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Abstract: A graph is said to be Permuted cordial labeling if it has a I, f ,g labeling that satisfies certain properties. In this paper, we

present a novel application of permuted cordial labeling based on the corona product of two graphs, demonstrating its potential for

understanding and studying specific graph structures. The resulting Permuted cordial labeling scheme for the corona product of paths,

cycles, second power of paths, cycles Fans , and wheels may provide consideration for the graphs’s properties and structures. We can

use it to investigate its connectivity, symmetry, and other graph-theoretic properties.
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1 Introduction

It is well known that graph theory has applications in
many other fields of study, including physics, chemistry,
biology, communication, psychology, sociology,
economics, engineering, operations research and
especially computer science. One area of graph theory of
considerable recent research is that of graph labeling. In a
labeling of a particular type, the vertices area assigned
values from a given set, the edges have a prescribed
induced labeling, and the labelings must satisfy certain
properties [1,2,3]. An excellent reference on this subject
is the survey by Gallian [4].

Two of the most important types of labelings are
called graceful and harmonious. Graceful labelings were
introduced independently by Rose [5] in 1966 and
Golomb [6] in 1972, while harmonious labelings were
first studied by Graham and Sloane [7] in 1980. A third
important type of labeling, which contains aspects of both
of the other two, is called cordial and was introduced by
Cahit [8] in 1990. Whereas the label of an edge vw for
graceful and harmonious labeling is given respectively by
| f (v)− f (w)| and f (v) + f (w) (modulo the number of
edges), cordial labelings use only labels 0 and 1 and the
induced label( f (v) + f (w))(mod2) ,which of course
equals | f (v)− f (w)| . Because arithmetic modulo2 is an

integral part of computer science, cordial labelings have
close connections with that field.

In [9] ELrokh and et.al, proved that each path, cycle and
Fan admits permuted cordial labeling. The Wheel graph
Wn,n ≥ 3 admits permuted cordial labeling except
n ≡ 2 mod 3 and n even. Moreover, they proved that the
union of Pn ∪ Pm, n,m ≥ 2 admits a permuted cordial
labeling for all n,m. The union of Cn ∪ Cm, n,m ≥ 3
admits a permuted cordial labeling for all n,m. The union
of Pn ∪ Cm, n ≥ 2,m ≥ 3 admits a permuted cordial
labeling for all n,m. In [10] they proved that each
Pn

⊙

Pm, n,m ≥ 2 admits permuted cordial labeling, each
Cn

⊙

Cm, n,m ≥ 3 admits permuted cordial labeling for
all n,m 6= (1mod3;2mod3). Each Pn

⊙

Cm, n ≥ 1,m ≥ 3
admits a permuted cordial labeling. Cn

⊙

Pm,n ≥ 3,m ≥ 1
admits permuted cordial labeling. Also, they proved that
the corona of Pn

⊙

P2
m, n,m ≥ 2 admits a permuted cordial

labeling. The corona of Pn

⊙

C2
m, n ≥ 2,m > 4 admits a

permuted cordial labeling. For more details about the
graph labeling and types of labeling, the reader can refer
to [11,12,13,14,15,16,17].We will give brief summary of
definitions which are useful for the present investigations.

Definition 1: Second power of graphs, is the graph
obtained from graphs by adding edges that join all
vertices u and v with d(u,v)≤ 2.
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Definition 2: The second power of paths P2
n , is the graph

obtained from the path Pn by adding edges that join all
vertices u and v with d(u,v)≤ 2. So, the order of the fifth
power of paths P2

n is n, and the size of the second power of
paths P2

n is 2n−3, in particular P2
1=P1,P

2
2 =P2,and P2

3 =C3.

Definition 3: The second power of cycles C2
n , is the graph

obtained from the path Cn by adding edges that join all
vertices u and v with d(u,v) ≤ 2. So, the order of the
second power of cycles C2

n , is n, and the size of the
second power of cycles C2

n is 2n− 2, in particular C2
3=C3

and C2
4=K4.

Definition 4: The second power of a Fans graph is the
graph obtained from the joining between N1 and the
second power of path P2

n . So, the order of the second
power of a Fans F2

n is n+ 1, and the size of the second
power of a Fans F2

n is 3n− 3.

Definition 5: The second power of a wheels graph is the
graph obtained from the joining between N1 and the
second power of cycle C2

n . So, the order of the second
power of a wheels W 2

n is n+ 1, and the size of the second
power of a wheels W 2

n is 3n− 2.

Definition 6:The corona G1⊙G2 of two graphs G1 (with
n1 vertices , m1 edges) and G2 (with n2 vertices , m2 edges)
is defined as the graph obtained by taking one copy of G1

and copies of G2 , and then joining the ith vertex of G1 with
an edge to every vertex in the ith copy of G2 . It is easy to
see that the corona G1⊙G2 that has n1 + n1n2 vertices and
m1 + n1m2 + n1n2 edges.

The remainder of this paper is organized as follows:
Section 3 presents the permuted cordial labeling for the
corona product of paths, cycles, second powers of paths,
second powers of cycles, second powers of fans, and
second powers of wheels. Section 4 provides examples of
the corona product for two graphs. Finally, Section 5
concludes the paper.

2 Materials and Methods

We can use these code of labeling as follows

EEE333rrr g f I . . . . g f I repeated r time EEE333kkk g f I . . . . g f I repeated k time

SSS333rrr f Ig . . . . f Ig repeated r time LLL333kkk f gI . . . . f gI repeated k time

MMM333rrr Ig f . . . .Ig f repeated r time ZZZ333kkk Ig f . . . .Ig f repeated k time

OOO333rrr gI f . . . .gI f repeated r time OOO333kkk gI f . . . .gI f repeated k time

MMM333kkk I f g . . . . I f g repeated k time SSS333kkk f Ig . . . . f Ig repeated k time

Sometimes, we modify E3r, S3r, and M3r by adding
symbols at one end or the other or both; for example,
S3rI f means the labeling f Ig... f Ig(r-times)I f . Similarly,
O3rg means the labeling gI f ...gI f (r-time)g. v(I), v(g),
and v( f ) represent the number of vertices labeled I, g, and
f , respectively. Similarly, we denoted e(I), e(g), and e( f )
to be the number of edges labeled I, g, and f ,
respectively, for the graph G.

A vertex labeling of graph G of h:V → {I,g, f} with
induced edge labeling h∗:E(G)→ {I,g, f} defined by

◦ v(I) v( f ) v(g)
u(i) I f g

u( f ) f g I

u(g) g I f

is called permuted cordial labeling if |v(x)− v(y)| ≤ 1
and |e(x)− e(y)| ≤ 1, x 6= y and x,y ∈ {I, f ,g} where
v(x) (respectively, e(x)) is the number of vertices
(respectively, edges) labeled with x ∈ {I, f ,g}. A graph G
is permuted cordial if it admits a permuted labeling. For a
given labeling of the corona G⊙H, we denote v( j) and
e( j) ( j = I, f ,g) to represent the numbers of vertices and
edges labeled by j , respectively. We denote x j and a j to
be the numbers of vertices and edges labeled by
j ∈ {I, f ,g} , respectively, for the graph G. Also, we let
y j,y

′
j and b j,b

′
j be those for H, which are connected to

the vertices labeled j of G. It is easy to verify that































vI = xI +xIyI +x f y′I +xgy′′I
v f = x f +xIy f +x f y′ f +xgy′′ f

vg = xg +xIyg +x f y′g +xgy′′g
eI = aI +xIbI +x f b′I +xgb′′I + xIyI +x f y′g +xgy′′ f

e f = a f +xI b f +x f b′ f +xgb′′ f + xIy f +x f y′I +xgy′′g
eg = ag +xIbg +x f b′g +xgb′′g + xIyg +x f y′ f +xgy′′I

(1)

Finally, for particular labeling A and B that are used for
G1 and G2 , respectively, we let [A;B] denote the labeling
for the corona of G1 and G2. Section one contains a brief
literary analysis of the topic of this work. Section Two
deals with the Materials and Methods employed
throughout. Whereas section three is devoted to studying
the fifth power of paths, cycles, fans, wheels and
lemniscate graphs. Section four investigates the permuted
cordial labeling for the corona product of paths, cycles,
second power of paths, and second power of cycles, and
examples. The last section, is the conclusion which
summarize the important points of our finding in this
paper.

3 Main Results

In this section, we will demonstrate the permuted cordial
labeling for the corona product of paths, cycles, second
powers of paths, second powers of cycles, second powers
of fans, and second powers of wheels.
Theorem 1. Pn ⊙F2

m is permuted cordial for all n ≥ 1 and

m ≥ 3.

Proof. Let n= 3r+ i ( i= 0,1,2 and r ≥ 0) , and m= 3k+ j

( j = 0,1,2 and k ≥ 2), then, we may use the labeling A
i
′

or A j for Pn as given in Table 1. For a given value of j

with 0 ≤ i, j ≤ 2, we may use one of the labeling in the
set {Bi, B′

i,B”i, Ci, C′
i ,C”i} for F2

m, where Bi, B′
i,B”i, Ci,

C′
i and C”i are the labeling of F2

m which are connected to

the vertices labeled I in Pn, while Bi, B
′
i ,B”i, Ci, C′

iand C”i

are the labeling of F2
m which are connected to the vertices

labeled f or g in F2
m as given in Table 2. Using Table 3 and

the formulas (1), we can compute the values shown in the
last two columns of Table 3. Since all of these values are 1
or 0, the theorem follows.
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Table 1. Labeling of Pn
nnn=3r+i Pn xI x f xg aI a f ag

i=0 A0=E3r r r r r r r−1

i=1 A1=M3rI r+1 r r r r r

i=1 A′
1=E3rg r r r+1 r r r

i=1 A′′
1=O3rg r r r+1 r r r

i=2 A2=IQ3rg r+1 r r+1 r+1 r r

i=2 A′
2=E3rg f r r+1 r+1 r+1 r r

i=2 A′′
2=O3rgI r+1 r r+1 r r r+1

Table 2. Labeling of F2
m

m=3k+ j F2
m yI y f yg bI b f bg

i = 0 B0 = IZ3k k+ 1 k k 3k− 1 3k− 1 3k− 1

i = 0 B′
0 = f S3k k k+ 1 k 3k− 1 3k− 1 3k− 1

i = 0 B′′
0 = gE3k k k k+ 1 3k− 1 3k− 1 3k− 1

i = 0 C0 = gE3k k k k+ 1 3k− 1 3k− 1 3k− 1

i = 0 C′
0 = IM3k k+ 1 k k 3k− 1 3k− 1 3k− 1

i = 0 C′′
0 = f S3k k k+ 1 k 3k− 1 3k− 1 3k− 1

i = 0 D0 = f S3k k k k+ 1 3k− 1 3k− 1 3k− 1

i = 0 D′
0 = gE3k k+ 1 k k 3k− 1 3k− 1 3k− 1

i = 0 D′′
0 = IM3k k k+ 1 k 3k− 1 3k− 1 3k− 1

i = 0 E0 = gE3k k k k+ 1 3k− 1 3k− 1 3k− 1

i = 0 E ′
0 = IZ3k k+ 1 k k 3k− 1 3k− 1 3k− 1

i = 0 E ′′
0 = f L3k k k+ 1 k 3k− 1 3k− 1 3k− 1

i = 1 B1 = f S3kg k+ 1 k k+ 1 3k 3k 3k

i = 1 B′
1 = IZ3k f k+ 1 k+ 1 k 3k 3k 3k

i = 1 B′′
1 = gE3kI k k+ 1 k+ 1 3k 3k 3k

i = 1 C1 = f S3kg k k+ 1 k+ 1 3k 3k 3k

i = 1 C′
1 = gE3kI k+ 1 k k+ 1 3k 3k 3k

i = 1 C′′
1 = IZ3k f k+ 1 k+ 1 k 3k 3k 3k

i = 1 D1 = gE3kI k+ 1 k k+ 1 3k 3k 3k

i = 1 D′
1 = IZ3k f k+ 1 k+ 1 k 3k 3k 3k

i = 1 D′′
1 = f S3kg k k+ 1 k+ 1 3k 3k 3k

i = 1 E1 = f S3kg k k+ 1 k+ 1 3k 3k 3k

i = 1 E ′
1 = IM3kg k+ 1 k k+ 1 3k 3k 3k

i = 1 E ′′
1 = IZ3k f k+ 1 k+ 1 k 3k 3k 3k

i = 2 B2 = gS3k f I k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

i = 2 B′
2 = f Z3kIg k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

i = 2 B′′
2 = IE3kg f k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

i = 2 C2 = f O3kgI k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

i = 2 C′
2 = gM3kI f k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

i = 2 C′′
2 = IE3kg f k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 1

Table 3. Labeling of Pn ⊙F2
m

n = 3r+ i m = 3r+ j Pn F2
m

|v(x)− v(y)|
,x 6= yand

x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= yand

x,y ∈ {I, f ,g}
i = 0 j = 0 A0 B′′

0,B
′
0,B0,. . . 0,0,0 0,1,1

i = 0 j = 1 A0 B′′
1,B

′
1,B1,. . . 0,0,0 1,1,0

i = 0 j = 2 A0 B′′
2,B

′
2,B2,. . . 0,0,0 1,1,0

i = 1 j = 0 A1 C0,C
′′
0 ,C

′
0 . . . ,C0 1,0,1 0,1,1

i = 1 j = 1 A′
1 C′′

1 ,C
′
1,C1, . . . ,C

′′
1 0,0,0 1,1,0

i = 1 j = 2 A′
1 C′′

2 ,C
′
2,C2, . . . ,C

′′
2 1,1,0 0,0,0

i = 2 j = 0 A2 C′′
0 ,C0,C

′
0, . . . ,C

′

0,C
′′
0 0,1,1 0,0,0

i = 2 j = 1 A′
2 D′′

1 ,D
′
1,D1, . . . ,D

′′
1D′

1 0,0,0 0,1,1

i = 2 j = 2 A′
2 B′′

2,B
′
2,B2, . . . ,B

′′

2,B
′
2 1,1,0 1,1,0

Theorem 2. Pn⊙W 2
m is permuted cordial for all n ≥ 1 and

m ≥ 3
Proof. Let n = 3r + i

′
( i

′
= 0,1,2 and r ≥ 0) , and m =

3k+ j ( j = 0,1,2 and k ≥ 1), then, we may use the labeling
A

i
′ or A

j
′ for Pn as given in Table 1. For a given value of

j with 0 ≤ i′, j ≤ 2, we may use one of the labeling in the
set {Bi, B′

i,B”i, Ci, C′
i ,C”i} for W 2

m, where Bi, B′
i,B”i, Ci,

C′
iand C”i are the labeling of W 2

m which are connected to

the vertices labeled I in Pn, while Bi, B
′
i ,B”i, Ci, C′

iand C”i

are the labeling of W 2
m which are connected to the vertices

labeled f or g in W 2
m as given in Table 4. Using Table 5 and

the formulas (1), we can compute the values shown in the
last two columns of Table 5. Since all of these values are 1
or 0, the theorem follows.

Table 4. Labeling of W 2
m

m=3k+ j W 2
m yI y f yg bI b f bg

i = 0 B0 = f S3k k k+ 1 k 3k 3k− 1 3k− 1

i = 0 B′
0 = IZ3k k+ 1 k k 3k− 1 3k 3k− 1

i = 0 B′′
0 = gE3k k k k+ 1 3k− 1 3k− 1 3k

i = 0 C0 = f O3k k k+ 1 k 3k 3k− 1 3k− 1

i = 0 C′
0 = gE3k k k k+ 1 3k− 1 3k− 1 3k

i = 0 C′′
0 = IZ3k k+ 1 k k 3k− 1 3k 3k− 1

i = 0 D0 = f S3k k k+ 1 k 3k− 1 3k 3k− 1

i = 0 D′
0 = gE3k k k k+ 1 3k− 1 3k− 1 3k

i = 0 D′′
0 = IZ3k k+ 1 k k 3k 3k− 1 3k− 1

i = 0 E0 = gE3k k k k+ 1 3k− 1 3k− 1 3k

i = 0 E ′
0 = IZ3k k+ 1 k k 3k− 1 3k 3k− 1

i = 0 E ′′
0 = f S3k k k+ 1 k 3k 3k− 1 3k− 1

i = 1 B1 = IO3kg k+ 1 k k+ 1 3k 3k 3k+ 1

i = 1 B′
1 = f M3kI k+ 1 k+ 1 k 3k 3k+ 1 3k

i = 1 B′′
1 = f E3kg k k+ 1 k+ 1 3k+ 1 3k 3k

i = 1 C1 = IO3kg k+ 1 k k+ 1 3k+ 1 3k 3k

i = 1 C′
1 = f M3kI k+ 1 k+ 1 k 3k 3k 3k+ 1

i = 1 C′′
1 = f E3kg k k+ 1 k+ 1 3k 3k+ 1 3k

i = 1 D1 = gZ3kI k+ 1 k k+ 1 3k+ 1 3k 3k

i = 1 D′
1 = IS3k f k+ 1 k+ 1 k 3k 3k 3k+ 1

i = 1 D′′
1 = f E3kg k k+ 1 k+ 1 3k 3k+ 1 3k

i = 2 B2 = f O3kgI k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 2

i = 2 B′
2 = gM3kI f k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 2 3k+ 1

i = 2 B′′
2 = IE3kg f k+ 1 k+ 1 k+ 1 3k+ 2 3k+ 1 3k+ 1

i = 2 C2 = IE3kg f k+ 1 k+ 1 k+ 1 3k+ 2 3k+ 1 3k+ 1

i = 2 C′
2 = f O3kgI k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 1 3k+ 2

i = 2 C′′
2 = gM3kI f k+ 1 k+ 1 k+ 1 3k+ 1 3k+ 2 3k+ 1

Table 5. Labeling of Pn ⊙W2
m

n = 3r+ i m = 3r+ j Pn W 2
m

|v(x)− v(y)|
,x 6= yand

x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= yand

x,y ∈ {I, f ,g}
i = 0 j = 0 A0 B′′

0 ,B
′
0,B0,. . . 0,0,0 0,1,1

i = 0 j = 1 A0 B′′
1 ,B

′
1,B1,. . . 0,0,0 1,1,0

i = 0 j = 2 A0 B′′
2 ,B

′
2,B2,. . . 0,0,0 1,1,0

i = 1 j = 0 A′
1 B′′

0 ,B
′
0,B0, . . . ,B

′′
0 1,0,1 0,1,1

i = 1 j = 1 A1 C1,C
′′
1 ,C

′
1 . . . ,C1 0,0,0 0,0,0

i = 1 j = 2 A1 C2,C
′′
2 ,C

′
2, . . . ,C2 1,1,0 1,1,0

i = 2 j = 0 A′
2 C′′

0 ,C0,C
′
0, . . . ,C

′′

0 ,C
′

0 0,1,1 1,1,0

i = 2 j = 1 A′
2 C′′

1 ,C
′
1,C1, . . . ,C

′′
1C′

1 0,0,0 0,1,1

i = 2 j = 2 A′
2 C′′

2 ,C
′
2,C2, . . . ,C

′′

2 ,C
′
2 1,1,0 0,0,0

Theorem 3. Cn ⊙F2
m is permuted cordial for all n,m ≥ 1.

Proof. Let n = 3r + i
′

( i
′
= 0,1,2 and r ≥ 0) , and m =

3k+ j ( j = 0,1,2 and k ≥ 1), then, we may use the labeling
A

i
′ or A

j
′ for Cn as given in Table 6. For a given value of

j with 0 ≤ i′, j ≤ 2, we may use one of the labeling in the
set {Bi,B

′
i,B”i,Ci,C

′
i ,C”i} for F2

m, where Bi, B′
i,B”i, Ci, C′

i

and C”i are the labeling of F2
m which are connected to the

vertices labeled I in Pn, while Bi, B′
i,B”i, Ci, C′

i and C”i

are the labeling of F2
m which are connected to the vertices

labeled f or g in F2
m as given in Table 2 .Using Table 7 and

the formulas (1), we can compute the values shown in the
last two columns of Table 7. Since all of these values are 1
or 0, the theorem follows

Table 6. Labeling of Cn
n=3r+i Cn xI x f xg aI a f ag

i = 0 A0 = E3r r r r r r r

i = 1 A1 = E3rg r r r+ 1 r r+ 1 r

A2 = gE3rI r+ 1 r r+ 1 r+ 1 r+ 1 r

i = 2 A′
2 = E3rIg r+ 1 r r+ 1 r+ 1 r+ 1 r

A′′
2 = S3rg f r r+ 1 r+ 1 r+ 1 r+ 1 r+ 1
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Table 7. Labeling of Cn ⊙F2
m

n = 3r+ i m = 3r+ j Cn F2
m

|v(x)− v(y)|
,x 6= yand

x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= yand

x,y ∈ {I, f ,g}
i = 0 j = 0 A0 D′′

0 ,D
′
0,D0, . . . 0,0,0 0,0,0

j = 1 A0 B′′
1 ,B

′
1,B1,. . . 0,0,0 0,0,0

j = 2 A0 B′′
2 ,B

′
2,B2, . . . 0,0,0 0,0,0

i = 1 j = 0 A1 D′′
0 ,D

′
0,D0, . . . ,D

′′
0 1,0,1 0,1,1

j = 1 A1 E ′′
1 ,E

′
1,E1, . . . ,E

′′
1 0,0,0 0,0,0

j = 2 A1 C′′
2 ,C

′
2,C2, . . . ,C

′′
2 1,1,0 1,1,0

i = 2 j = 0 A′′
2 E ′

0,E0,E
′′
0 , . . . ,E

′′

0 ,E
′

0 0,1,1 1,1,0
j = 1 A′′

2 C′
1,C1,C

′′
1 , . . . ,C

′′
1C′

1 0,0,0 0,0,0
j = 2 A′

2 C′′
2 ,C

′
2,C2, . . . ,C2,C

′′
2 1,1,0 1,1,0

Theorem 4. Cn ⊙W 2
m is permuted cordial for all n ≥ 3

and m ≥ 3

Proof. Let n = 3r + i
′

( i
′
= 0,1,2 and r ≥ 0) , and

m = 3k+ j ( j = 0,1,2 and k ≥ 1), then, we may use the
labeling A

i
′ or A

j
′ for Cn as given in Table 6. For a given

value of j with 0 ≤ i′, j ≤ 2, we may use one of the
labeling in the set {Bi,B

′
i,B”i,Ci,C

′
i ,C”i} for W 2

m, where

Bi, B′
i,B”i, Ci, C′

i and C”i are the labeling of W 2
m which are

connected to the vertices labeled I in Cn, while Bi, B′
i,B”i,

Ci, C′
i and C”i are the labeling of W 2

m which are connected

to the vertices labeled f or g in W 2
m as given in Table 4.

Using Table 8 and the formulas (1), we can compute the
values shown in the last two columns of Table 8. Since all
of these values are 1 or 0, the theorem follows.

Table 8. Labeling of Cn ⊙W2
m

n = 3r+ i m = 3r+ j Cn W 2
m

|v(x)− v(y)|
,x 6= yand

x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= yand

x,y ∈ {I, f ,g}
i = 0 j = 0 A0 E ′′

0 ,E
′
0,E0,. . . 0,0,0 0,0,0

i = 0 j = 1 A0 B′′
1 ,B

′
1,B1,. . . 0,0,0 0,0,0

i = 0 j = 2 A0 B′′
2 ,B

′
2,B2,. . . 0,0,0 0,0,0

i = 1 j = 0 A1 D′′
0 ,D

′
0,D0 . . . ,D

′′
0 1,0,1 0,0,0

i = 1 j = 1 A1 D′′
1 ,D

′
1,D1, . . . ,D

′′
1 0,0,0 1,1,0

i = 1 j = 2 A1 B′′
2 ,B

′
2,B2, . . . , . . . ,B

′′
2 1,1,0 1,1,0

*i = 2 j = 0 A2 C′′
0 ,C

′′
0 ,C

′
0,C0 . . . ,C0 0,1,1 0,0,0

i = 2 j = 1 A′
2 D′′

1 ,D
′
1,D1, . . . ,D1D′′

1 0,0,0 0,1,1

i = 2 j = 2 A′
2 B′′

2,B
′
2,B2, . . . ,B2,B

′′

2 1,1,0 1,1,0

Theorem 5. Cn ⊙P2
m is permuted cordial for all n ≥ 3 and

m ≥ 3

Proof. Let n = 3r + i
′

( i
′
= 0,1,2 and r ≥ 0) , and m =

3k+ j ( j = 0,1,2 and k ≥ 1), then, we may use the labeling
A

i
′ or A

j
′ for Cn as given in Table 6. For a given value of

j with 0 ≤ i′, j ≤ 2, we may use one of the labeling in the
set {Bi,B

′
i,B”i,Ci,C

′
i ,C”i} for P2

m, where Bi, B′
i,B”i, Ci, C′

i

and C”i are the labeling of P2
m which are connected to the

vertices labeled I in Cn, while Bi, B′
i,B”i, Ci, C′

i and C”i

are the labeling of P2
m which are connected to the vertices

labeledı̈ f or g in P2
m as given in Table 9. Using Table 10

and the formulas (1), we can compute the values shown in
the last two columns of Table 10. Since all of these values
are 1 or 0, the theorem follows.

Table 9. Labeling of P2
m

m=3k+ j P2
m yI y f yg bI b f bg

i = 0 B0 = E3k k k k 2k− 1 2k− 1 2k− 1

i = 0 B′
0 = S3k k k k 2k− 1 2k− 1 2k− 1

i = 0 B′′
0 = L3k k k k 2k− 1 2k− 1 2k− 1

i = 1 B1 = Z3k f k k+ 1 k 2k 2k− 1 2k

i = 1 B′
1 = Z3kg k k k+ 1 2k 2k 2k− 1

i = 1 B′′
1 = M3kI k+ 1 k k 2k− 1 2k 2k

i = 1 C1 = Z3kI k+ 1 k k 2k− 1 2k 2k

i = 1 C′
1 = L3k f k k+ 1 k 2k 2k 2k− 1

i = 1 C′′
1 = O3kg k k k+ 1 2k 2k− 1 2k

i = 2 B2 = O3k f g k k+ 1 k+ 1 2k+ 1 2k 2k

i = 2 B′
2 = IgL3k k+ 1 k k+ 1 2k 2k+ 1 2k

i = 2 B′′
2 = I f E3k k+ 1 k+ 1 k 2k 2k 2k+ 1

Table 10. Labeling of Cn ⊙P2
m

n = 3r+ i m = 3r+ j Cn P2
m

|v(x)− v(y)|
,x 6= y and
x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= y and
x,y ∈ {I, f ,g}

i = 0 j = 0 A0 B′′
0 ,B

′
0,B0, . . . 0,0,0 0,0,0

i = 0 j = 1 A0 B′′
1 ,B

′
1,B1, . . . 0,0,0 0,0,0

i = 0 j = 2 A0 B′′
2 ,B

′
2,B2, . . . 0,0,0 0,0,0

i = 1 j = 0 A1 B′′
0 ,B

′
0,B0, ..,B

′′
0 1,1,0 1,1,0

i = 1 j = 1 A1 C′′
1 ,C

′
1,C1, ..,C

′′
1 1,1,0 1,1,0

i = 1 j = 2 A1 B′′
2 ,B

′
2,B2, ..,B

′′
2 0,0,0 1,1,0

i = 2 j = 0 A′
2 B′′

0 ,B
′
0,B0, . . . ,B0,B

′′

0 1,1,0 1,1,0

i = 2 j = 1 A′
2 B′′

1,B
′
1,B1, . . . ,B1,B

′′
1 1,1,0 1,1,0

i = 2 j = 2 A′
2 B′′

2 ,B
′
2,B2, ..,B2,B

′′
2 0,0,0 1,1,0

Theorem 6. Cn ⊙C2
m is permuted cordial for all n ≥ 3 and

m ≥ 3

Proof. Let n = 3r + i
′

( i
′
= 0,1,2 and r ≥ 0) , and m =

3k+ j ( j = 0,1,2 and k ≥ 1), then, we may use the labeling
A

i
′ or A

j
′ for Cn as given in Table 6. For a given value of

j with 0 ≤ i′, j ≤ 2, we may use one of the labeling in the
set {Bi,B

′
i,B”i,Ci,C

′
i ,C”i} for C2

m, where Bi, B′
i,B”i, Ci, C′

i

and C”i are the labeling of C2
m which are connected to the

vertices labeled I in Cn, while Bi, B′
i,B”i, Ci, C′

i and C”i

are the labeling of C2
m which are connected to the vertices

labeled f or g in C2
m as given in Table 11. Using Table 12

and the formulas (1), we can compute the values shown in
the last two columns of Table 12. Since all of these values
are 1 or 0, the theorem follows.

Table 11. Labeling of C2
m

m = 3k+ j C2
m yI y f yg bI b f bg

i = 0 B0 = L3k k k k 2k− 1 2k 2k− 1

i = 0 B′
0 = S3k k k k 2k 2k− 1 2k− 1

i = 0 B′′
0 = E3k k k k 2k− 1 2k− 1 2k

i = 1 B1 = E3k f k k+ 1 k 2k 2k 2k

i = 1 B′
1 = L3kg k k k+ 1 2k 2k 2k

i = 1 B′′
1 = M3kI k+ 1 k k 2k 2k 2k

i = 2 B2 = O3k f g k k+ 1 k+ 1 2k+ 1 2k+ 1 2k

i = 2 B′
2 = M3kgI k+ 1 k k+ 1 2k+ 1 2k 2k+ 1

i = 2 B′′
2 = M3k f I k+ 1 k+ 1 k 2k 2k+ 1 2k+ 1

Table 12. Labeling of Cn ⊙C2
m

n = 3r+ i m = 3r+ j Cn C2
m

|v(x)− v(y)|
,x 6= yand

x,y ∈ {I, f ,g}

|e(x)− e(y)|
,x 6= yand

x,y ∈ {I, f ,g}
i = 0 j = 0 A0 B′′

0 ,B
′
0,B0, . . . 0,0,0 0,0,0

i = 0 j = 1 A0 B′′
1 ,B

′
1,B1, . . . 0,0,0 0,0,0

i = 0 j = 2 A0 B′′
2 ,B

′
2,B2, . . . 0,0,0 0,0,0

i = 1 j = 0 A1 B′′
0,B

′
0,B0, . . . ,B

′′
0 1,1,0 1,1,0

i = 1 j = 1 A1 B′′
1 ,B

′
1,B1, ..,B

′′
1 1,1,0 1,1,0

i = 1 j = 2 A1 B′′
2 ,B

′
2,B2, ..,B

′′
2 0,0,0 1,1,0

i = 2 j = 0 A′
2 B′′

0 ,B
′
0,B0 . . . ,B0,B

′′

0 1,1,0 1,1,0

i = 2 j = 1 A′
2 B′′

1 ,B
′
1,B1 . . . ,B1,B

′′

1 1,1,0 1,1,0

i = 2 j = 2 A′
2 B′′

2,B
′
2,B2, . . . ,B2,B

′′
2 0,0,0 1,1,0
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4 Examples

The Permuted cordial graph of
C4 ⊙ F2

6 ,C4 ⊙ P2
6 ,C4 ⊙W 2

7 ,P4 ⊙ F2
6 ,P4 ⊙W 2

7 and C4 ⊙C2
6

are illustrated in Figures (1, ...,6).

g f I g

I f
gf

g I

f

2

4 6
C F ⊙

If gg
I

I

f gf II

g

g

f
I f

gf
g

I

f

0

1

1

I g

f I

f g

a a

a a

a a

- =

- =

- =

1

2

1

I

f

g

a

a

a

=

=

=

0

1

1

I f

g f

g I

x x

x x

x x

- =

- =

- =

1

1

2

I

f

g

x

x

x

=

=

=

'' 2

'' 3

'' 2

I

f

g

y

y

y

=

=

=

'' 5

'' 5

'' 5

I

f

g

b

b

b

=

=

=

'' '' 0

'' '' 0

'' '' 0

f I

I g

f g

b b

b b

b b

- =

- =

- =

'' '' 1

'' '' 0

'' '' 1

f I

I g

f g

y y

y y

y y

- =

- =

- =

' ' 1

' ' 1

' ' 0

I f

I g

g f

y y

y y

y y

- =

- =

- =

' 3

' 2

' 2

I

f

g

y

y

y

=

=

=

' 5

' 5

' 5

I

f

g

b

b

b

=

=

=

' ' 0

' ' 0

' ' 0

I f

I g

g f

b b

b b

b b

- =

- =

- =

1

1

0

g f

g I

f I

y y

y y

y y

- =

- =

- =

2

2

3

I

f

g

y

y

y

=

=

=

0

0

0

I f

I g

g f

b b

b b

b b

- =

- =

- =

5

5

5

I

f

g

b

b

b

=

=

=

Figure 1. Permuted cordial graph of C4 ⊙F2
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Figure 2. Permuted cordial graph of C4 ⊙P2
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Figure 3. Permuted cordial graph of C4 ⊙W 2
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Figure 4. Permuted cordial graph of P4 ⊙F2
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Figure 5. Permuted cordial graph of P4 ⊙W2
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Figure 6. Permuted cordial graph of C4 ⊙C2
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5 Conclusion

We proved that each Pn ⊙ F2
m, n ≥ 1,m ≥ 3 admits

permuted cordial labeling for all n ≥ 1,m ≥ 3.
Each Pn ⊙ W 2

m, n ≥ 1,m ≥ 3 admits permuted cordial
labeling for all n ≥ 1,m ≥ 3. Each Cn ⊙ F2

m, n,m ≥ 3
admits a permuted cordial labeling for all n,m ≥ 3, and
Cn ⊙W 2

m,n,m ≥ 3 admits permuted cordial labeling for
all n,m ≥ 3.

Moreover, we proved that the corona of Cn ⊙P2
m, n,m ≥ 3

admits a permuted cordial labeling for all n,m ≥ 3. The
corona of Cn ⊙C2

m, n,m ≥ 3 admits a permuted cordial
labeling for all n,m ≥ 3. In the future, we will apply
permuted cordial labeling to other types of graphs.
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