asx — .

Lindesstrauss and Tzafrirl§] used the idea of Orlicz
sequence space and introduced the sequence épaae

follows:
.y F .
I = Ix= (x) ew: S5 M () < 7 Proppsmon 2.1. Letxez_wF N2 ¢~ andU be an Orlicz
m = {x= (%) 2k=1 ( p ) ° function. Then the following statement holds:
for somep > 0} _ “x is statistically pre-Cauchy if and only if
For double sequence of fuzzy numbers, we can defln(?, 1 d(Xjk Xpq) y
Orlicz space as o M2 Yip<mkg<nVY <7p ) =0 for somep > 0".
F _ —(v. .0 0 d(Xk',(_)) . d(xig,
2l = {x= (xjK) €2WF 1 31 T7aM (,_-,’) <e,  Proof. SupposeAmﬁ Y j.p<m Skaq<nVU (W) =0
for somep > 0}. for somep > 0.
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For eache > 0, p > 0 andm,n € N, we have Lemma 2.1. Let x € wF Ny ¢F and U be an Orlicz
. d( | function. Then we havng .
Xjk;Xpq
U ( ! ) I|m d(Xjk, X
if and only if
1 (d(xjkaqu)>
vl ——= m n .
2 (XK, X
rnzn j7pSm,d(Xjk7qu)<$k,an p Z z ( : pq)) O
n 1 U (d(Xjk,qu)> _ .
men2 i pemafioxg e k2N o Proof. Let A= SJL:(pd (Xjk,0) and define
1 (d(xjkaqu)>
P ulf——= U (x 1+2A
men? J:psm,d(%kﬁqu)zsk,qsn P (0= )1+X

1 _ _ Then
£) (mzng{(lak) D d(Xjk, Xpg) > €, ] <mk< n}|)

>0
Conversely suppose thatis statistically pre-Cauchy
and thate > 0 be such that) (d) < 5. Sincexis bounded, ~and

there exist an integeB such thatJ (x) < % for all x> 0.

d(x:
U (O(J;)qu)> <(1+ ZA)d(Xjk’qu)

Note that, for eacim,ne N y d(Xjk Xpg) . U (Xjk Xpq)
— | =(142A)—————
1 s Y <d(xjk,qu)) 1+ d(Xjk Xpg)
2
Tz L P (1-+ 28003 X0
_ 1 )3 U (d(xjk7XPQ)> 1+ d(k.0) + d(xpg, 0)
men? j,p<md(Xjic,Xpg) <O K.G<n p (1+ 2A)d(xjk=XDQ)
g - 1+2A
1 Xik s X
" J.p<madfy i) =5k a2n p 0 m e . .
o ) Hencenumm Y i1 Y k=1d(Xjk:Xpq) = O if and only if
1 X'k7qu ’ .
<U(®)+ U (J) i Lsm sn U (S0m) _ o
m2n2 § pemasp2akizn o M e 2j=12k=1 ( ) )

Now, we are ready to give the main result of this paper
as follows.
Theorem 2.3. Let x €, W™ Ny ¢F. Then the following
1 statement holds:
<e+B <2|{(j,k) 2 d(Xjk, Xpg) > 0, ] <mk < n}|> “xis statistically_ pre-Cauchy if and only if
men 'r'rm = YTy Y ko1 d(Xjk, Xpg) = 0.

e B/ 1 _ .
< 51735 (mznzH(J’k) +d(Xjk:Xpg) = 6, ] <mk < nH)

(1)
Sincex is statistically pre-Cauchy, there exidsuch that  Proof. Applying Lemma 2.1 and Proposition 2.1, we have
R.H.S @) is less tharz for all mn € N. Hence the desired result.
1 dixe. X Theorem 2.4. Let x €, W™ M, ¢F. Then the following
lim U] <(‘k’p“)) =0. statement holds:
mn men j,p=mk §=n P “x is statistically convergent toif and only if

lim 5 5Ty SR-p d(Xj, L) = 0.
Proposition 2.2. Let x €2 W™ N2 (" and U be an Orlicz  proof. If we considerU (x) = (1+ A+ L)% =5 then the

function. Therx is statistically convergent to iff proof is similar to that of Theorem 2.3.
m n In view of the above theorem and the notion of strongly
i Z Z ( (Xjk, '—)) —0. Cesaro summable double sequences, we can now link the
m “& statistical convergence and @Ges summability as follows:

Corollary 2.5. Letx €2 W™ Ny ¢F. Then the following
Proof. The proof is similar to that of Proposition 2.1. statement holds:
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