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Abstract: Here we study further the symmetrized and perturbed hyperbolic tangent activated convolution type operators approximation
properties. We derive Voronovskaya type asymptotic expansions for the errors of these approximations. We cover the cases of univariate:
basic, Kantorovich and quadrature operators. We present ordinary and fractional results. At the end we give related simultaneous
Voronovskaya type asymptotic expansions. Shape preservation via these operators is discussed too.
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1 Introduction

We are motivated by [1], Chapters 5, 6, 8, 9, 19, 25, and [2], Chapter 26.

In section 2, we present the needed neural network theory, especially the deformed, parametrized symmetrized theory,
and we come up with a symmetrized mixed density function over R.

In section 3, we give our basics and introduce our three activated hyperbolic tangent perturbed and symmetrized
convolution type univariate operators: the basic, Kantorovich and quadrature types, and mention their related here
properties, see [3].

In section 4, we present our main results, namely Voronovskaya type asymptotic expansions related to the
approximations of above mentioned operators to the unit operator. We give ordinary differentiation and fractional
differentiation results, as well as their simultaneous asymptotic expansions results.

We also present shape preservation results by our studied operators. Further inspiration here comes from [4]-[13].

2 About g-deformed and A —parametrized hyperbolic tangent function g, ;

Here, all this initial background comes from Chapter 18, [2].
We use g, ;. see (1), and exhibit that it is a sigmoid function and we will present several of its properties related to the
approximation by neural network operators.
So, let us consider the hyperbolic tangent activation function
elx . qeflx

:W, }L,q>0,x€R. (1)

8q,2 ()C) :
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‘We have that |
—q
0)=——-.
gq,l( ) 1+q
‘We notice also that
B e )“que)“x B éeilx—elx B (elx* %e*lx) B 5
8q.1 (7x) - eflx_kqelx - leflx_*_elx - erx + éeflx - 7gglal (x) @)
That is
gga (—x) = —81, (x), VxeR, 3)
and
81, (¥) = —g4a (—x),
hence
812, () =84 (=) @
Itis .
2Ax 1 — 2=
e —q 621)(
X) = = — 1,
8q.2 (x) g 1+ 32% (3 o0)
i.e.
gga (o) =1, (5
Furthermore -
e —gq —q
= — — — =1
gq,l (X) emx—l—q (xg)im) q 9
i.e.
8ga (—o0)=—1. (6)
We find that .
4gle
g, () = 50, %
’ (621)( + C])
therefore g, ; is striclty increasing.
Next we obtain (x € R)
q— eZ)Lx
gh, (x) =822 | ——— | €C(R). )
’ (621)( + C])

We observe that .
n
g—e 20892 gz 2Ax s x s z—f
So, in case of x < l;—f, we have that g, ; is strictly concave up, with g,q/,)L (';—f) =0.

And in case of x > ';—;Lq, we have that g, ; is strictly concave down.
Clearly, g, ; is a shifted sigmoid function with g, ; (0) = %%Z, and g, 1 (—x) = —g,-1, (x), (a semi-odd function).
By I > —1,x+1>x—1, we consider the function

1
My (%) = 7 (892 (x+1) = gga (x—1)) >0, ©)
Vx € R; ¢,A > 0. Notice that M, 5 (d-00) = 0, so the x-axis is horizontal asymptote.
We have that :
Mq,l (7x) = Z (gq,l (*x+ 1) —8g,A (7)(7 1)) =
1
Z (gq,l (_ (x_ ])) —8g.A (_ (x+ ]))) =
© 2025 NSP
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1
7 (g2 =D, D) = (10)
1
1 (gé,/l ()hLl)—g%,}L (x— 1)) :Mé.)t (x), VxeR.
Thus
Mgy (—x) =M1, (x), VxeR; ¢,A >0, (11
T
a deformed symmetry.
Next, we have that
1
MM( X)=7 (gql(erl) g, (x—l)), VxeR. (12)
Letx < lnq —1I,thenx—1<x+1 < 2 and 8y (x+1)>g, ; (x—1) (by g, 2 being strictly concave up for x < mq)
that is M' ( )>0 Hence M, ; is strlclty 1ncreasmg over( oo,g’—f )

Letnowxf 1> u sthenx+1>x—1> u cand g/ 5 (x+1) <g/ ; (x—1), thatis M ; (x) <O.
Therefore M, ; is strictly decreasing over (l“q +1 +oo) :

Let us next consider, 1;—)? —1<x< l;—f + 1. We have that

1
My )= (gha et 1) =gl (e—1)) =

() A1)
2gA* | A0 a—° 3 ezl . S Ak (13)
(A1) 4 ) (¢2h6-1) 1)

Byl“—q—l <x(:>]"q <x+1eng<2A(x+1) e g <At o g 2A0HD <,
By x < '"q—i—] Sx—1< l"q©21(x—1)<1nq(:>em(" N <geq—eBu-1) >0,

I I
Clearly by (13) we get that M, (x) <0, for x € {nq 1,5+ 1] :

More precisely M, ; is concave down over [zl 1, glf + 1] , and strictly concave down over (g’f 1, glf + 1) .
Consequently M, has a bell-type shape over R.

Of course it holds M;/JL (mq) <0.

_ Ing
Atx = s We have

M5 (0= 5 (g (et 1)~y (- 1)) =

vv

N Q22 (1) P2 (x—1) y
q (eu(x+l)+q)2 - (eZ)L(xfl)_i_q) (14)
Thus
M/ Ing A em(lzlfH) em(%{iq) B
)1 22(5+1) 2 2(5¢1) 2
FEY g
24 (,—2A 1 2_ =27 (21 1 2
K (e +1) —e 2 (4 +1) 0 15)
@y )

That is, 21 is the only critical number of M, ; over R. Hence at x = luq , M, 5 achieves its global maximum, which is
Ing 1 ]nq Ing
_ 2 1) = 16
(2&) 4{5"”(2& ) gq*’l(zx (10
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e —et e h— et
et | \er ek
2(e)L el)] 1 <e)L —el> _ tanh(4)

er e 2\ et fet 2

1
4

1
4

Conclusion: The maximum value of M, ; is

1 h(A
s () = 5

21 2
‘We mention

Theorem 1.(/2], Ch. 18, p. 458) We have that

Z qu;t(x—i):l, VxeR,VA,qg>0.

[=—oc0

Also it holds

Theorem 2.(/2], Ch. 18, p. 459) It holds
/,(X,Mq*l (x)dx=1, A,q>0.

So that M, ; is a density function on R; A,¢ > 0.
Similarly we get that

/ My, (x)dx=1, X.q>0,
—oo q’

so that M, , is a density function.
7

Furthermore, we observe the symmetry

(Mq.,l +M%,)L) (—x) = (Mq,)L +M%’;L) (x), VxeR.

Furthermore
Mos+Mi,

Q= 5

is a new density function over R, i.e.

/fi(p(x)dx:].

Clearly, then
/ o(nx—u)du=1, VneN,xeR.

3 Basics

We give

A7)

(18)

19)

(20)

21

(22)

(23)

Definition 1.Let f € Cp (R) (continuous and bounded functions on R), n € N. We define the following basic activated

hyperbolic tangent perturbed convolution type operators

1)

MGIGE

—o0

f(%) o (nx—u)du, VxeR.

(24)

© 2025 NSP
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In this work we examine the quantitative convergence of A, to the unit operator.
We study similarly the activated Kantorovich type operators,

AN =n [ (/ff(r)dt) ¢ (nx— u)du

where f € Cp(R),n e N,Vx R,
and the activated Quadrature operators

e <;wt’f(%+nir>>¢(nxu)du,

wherew; >0, Y wi=1; f€Cs(R),neN,VxeR.
=1

=
An essential property follows:

Theorem 3.(/3]) Let 0 < o0 < 1, n € N: n'=% > 2. Then

Q(nx—u)du < 2(6]+ é)

e q,zf >O
e )L(n' 71)

{uGR:\nxfu\ZnI*"‘}
By [3], w eobtain that

1) Ae 2201y > 1.

o< (gt

We make

Remark.Let i € N be fixed. Assume that f € C%) (R), with 1) € Cg(R), for j =0,1,...,i.

We have that

By applying repeatedly Leibnitz’s rule we get

PN _ " 0 (- 2 gfeyac—

Clearly, it is valid that

d'A; a( )J;) O _ 4 ( fu)) (x),
and Ay

P An(;;) ) i (f(’)) (x),
VxeR.

For f € Cp (R), we obtain A, (f), A% (f), A, (f) € Cp(R), see [3].

(25)

(26)

27)

(28)

(29)

(30)

(€19
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4 Main Results

Next, we give Voronovskaya type asymptotic expansions for the error of approximation.
We present about the basic operator.

Theorem 4.Let 0 < o < 1, n € N large enough; x € R, f € CV (R), N €N, with f(N) €Cp(R),0< & <N. Then

1)
N () (x .
w00 =70 = LB, (=) o (e ) (2)
=1 J: n
the last (32) implies
' (N—e) N (x) .
AL () @) = S ) = LA (=) @) (33)

asn— oo, 0 <e<N.
2) when f(f) (x) =0, j=1,...,N, we derive that

n*N=E A, (F) (x) = f(x)] =0, asn— o0, 0 <& <N. (34)
Of interest is the case o = %
Proof.-We have that
; . u u_ \N-1
=L [ (0 w) S
Then . X, 40 ” J
f(;) Q(nx—u)= Z 7 o (nx—u) (— —x) +
j=0
olm—u) [ (10 ) %dr (36)
Hence .
MA@ = [ 1 (%) @l w)du—
N () () ;
ng)fjj'( ) ./700('0(’”_”) (— —x)ldu—i—
/:O(p(nx—u) </xz (f(N) (t)—f(N) (x)) %dl) du. (37)

Thus, it holds

M6 =16 = £ IS [ gt (4 )
+ [ otm—u < / (™ - ) %dr) du. (38)
Call
Ro(x) = [ Z(p(nx—u) < / ' (7 (1) £ () (? t)lN)!ldt> du.
Call
v = [ % (10— ) %m. (39)
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Let‘%fx‘<—
i) Case of%Zx. Then
u u Nl
< [ - | <
- (N—]) -
™) a( ——t
2|l =
s—n)" szw I
ol G=1)
sz Hm N! NlnoN - (“40)
ii) Case of 7 < x. Then
u N-1
vl =| [ (10— ) B <
(N—1)! -
W\ N—1
LN (V) (r—1)
J, [P0 0= w) (N—l) dr <
t__
|| [ an
(N
I el
N! n) = NnoN
Therefore, it holds
2], .
V(0] <~y “2)
when|%—x‘<—
Consequently, we get that
/ ¢ (nx—u) /% (f(N)(t)f(N)(x))Lt)Nld, dul <
x (N-1)! -
[ <
I )
¢ (nx—u) |y (u)|du < —7mo5=. (43)
| =l <7
Next, we treat
0 ) Gl < "
o) [* (40~ () Sy |l < (44)
e
n N) (N) (Z*)Nil
pr—w|[" (™0 -1 ) e
R
@ (nx—u) |y (u)|du=: (&)
[z
Let &+ > x, then
(N) (%*X)N
e T R
© 2025 NSP
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If # <x, then

<

e N (-n""
vl =| [, (£ 0= ) | <

(N—1)!

n

x (p_ w)N-1 _w\N
A= T

Consequently, we get that

<allrm™ ’x_%‘N
[yt <2|| ™| ==
Furthermore, we obtain
2] up
=== [ e-wlx— 2] du=
|5 =x(> 50
2] v e
— / O (|nx—ul) |nx—ul™ du <

[nx—u|>n'—@

(hereitis A == {u € R: [nx—u| >n'"%})

Z\m\!w (q—i—é)l/AezM”X“l)|nX—M|NdM:

L A
NN = (CH-—) l/l e M Ny =
nVN! q -

|| <q+é) s /;e%xvadx:

nVN!

4

nNN! q (22)N+1

Ly
”(Wr-) ‘ / e yNdy <
2Anl-a

nVN! a) 22)N.
A N
——=(q+- —ZNN!/ eerdy =
nVN! (q q) AN aani-a '

N+ Hf(N)H N\ 2h e )
el — -2 =
n¥ (‘H q) 20~ /unn—ae 4

(N)
ZHfZ Hm (q+é) ;2_11(_2) (67%|;1n1*a) —

n

Ul (o ome)-

o) (q+l) A
q

nN

N 22 oo
7"“’ (q+ 1) 11— / A d (20x) =

(45)

(46)

(47)

(48)
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375
We have proved that
P - ) G0 ) ] < "
o m—w) | [" (70— () S | < (49)
e
AL e e
N q ) 7N , asn .
Finally, we have that
R < oy V) (%*I)Nild d
Ry (3)] < olu—w) | [* (10— () S )
53]k
. A4 (E _ t)Nfl
+ / @ (nx—u) /x (f(N) (t)— ™ (x)) ﬁdt du| <
53k
i ] A A S L “
NnoN + nN *y e ~ NN 7’ (50)
for large enough n € N.
Hence it holds |
|R"(x)|:0(ﬁ)v (51)
and
IR (x)| = o (1) (52)
And, letting 0 < € < N, we derive
4|l ™)
|Rn (%)| H o (1
| < N W — O, as n — oo, (53)
(=)
Le. |
R =0 s ) 54
proving the claim.
We continue with the Kantorovich operator.
Theorem 5.Let 0 < o < 1, n € N large enough; x € R, f € CV (R), N € N, with f(m €Cg(R),0< € <N.Then
1)
N ()) 4 N-¢
‘ v M) . J 11
4(N0-10 =Y A (C=o) wre| (+5z) ) (55)
the last (55) implies
e [N @@= A (- 07) )] o, (56)
(i +7m) =t
asn—oo, 0 <ESN.
2) when f(/) (x) =0, j=1,...,N, we derive that
v A (f) (%) = f ()] =0, (57)
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Proof.-We have that
uy f(]) (x) j
F(i+2) 7,;) ; (r+2-x)"+
i+l u N1
[ (6= ) %d& (58)
and T
3 u A€ 3 u J
/0 f(t+;)dtjzo j! /0 (r+g—x d+ (59)
i . N (t—l—ﬂ—s)I\F1
/0 / (£ (5) - )(x))i(]\’]’il)! ds | dr.
Hence

n/i(/o’llf(t—l—g)dt)(p(nx—u)du: (60)

! (t+ Z —x)jdt> o (nx —u)du+

N—1

n/j; </On </xf+7, (f(N) (s) — f™) (x)) (”Elgi))' ds) dt) @ (nx—u)du.

14m@wfw=ﬁfﬁ@ﬁ«—w0w+mw, (6)
where
Ru(x):=n
/w </] (/HZ (fUV) (s) — f™ (x)) wds) dt) ¢ (nx —u)du. (62)
—w\Jo \ Ui (N—1)!
Call ] ) v
awyzng"(ﬁ””waw—fwww)ﬁééi%r—w>m. 63)

Let | —x| < -7, 0< a < 1).
i) Case oft—i—ﬁ > x. Then

|angnﬂﬁ<l”%
szW)Hwn/Ol </x’+5 0*(}\%_3_7]51% dt <

N—1
f(N) (s) ff(N) (x)‘ Mds) dr <

(N) 1
DL, f oy
(N)
Bk a)

© 2025 NSP
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So that

N! n n¢%

|ansikﬁwﬁ<l+i)N. (65)

ii) Case of 1 + ' < x. Then

2wl =n| [

J
g/

< (66)

==
/-~

==
/N

2l

Wk (s

by x— (14 3) = =1 = [ < [T [+ 1]

2|,

1
L (5] 1) e <
e\ x|+1t]) di <
ZHf(N)Hw ]+ 1\
N! n n% '

|an<ikﬁmﬁ(l+i)N, (68)

Consequently, it holds

when |% fx‘ < ,,La
Therefore, we obtain

<2Hf(N)Hw (1+L)N- .

Next, we treat

3=

. n </031 (/XHZ (f(N) (s)— f™ (x)) %ds> dt> ¢ (nx—u)du
- /”QKK%W®NWW%%?QQ

PReEs"

(70)

BN
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‘We also have that

dt) < (71)

(etr+ 5 > x)

So, when ¢ + ﬁ > x, we obtain

SN 72
Ift + 7 < x, then

K (/01 (/[+ %m) dt) = (73)

Consequently, we get that

N
5_4) . (74)
n

Furthermore, we obtain

© 2025 NSP
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ZNHJI: !N)Hw <nLN+7|”xn—N”|N> 0 (wr— ) du < 75)
[nx—u|>n!—a
% / (1+|nx7u|N) ¢ (|nx—ul)du (2<_8)
nx—u[>nl
(hereitis A :={u € R: [nx—u| >n'"%})
ZNEIJ;:')HOO ((q+l) A./A‘ (1 Jr|nx_u|1v) eu(nxundu) _
o

o LN oo | [T onx /“’ —2hx _
VN <q+q>le {/ﬂlae dx+ nliae WNdx| = (76)

2N+] Hf(N) H 1 672lnl’a o

AN+1 Hf(N)H Ry i
1 e 1 °°
| L +=- A 22 + / -y Nd <
(q 4) ¢ [ 21 (2&)”*‘.21,11%6 el

1 elenl"" INpTY oo y
1Y 2022 / “Say| = 77
nVN! (q+€/) ‘ [ o) S Y (77)

)] e
f - <q+l) )LeZl [e 2An 2N+1N! lnl"“|

nVN! 24 + (ZA)NH ¢
oN+! HfW) H W
oy l 24 e N' 7),}11’0‘
—NNT <q+ q> Ae liﬂ + INTe ] < (78)

N+1 || f(N
<2 Hf( )Hm +1 21 1+N! —Anl—@
—_— — et s+ -x]e .
- nVN! a q
We have proved that

/ n </O‘ </Xr+: (f(zv) (s)— ™) (x)) %ds> dt) ¢ (nx— u)du (79)

u
R

<_2N+1Hf(N)Hm( ])ezl[l N,

- nVN! CH&

© 2025 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

380 NS E

Finally, we have that

oo <L (Lel)

- N! n n%
oN+1 Hf(N) H 4 f(N) N
o ] 22 ] N' 7Anl—a o ] 1
R | N ) — — < M ey -
nN! <Q+q>e <2+AN>6 - N n ) (80)

for large enough n € N.
Hence it holds

11\
R, (x)|=0 Z+n_“ , 81
and
IRy (x)] =0(1). (82)
And, letting 0 < € <N, we derive
4| ™) e
rol A
(1+L)N7£ S N ;—i_n_a —>O, as n — oo, (83)
n n%

Ie.

IRy (x)| =0 <(%+%)N8> (84)

We continue with the Quadrature operator.

proving the claim.

Theorem 6.Let 0 < & < 1, n € N large enough; x € R, f € CV (R), N € N, with f(N) €Cp(R),0< & <N. Then

1)
_ B N ) (x)—— ) 1 1\ V¢
w00 = LI () o (o7e) ) (55)
the last (85) implies
A g /() j 0 86
el G RACE M (=0 @] —o. (86)
asn—o, 0 <e<N.
2) when f(j) (x) =0, j=1,...,N, we derive that
WW(f)(x)—f(xﬂ%O, asn— o0, 0 <€ <N. (87)

Of interest is the case o = %

Proof.-We have that
u i fOx) (u i /
f(ﬁ;)zz ;i (;U—r‘x) +
=0 J
ug i w o, i N—1
n TN o e(N) (gt —1)
[T 0= ) e, (89)
and
4 u i\ V)¢ u i J
lZ[W,f(;‘F;) —j;o j' iZ]Wi(;ﬁL;‘X) —+ (89)
© 2025 NSP
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Furthermore it holds

%) <x>/°;< rlw,»f(§+nir)><p<nxu>du

i=

if(j)..(x) (/iiwi(%+%—x>j> o (nx—u)du (90)

j=0 J! i—1
oo r i i N-1
o <le [ (- ) it dt)w(nxu)du,
and it is N )
- FO@ (o
AN -10 =Y (A (=) () +Ra () oD
where
R, (x) :=
/ i (Z Wi / o (f<N> (1) — ™ (x)) H_—t)Nldt> ¢ (nx—u)du. 92)
e\ =T (N—1)!
Let i u i N—1
5(w):=Yw [T (0= ) (ﬁ];_’_‘f)), di

Let ‘%fx‘ < ,,La
i) Case of 7 + - > x. Then

iJrl)N. 93)
N! n* n
So that
|5(u)|gM(l+i)N. (94)
N! n n%

© 2025 NSP
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N-1
Wl v, [f =G+a) B
ZHf Hmi;W’/gﬂ% CE ©)
ZHf(N)’ , Y
er (- () <
I
N ,ZIW"OX—;*;) <
2™ 1y
Nl <n—a+;)
So, when ]% —x’ < ”%, we get that
e, 1y
Consequently, we have that
u i [ N—-1
r Bt 44 Ly
[ (B [ 0 mw) S -
< N
ol 1y
< <p(nxu>|6<u>|du§T°°<;+n—a> | ©7)
[l '
Next, we treat
u i [ N—-1
At wta—t
/ 0] (nx— u) <Z wi/x (f(N) (t) —f(N) (x)) %dt) du (98)
e
< @ (nx—u) |6 (u)|du=: (¢1).
==
Let ﬁJr # > x, then
2(| ™) , . N
16 (u)| < | = H”Zwi(g—i—i—x) . (99)
: i=1

u i
Let 5 + - <x, then

(- (202)

© 2025 NSP
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Consequently, we get that

il NTRTIRAG
sl < = (-4 +2) (1on
(see also (74)).
The quantity
Q(nx—u)d (u)du| < (¢) < ... (102)

1

SIs

is estimated as in Theorem 5 based on (101).
We finish as in the proof of Theorem 5.

|25

We need the following.

Definition 2.A function f : R — R is absolutely continuous over R, iff f|(4») is absolutely continuous, for every [a,b] C R.
We write f € AC" (R), iff f1 e AC (R) (absolutely continuous functions over R), n € N.

Definition 3.Let v > 0, n = [V] ([-] is the ceiling of the number), f € AC" (R). We call left Caputo fractional derivative
([18], [19], [16], pp. 49-52) the function

v _ 1 T n=v—1 )
DL W) = gy [ 0 (103

Vx € [a,), a € R, where I is the gamma function.
Notice DY, f € L; ([a,b]) and D}, f exists a.e. on [a,b], ¥ [a,b] C R.
We set DV f (x) = f (x), ¥ x € [a,).
We need
Lemma 1.(see also [15]) Let v >0, v ¢ N, n = [v], f € C" ' (R) and ") € Lo (R). Then DY, f (a) = 0 for any a € R.

Definition 4.(see also [14,17,18]) Let f € AC™ (R), m = [a], o« > 0. The right Caputo fractional derivative of order
o > 0is given by
(71)m

b
Dy f(x)= mfx (z— )" £ (1), (104)

Vx € (—o0,b], b € R We set DY) f(x) = f(x).
Notice Dy} f € Ly (|a,b]) and Df_f exists a.e. on [a,b], V [a,b] C R.

Lemma 2.(see also [15]) Let f € C"" ' (R), ") € Lo, (R), m= [&], & > 0. Then D¥_f (b) =0, for any b € R.
We assume that
D, f (x) =0, for x < xo,

and (105)
DY _f (x) =0, for x > xo.

We mention

Proposition 1.(see also [15]) Let f € C"(R), n= V], v > 0. Then D}, f (x) is continuous in x € [a,), a € R.
Also we have

Proposition 2.(see also [15]) Let f € C" (R), m = [a], & > 0. Then Dj}_f (x) is continuous in x € (—oo,b], b € R.
We further mention

Proposition 3.(see also [15]) Let f € C"~ ' (R), f") € Lo, (R), m = [a], & > 0 and let x,xg € R : x > xo. Then DY, f (x)
is continuous in x.
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Proposition 4.(see also [15]) Let f € C" ' (R), f"™ € L., (R), m = [a], o > 0 and let x,xo € R : x < xo. Then DY _f(x)
s continuous in x.

Proposition 5.(see also [15]) Let f € C™ (R), m =[], ot > 0; x,x9 € R. Then D%

%o f (x), DY _ f (x) are jointly continuous
functions in (x,xq) from R* — R.
Next we treat the fractional case of Voronovsakaya type asymptotic expansions. We start with the basic operators.

Theorem 7.Let & > 0, N = [a], a ¢ N, f € ACY (R), fV) € L. (R), 0< B < 1, x € R, n € N large enough. Assume that
both [[D f|.o jx o) - D% £]|.. (=0 are finite, 0 < € < . Then

1)

N=1 ¢(j) (x .

M= = L =B (=) 00 (g ). (106)
=

the last (106) implies
' Bla—e) N Y () :
0 (910~ L1 An(<-—x>f)<x>]%o,
~

asn—o, 0<e<a. ‘
2) when N =1, orfm (x)=0, j=1,....,N—1, we get that

nPOE A () (x) = f(x)] =0, asn— o0, 0<e<a. (107)
Of interest is the case B = %

ProofLet x € R. We have that D¢ f (x) = D%.f (x) = 0.
From [16], p. 54, we get the left Caputo fractional Taylor formula that

ORI

!
n = n

ﬁ/ (E*S)afl(Dﬁi‘x (s) —D%f (x))ds,

n

forall x < 5 < oo,
Also from [14], using the right Caputo fractional Taylor formula we get

ORI

!
n = J n

Fa ) (=) om0 - r)as

1

forall —eo <+ <.

Hence . .
f(—)q)(nx—u):Nz;f(JJ)'(x)go(nx—u)(%—x)j—i— (110)
=
P [ (%) s () - D ),
forall x < < oo, and
N=L ) () u J
f(—)(p(nx—u)zzb B q)(nx—u)(;—x) + (111)
=
g (=) s -pE s w)as
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forall —oo < & < x.
Therefore we have

O A ke

i o ([T (4=s) 086 - D ) s )

/j:f (%) o (nx—u)du= ]:2:; f(/;!(x) /:Z(p(nxfu) (E —x)jdu+

and

n

ﬁ/j:go(nx_u) (/; (s- %)a*' (Dg,f(s) —D)‘Lf(x)) ds) du.

Adding the last two equalities (112), (113) we have

N-1£() (x ‘
w00 =T L, (0 -07) 0+

Consequently, it holds

M) ()~ £ ()~ NZ L0 a0 (=) =0,
where |
Ry (x):= @
ot ([ (-5 086D s0)as )
o ([F(4-5)" 0868 )as ) .
VxeR.
Denote by

R = i [ ot ([ (45) 08 (- D))

VxeR:eo>22>x
That is

Let first ‘ﬁ fx‘ <L

nb
Call

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)
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and

u

w0 i= gy [ (=) (D8 )= D5 (). (121)

Let assume that x > =, then

1< gy o (5= 5)" D27 () =D p (0] ds <

n

L[ (1) < 15l

—— _ 122
r'(a+1) n/ = I'(a+1)n%P (122)
Hence H H
DY f
wﬁ(fwax]
< — 1 = 123
|7n1(x)|— F(Oc—i—])n"‘ﬁ ( )
u u 1
forx > . and ’E fx’ <5
Let us assume that x < 7, then
1 U o-l o
10l < gy [ (5 9)" DA () =D (s
- HD*axf”oo,[x,oo) /% (E _S)Otflds _
[DZef Moo f1.c0) (g B )a P e (124)
I'(a+1) \n T I'(a+1)neb’
We have proved that
IDZS Nleo o)
< W 125
|,)/n2(x)|—1—w(a+1)naﬁ7 ( )
forx < 7 and |ﬁ fx| < ”Lﬁ
Consequently we get
1Dl
m!(7m7x]
R ‘ < — 0 = 12
Rt (X)|||rJC|<"% S Flar)nb (126)
" 05|
Diief llen )
R ‘ < —— =7 12
| nz(x)|||rx|<n¢ﬁ S Flat)nob (127)
Furthermore we have that
o (xf %)06
|71 ()] < ||Dx7me,(,m7x] NCESk (128)
where x > & > —oo,
and
a (g _x)a
902 ) < IDES o) Py (129)
where o0 > & > x.
Next, we see that
] "X u oa—1 o
(@) /|%x|>% ¢ (nx—u) (/% (S— ;) (DE1) (S)ds) du| <
1 . "X u\ a—1 o
m./lthl(p(nxu) /Z (s—;) (DE_f) (s)ds|du < (130)

=P
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||Dgff||m7(7m‘x] u o
Wﬁzﬂqu)(nxu)( *;) dl/l:

D% f B . 08)
M/ @ (Jnx —ul) [nx —u|*du <
|u—nx|>n!—B

n®r(a+1)
D /| Y, [
¥ oo, (—o0] 1 / =2 (=l =1) | % iy —
T (o 1) (q+ q) A o 8 Inx —u|* du
2||DE 7| N, [~
2P Neoy (o] i / —22(r—1) 0 g, 131
nI (a+1) (q—’—Q)k-nlBe i oy

ZHD‘X me —oox] 1 o2 . )
W <Q+5) A (27L)a+1 /,;]—ﬁe (2Ax)%d (x214) =

HD)?*me(,oox] ] 21 )
L7 T T y.a
nor (o+1) <q+ > 21)% /Z)L”]fﬁe yidy <
HD/(VX*fH (—o0,x] 1 eZl oo
T lleo (oo 1 N
nol (a+1) <Q+Q> (22)* ./z/mnl—ﬁe yidy <
HD)?ime(ioox] 1 621 N o .
- = _ —y 2 _
n®l (o +1) (q+q) (2&)“2 N’/m.,ﬁe e?dy
D% =
1DE e ( +1) 2NN'/
(e D) @7 s
PO Sy (1) B s
nol (a+1) q .

/qu|z (e —u (/ (s Z)al f)(S)ds)du

2N+1N|HDa me e |
o <6]+—>
n®lr (a+1) q

We have proved that
1

I'(a)

< (133)

7),;11*5

Next, we see that
1

I (a)

ey ([ G- enpiom)a

! ioru a1

I (a) B P <

I' (a) /|5x|>'ﬁ ¢ (nx—u) /x (n s) (DY) (s)ds| du
12 f e .
Tt ey 7 () e
||D*aXfHeo [Xm) "
s ooy eo) B B -
nl (o+1) /\u x| >nl-B ¢ (|nx —ul) |nx —u|™ du < (134)

(as before)

2VEINIDE fl o o) (q+l) s
nol (a+1) q) 21)% :
Therefore it holds
1 % u a—1 o
T (a) /|:x|>",ﬁ‘P(nxu) </x (Z—s) (DY, )(s)ds> du| < (135)
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2N g (1Y s
nL (a+1) q) (21)* '

Consequently, we derive

[Ra ()] < DIl g+ IDES ey | +

1
~ n%Pr(a+1) [H

2VIN (g4 1) 2

o o
|:HDx*fH°°,(f<>°,x] + ||D*xf||oo,[x,°°):| F((X+ 1) (Zx)anaelnlfﬁ (136)
We need 2An' =P > 1,iff n' =P > L iffn > —1
1) =B
(i) Inthe case of 0 <24 <1 (l.e. 0< A < %), then ﬁ >1, and 1 — > 1, so for large enough n € N we can have
(1) =B
2An' B > 1.
(i) If 24 > 1 (i.e. A > 1), then 55 < 1 and —L— < 1. So for any n € N we have that 2An'# > 1.
(1) =B
For large enough n € N, we derive that
2 (D€ | g IDES ]
o0,(—o0,x] #xJ oo, [x,00)
R < 137
R ()] < I'(o+1)n%P (137
That is 1
R0 =035 ). (139)
and
IRy (x)| =0(1). (139)
And, letting 0 < € < ¢, we obtain
[04 [04
|Rn (X)| 2 {HDX*fHoo,(fm’x] + ||D*xf||oo,[x,oo):| 1
< — oo,
( . )_ Fas1) Be —0, asn— (140)
nB(a*S)
Le.
1
|Rn(x)|:o(nﬁ(a£)), (141)
proving the claim.
We continue with the Kantorovich operators.
Theorem 8.Here all are as in Theorem 7. Then
1)
N=b () (x . 1 1\%*¢
A0 -1 = X =B (=) )+ ((ﬁn—ﬁ) , (142)
=T
the last (142) implies
] N-1 (J) X .
VP lAZ DIOENIOEDY ! j!( )AZ (('*x)’) (x)| =0, (143)
[y
asn—o, 0<e<a. ‘
2) when N =1, orfm (x)=0, j=1,....,N—1, we get that
1
A, (f)(x)=f(x)] =0, asn—o, 0<e<a. (144)

1 o—E€
Iy

Of interest is the case of B = %

/N
==
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ProofLet x € R. We have that DY f (x) = D%.f (x) =0
W .
e can write . N ) ) ) j
F+2) = L (1+2—x) + (145)
j:
1 1+ u a-1 u
Fray ()" 0@ - Dp ) s
forall x <7+ 7 < oo.
Also it holds N
u — Y (x u J
f(t+;)=zz)fj!()(t+;—x) + (146)
=
1 * u -1 o
@ /t+% (s (t—l—n)) (Dxff(s) Dxff(x))ds,
forall —eo <t 4+ <x.
Hence we see 1 NCT )
i u —' [ (x) /‘n u J
Ny 170 “_Na 147
/of<t+n) t ]2::0 T o (t+n x) + (147)
1 s u a1 o
m/o (/x (t—l—;—s) (D*x (S)—D*x (x))ds) dt,
forall x <1+ 7 < oo, iff nx <nt +u < oo.
And, also it holds
1 N—1 £(j) L ;
i u B SY(x) fu u J
/ f(t+n)dt_jzo f /0 (t—l—n—x) dr+ (148)
1 le X u a—1 o o
F—((x)/o (/H% (s—(t—i—;)) (Dxf(s)—Dxf(x))ds) dt,
fora]l—oo<t+ﬁSx,iff—oo<nt+u§nx.
Therefore we obtain |
n/nx (/()"f(t—i—g)dt) ¢ (nx—u)du=
N=1 £(j) oo 1 .
y / .,(x)n/ (/ (t-i—z—x) dt)q)(nx—u)du—i— (149)
j=0 J: Jnx 0 n
1 00
F(Ot)n/nx o (nx—u)
e -1
/ / <t+zfs)a (D% f (s) — D% f (x))ds ) dt | du,
0 Jx n
and
nx %
n/i(x’ </o f(t—i—%)dt)(p(nx—u)du:
N=1 £(j) nx [ L i
Zf ,'(x)n/ (/ (t+z—x)jdt>(p(nx—u)du+ (150)
= ! e \Jo n
1 nx
F(a)n1w¢(nx—u)
1
n * u\\* 1y o
</0 </t+% (s—(tJrZ)) (Dxf(s)Dxf(x))ds>dt>du.
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Adding the last two (149) and (150), we derive

* ! f(j) ()C) * j *
AUW)ﬂmJI_ﬂAA<mem@,
where
Ry (x) = Ry (1) + Ry ().
with

n

R;;Z(x):zl—v(a) /ljw(nx_u)

(AHZO+%_0a]@$(ﬂ—Dﬂ(ﬂMOdem

7ﬁ/j:¢(nx7u)
(/O% </;u (s— (hL%))aJ (D f (s) — DL f (x)) ds> dt) du,

(£

nx < nt+u < oo,
and

—oo < nt +u < nx.
Let ]%—x’ < nLB

Call
a-1
5 (1) = / (/ +19) (D?f@)—D?f&»dOdn
and
Sz (x) ( t—|— - — s)ail (D%.f (s) — D% f (x)) ds) dt.
We have that H H
DAl (om0,
80 ()] < T [T =
e 1 1\“
Farn P w(ﬁ+$)’
and

IDES ooyt 7 (£ + 2 —x)"
< s 1Ay n
ool = I'(a) /o di

e (L4 L)
F(a+1) =) \n "B )

Consequently, we get that

X— ’(,
Rt g sy < <

and

o
1D% 1l gy (4 + 55)
R, u < -
| n2(x)|||ﬁfx|<niﬁ = F(a—H)

‘We continue as follows: it is

1DE g [ (=t =)
80 (9] < e n/o —o) i <

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)
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1 o
+_) |
n

o f||w (|-t

HD)((XffHoO,(foo,x] <‘x u

(at1) n

n
and

802 (x)] <

We have that
.
IRt ()] ||x,5|2n¢ﬁ <

||D§§‘,mey(7m‘x} up  1\“
“TlarD / (p(nx—u)(’x—;’—i—;) du=

(*w,nx]ﬁ|x7—|>—ﬁ

DY s )
% / @ (nx—u) (jnx—u+1)"du < (163)

(—oo,nx]N|nx—u|>n! =P

Dt .
—H wa’(fw’x] / @ (Jnx—ul) (jnx—u|+ 1) du <

T (a1 1)
|nx—u|>n1—P
1D S|
wﬁ(fwax] N—1 N
|nx—u|>n'-B
2D Al
el (a1 1)

. (28)
/ o (|nx—u|)du+ / o (Inx—ul) |jnx —ul” du| <

\nxfu.\ZnI*B [nx—u|>n!~P
2D Sy (1Y,
nl (a+1) 1 q
/ o2 me—ul=1) g, / o A=) | N gy | = (165)
|nx—u|>n!~B [nx—u|>n—P
2V|| D f||o<, —oon] q+l A /°° ele(xfl)dx_’_/‘w =D Ny —
nr (a+1) q nl—p nl—p
2¥|pE s 1
oo, (—e0] 22 / ~2Ax / ~2Ax _
T ( q)x [ T ey dex}
2V DE Ao o Lo L
e e / - 7/ Wayl| < 166
”“F(OC-H) < 61) 24 Joami-s€ er(27L)N+1 SRS (166)
N
2 HDgfwaﬁ(f‘x’ax] A{ 22, 16‘7221”17!34’ ZNN' /00 e*%dy —
n“l(a+1) e 22 AN Jant-s
N || pa
2 HD f||°° °°x A, 24 e*2ln|7ﬁ+ 2N+IN! e*lnlfﬁ < (167)
n*lr' (a+1) q 20 (22T =
N
2 HDgfwa,(,w’x] q+l )Lez)’ L+ 2N+1N! 7;“!1713:
n®l (o+1) q 24 )Mt
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N o
2 HDxfwa,(foo,x] q+l leZA L—i— N! eilnl—ﬁ: (168)
n®l (oc+1) q 24 ANHI
2V|pe £ 1 1N
wﬁ(fwax] 21 N 7),}11713
- — — 0, — o0,
nl (oe+1) (q—i—q)e [2+7LN}6 asn
So that it holds
Roy (2> < (169)
DLy (1 1N
oo,(—00 1Y o N _nl—P -
n"‘l"(a—i—l) <q+ )e [2+)~N}e — 0, asn — oo,
Similarly, we obtain that
R u <
R ()1 1> <
2V Do i, 1 1N -
o, [x,00) 22 | At
—_— - — . 170
nol (a+1) (q—i—q)e [2+7LN}6 (170)
At the end we get
(h+a)°
n nB
Ry @1 S g ey PNy # I8 e + a71)

1D e g+ 1D S s

2N 1\ 5 [1 N s
nar<a+1><q+5)e { *W} '

So for large enough n € N, we obtain

21D g * 1P f||w]( ay

R* 4 172
R ()] < Fla T e (72)
Hence it holds
R =o((5+55) ). (173)
and
IR, (x)|=0(1). (174)
And, letting 0 < € < o, we obtain
(O 2[[IDE S| oo+ IDES N | (_+i)8%0 .
(l_’_L)a*S_ I'(oe+1) n nb ’
n nﬁ
as n — oo,
ILe.

. - 1 1 oa—&
Ry ()] =0 ((;+n—ﬁ) ) (176

We continue with the quadrature operators.

proving the theorem.
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Theorem 9.Here all are as in Theorem 7. Then

1)
_ Nflf(j) (x)— ) 1 1\%¢€
An(f)oc)—f(x):j:Z1 F A (=) (x)+o<<;+n—ﬁ> ) (177)

the last (177) implies

1 _ N=1 () () — .
= [mw-rw-Y 0T (o) 0] -0 (178)
1 1 " J'
)
asn—o 0<e<oa.
2) when N =1, orf(f) (x)=0, j=1,...,N—1, we get that
1
————= A (N ®)—f(x)] =0, asn—o, 0<e <. (179)
1 1
(i +35)
Of interest is the case of B = %
Proof.Let x € R. We have that DY f (x) = D% f (x) =0.
We can write Yol ) )
. — j . ]
f<5+i> _y LW <5+ix> + (180)
n o nr = n o nr

(NS ATR ot .
o [T (B s)  (DES(5) - DES () ds,

forallx < o +.- <oo,i=1,..,r

Also, it holds
i N=1 ¢(j) i J
f<5+i> _y LW <5+ix> + (181)
n o nr e S n o nr
J
1 w i \\*!
- _ - _ o _ o
ma e (= (5e)) @D sw)as
forall —eo< %+ L <xi=1,.,r
Hence et A0 i
r . — j r : J
Y wif (E_i_i) v/ .'(x) Zwi(ﬁ+i_x) + (182)
= n  nr = = n nr
LY [ (S L) -
Fa)iZIWt : n s YAC wx (X S,
and Yot ) )
4 T —' U (x) & u i /
i -t | = [ W 1
.z:lwf(n+nr) ;) J! ;w (n+nr x) + (183)
1= J= =
L [ (- () 0 -2 )
'@ 1:1Wl-5+,%, s s > f(s Y f(x))ds
Furthermore it holds
/ <szf(z+i)> Q(nx—u)du= (184)
e \ = n nr
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and

_ N=1 £(7) (x)__ . o
AW~ L 0 ((-0) 00 =Ko,
= !
where o L o
Ry (x) =Ry (x) + R (x) s
with . -
Ron (x) = m/ﬁw(nm)
r X u i a—1 " "
(,Z1Wl/’§+,,% (s— (;—i—; ) (Dx,f(s)—Dx,f(x)) ds) du,

and

u SR AT a-l
(Zm [T (i) 0 —Di"xf(X))dS> du
=1 X n

Call
P p—— /x . OH(D"‘f() DY f(x))d
X) = —— s—(—+— ) — x))ds
! r a)l:]Wz uyd n o nr - - ’
and
)= iy o [ (4 L) 00 D
n2 (%) 1= 5 a)i:lw, | St s o f (s o (%)) ds.
Then ')Ot
1 (x—2-L
l&n (x)] < ml_;wi IDEf g <
1 o 1 1\“
a1 e (5 43)
Therefore it holds

||D§‘,f||ooy(7m‘x} 1 1\¢“
e ()] < g i (;+n—ﬁ) |

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)
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Furthermore wee see that

Ly (+5-0°
< DY, 0o <
|8n2(x)|_1—,(a); l” fHoc xoo a -~
1 [ DEA| P! ’ (193)
I (a+1) "7/ el LBy )
That is D fH
sxJ [l oo, [x,00 1
<l lemle) (2 ) 194
Consequently, we get that
o
(L[ — (%+%)
Rt ()] ]} < S e 195
‘ ’|| —al<g = F( 1) (195)
and
1D ey (4 5)
_ o0, [x,00) nﬁ
R " < 1
Rz ls—si<s <T@ (196
Furthermore it holds
len (x)] < ———— === HD S ‘ I (197)
=TT (e )
" 021
< 1] Weoy[xe0) #xJ lloo [x,00) ’ _u 1 1
len (x)] < et < > (198)
The rest of the proof is similar to Theorem 8. As such it is omitted.
We make
Remark.Let i € N be fixed. Assume that f € C) (R) with f/) € Cg (R), for j =0, 1,...,i. We derive from Remark 3 that
(An —An (f )
(A, (f =A, (f ) (199)
@ ()Y @) :A_< M) (@), VxeR,
forall j=1,...,i
Let £() >0, then (A, (F)Y), (A% (F)V), (A (/) W > o, respectively. So we have preservation of monotonicity, and
(<0) (<0)

convexity-concavity, etc.
Next, we finish with simultaneous Voronovskaya type asymptotic expansions.

Theorem 10.Let 0 < o < 1, n € N large enough, x € R,j =0,1,...,i € N, i € N is fixed, f/) € CN(R), N € N; for
fU e C(R), with fN*1) € Cg(R); 0 < &€ < N. Then

1)
N A)
(An (f)) f(J Z j+ ) (('_X)A) (x) ZO(ﬁ) ) (200)
? N (42 N
: . JHA) (x —&
A 0= 09~ 3 I (-0t e =0 ((1 +oe) ) , Qon
and
& N p(j+2) N
_ i . JHA) (x) — —¢
@ ()Y ) -9 (X)*AZZ:] fT()An (=) (x)0<<%+nia> ) (202)
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Proof.By Theorems 4- 6 and Remark 4.

Theorem 11.Lerx € R, a >0, N=[at], ® ¢ N, 0 < B < 1, n € N large enough. Here i € N is fixed and j =0,1,...,i;
fU ey (R), fU) € ACN (R), fUHN) € Lo (R). Assume that ||D$‘xf|\w,[x’w) , D)‘?‘,wa (—eod] are finite, 0 < € < a. Then

1)
NN Syt !

An()V ) =D )= F = (=97 (9 = (W) : (203)

2)
. ) N=1 e(j+2) (y o—¢€

A0 - T, ((-x)l)@)o((}niﬁ) ) 01
and
3)

o . . N—=1 £(j+A) X) o—&
@)Y @)= 0- Y fT()An ((-—x))“) (X) =0 <(l+iﬁ) ) . (205)

A=l
Proof.By Theorems 7-9 and Remark 4.

Conclusion: Here we presented the new idea of going from the neural networks main tools, the activation functions, to
convolution integrals approximation Voronovsaka type asymptotic expansions. That is the rare case of employing applied
mathematics to theoretical ones.
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