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Abstract: Let Y be a Banach space and {.7(s)},~ be a one parameter conformable semigroup of bounded linear operators on Y.
In this paper, we give an answer to the question: ”As .7 (s) is a bounded linear operator under what conditions a strongly continuous
conformable ¢t-semigroup is compact”. Further we show that under certain conditions the resolvent operator % (i : <7) of the generator
of {#(s)},~( can be compact.
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1 Introduction

In [15], the authors gave an interesting definition an operator that uses limit approach as an extension of the usual
definition of the first order derivative as follows:

Let f: [0,00) — R. Then for all s > 0, o € (0,1),

lim flotes' %) f(s) s>0
D — flo) — ) e=0 € ’
a(f)(s) =Y (s) lim f(a)(s), s=0
s—0t

provided that Dy (f)(s) exists in (0,b), b > 0. It is known, [5,15], that conformable operator obeys all the classical
properties of the usual first derivative except the chain role, see [5] .
The o-conformable integral of a function f starting from a > 0 is defined as

106 = [ fadat = [ foretar

It is known, [5, 15], that for a continuous function f, the integral I§ f exists and

Da(lgf)(s) = f(s), fors>a>0.

Foremore on conformable operators and their applications we refer the reader to [13,14,16,18,22], [1]- [11] and
references therin

For a Banach space Y, a family {.(s)},~, C -Z(Y), where Z(Y) is the space of all bounded linear operators on Y, is
called a semigroup of operators if:

(1) #(0) = I (identity operator);

(2) L(s+v)=S(s)L(v) forall s,v > 0.

If for each fixed y € Y, ./ (s)y — y as s — 0%, then the semigroup {.#(s)},- is called a co-semigroup or strongly
continuous semigroup.

The theory of semigroups had immediate applications in partial differential equations, Markov processes, and ergodic
theory, etc. see,[19,21,23].
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Regarding the a-Abstract Cauchy problem

u®(s) = Bu(s), s>0,
u(0) = uyg,

where B : (%) CY — Y is a linear operator of an appropriate type, ug € Y is given and ut : [0,00) — ¥ is the unknown
function, that is not easy to be obtained a new definition of a conformable a-semigroup of bounded linear operators has
been given by Alhorani, Khalil and abdeljawad in 2015,[2] as follows:

A family {7 (s) } ;9 € Z(Y) is called a-semigroup if

(1) #(0) = I (identity operator) ;

)7 ((erv)é) = y(sé)Y(vé) for all s,v > 0.

If @ = 1, then the @-semigroup turns to be the usual semigroups. If for any fixed y € Y, . (s)y — y as s — 07, then
{7 (5)} 5> is called strongly continuous a-semigroup or co-0-semigroup.
s> ot

Example 1.1f </ is a bounded linear operator on a Banach space Y, then the family {.(s)}-(,(s) = e is a cp-0-

semigroup. In fact .7 (0) = " = I and

y((_y{»v)é) :e(s;v)ﬂ :eéﬂeé&f :y(sé)y(vé)

The linear operator <7 defined by

S (s+es'9) y—.7
Ay — lim tim L EFET )= Ly

s—0te—=0 £

with domain

B 1-a _
P(A) = {y €Y :4/y= lim lim (SJFES )y (s)y exists}

s—0te—0 £

is called the infinitesimal generator of the a-semigroup. More precisely <7y is value of the conformable o-operator of
Z(s)y ats = 0. It is known [2], that for y € Z(A),

S s)y =L (s)y =S (s)y.

For a complex number i € p (), the resolvent set of the operator <7, provided 1 — o/ is injective let Z (U : o) =
(u—a)".

In this paper, we give an answer to the question: ”As . (s) is a bounded linear operator under what conditions a
strongly continuous conformable ¢-semigroup is compact. Moreover we show that if the semigroup .7 (s) satisfies certain
conditions then the resolvent operator Z (i : /) of the generator of an exponentially bounded conformable semigroup is
compact.

Throughout this paper .2 (Y) will be the space of all bounded linear operators on the Banach space Y. For a densely
defined linear operator .7 on Y, by o(«7),p (<) we denote the spectrum and resolvent set of .27 respectively.

2 Conformable Compact Semigroup

In this section sufficient and necessary conditions for a co-¢-semigroup to be compact have been obtained. We begin by
the following theorem

Theorem 1.Let {7 (s) } - be a co-0t-semigroup on Y. Then there exist constants ® > 0 and .4 > 1 such that

|7 ()| < Ae™  for 0<s<eo
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Proof.First we will show that ||.7(s)|| <.# for 0 <s* <b for some b > 0.

Suppose not, there exist a sequence s, > 0 such that s, — 0 but ||.7(s,)|| > n.

From the contrapositive of the uniform bounded theorem, there exists y € Y such that || (s, )y|| is unbounded which is a
contradiction (. (s,)y — y from definition of ¢y-a-semigroup) so,

|7 ()l < 4
vV  0<s%<b.Now,if s* > b, then s* =nb-+a, where a < b.
|7 @I =17 (7 ) I = 1.7 (o+ay@ ) | =117 (k)< ) 117 (a%) |
=7 (6%) 17 (a%) |
< A" M.

If we let @ = log‘/// , then wb = log.# and

S(X

| SO < A" < MAT =M (")) =M™
Therefore, ||.7(s)|| < .4 e™".
Corollary 1.If {7 (s) } ~ is a co-&t-semigroup, then for ally € Y, s — .7 (s)y is continuous on [0, ).

Proof.Let s,h > 0. The continuity of s — .%(s)y follows from

|7 (s )y = ()l = 17 (6% = 5%+ (s+- W)™ ) y = ()]
= 17 (s + (s+m)% =57 ) y= ()]
=17 (%)) 7 (s +m)* = 5@ ) y= S5}y

I~

<177 (s + )= s%)

)yl

)y v =0 as h—0'.

I—

< ™). (((s+ 1) =%

Therefore, .7 (s) is continuous from right.
Similarly one can show that |.7(s —h)y — #(s)y]| =0 as h—0 .

Proposition 1. Let {7 (s)}, be a co-a-semigroup of linear operators on Y. If 7 (so) is compact for some so > 0, then
() is compact for all s € (s(,0).

Proof. Since . () is compact for sy > 0, the identity
L(s) = (sa —sg +s8‘)é) =9 ((sa fsg)é) 7 (s0)
implies that .# () is compact for all s € (sg,0) . This ends the proof.

Theorem 2. Let {7 (s) } - be a co-a-semigroup of linear operators on Y. If 7 (s) is compact for all s € (so,o0) for some
so > 0, then the map s — .7 (s) is continuous from the right in the uniform operator topology on (s, ).

Proof. Let || (s)|| < for 0 <s < 1. Then for s > 50, the set Uy = {7 (s)y : ||y|| < 1} is relatively compact. For € > 0,
the collection of sets # = {Z (.7 (s)y, 2(%/+1 ) |ly|| < 1} forms an open cover for Us. Since Uy is compact, then their
existyy ,y2 ...,y inY such that U %’( ($)yi, m) covers Uy. This means that foreach y € Y ; ||ly|| < 1 there exists
r (rdependsony), 1 <r<.4 such that:

€
Hy(s)y_y(s)))rH < m
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But . (s) is strongly continuous. So there exists i , 0 < ko < 1 such that:

|7 (1) &y, = 7 (5)y,

&€
<_a
-3
for 0<h<hy andall j, 1 <r< 4.

Now, for0 <h < hg,andy e ; |y <1,setL = HY(SO‘Jrh“)ény(s)yH. Then:

(% +h)&)y— 7 (s +h%) )y,
+.7 ((so‘ +h°‘)$)yrfY(s)ymLY(s)yrfy(s)y
< |7 (6% +m9%)y =5 (= +59)% ) o
+ | (= + 1)) e = @] + 17 e = sy
< [|(s)-S (h)y — F(5) (h)yr|
[ (=4 1@ ) 3y = (s,
< 1) (s)y = ()l
+ Y(saJrh“)éyrfY(s)yr

L=

+ 17 (s)yr = (s)yll

+1Z(8)yr = (s)yll
i i i

<y & JE, & _

S T3 3 f

Thus . (s) is continuous in the uniform operator topology.

Theorem 3. Let {7 (s)} - be a co-0t-semigroup on Y with infinitesimal generator </ . If 7 (s) is compact for s € (0,0) ,
then the resolvent operator Z(U : &) is compact for all 4 € p(</).

Proof. By Theorem 1 there exists .2 > 0 such that ||.7(s)|| < .#¢®@ . Suppose that .7 (s) is compact for s > 0. Using
Theorem 2 it follows that .(s) is continuous in the uniform operator topology. Therefore for Ret > ®, define the
operator

A(TR-2) /eiﬂ%y(s)ydas,.
0

and the integral exists in the uniform operator topology. For b > 0, Define: %, (i)y = [ e *'a .#(s)y dys,
b

=

Zp(U)y = /ef“%y(s)ydas

i

e Ha 7 ((s*—1* +ta)é)ydas

T~y T—3

o HE ((sa — ta)é) L(t)ydgs

=

y(t)/ef”%y ((sa —ta)é)ydas.
b
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Since .7 (t) is compact and the operator C, Cy = [ e HG ((so‘ - t“)%) ydgs is bounded in .Z(Y) for Rep > @ and
b
b > 0, the operators % (1) is compact forall b > 0, u € p(A),Rey > @ > 0. Further:

s
o

()~ B )| = | [ (5)dus— [ €4S (5)dus
b 0
b

e T S (s)dys

IN
O\

b
< ////e(wf“)% dys.
0

b §O
Since 1im+///f e "G dys = 0, Zy(u) is compact for each b > 0, it follows that Z(u : .<7) is compact for all u €
b—0 0
p(A), Rept > @ > 0. Using the resolvent identity, [16]

R A)=RA: )+ A—WRBA: AR ),

it follows that Z(u : /) is compact for any p € p(A).

Theorem 4.Let {7 (s)} - be a co-a-semigroup on Y with infinitesimal generator <. If 7 (s) is uniformly continuous
on (0,00) and the resolvent operator Z (L : &) is compact for all i € p(A), then 7 (s) is compact for all s > 0.

Proof. Since Z(u : <7) is compact for 4 € p(A) and . (s) € Z(Y) for s > 0, it follows that pZ(u : <7).7 (s) is compact.
Now for 4 € p(A), Ret > ®, we have Z (U : o )y = fe’”%jﬁ(t)ydat. LetJ = ||uZ(u : ). (s) — 7 (s)||. Then
0
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Juje“wymy@wwufe“af@wﬂ

g !
ﬂjeu%¢@ﬂ+ﬂp)%,yjluay@ww
_ ”leuzﬁy(@a+ﬂ5;) 76)) dat
< uje“’a (s +1%)%) = 7(5)| dat
L / 9 (4 myh) = (0

< psup |7 (5% +1%)% — F(s)

0<t<b

L
e o d(xt
0

+ 62 )dgt

s%41%)

- (
—I—u/e*“%///(ew a
b

Hy( o« 18— ()| + . “’f“(e(wfm% f“%)
= Su S a — S e —
nggb u—w u
(0-wly  ulg
o e a e o
<e+.HMue” —
( o m )

which implies limsup |uZ(u: o/).7(s)— L (s)]| < € for every b > 0. Since b is arbitrary we get,

p—veo

|u2(u: )7 (s)— L (s)|| = 0. Thus . (s) is compact.

Theorem 5. Let {7 (s)},~ be a a differentiable co-ot-semigroup on Y with infinitesimal generator /. Then .7 (s) is
compact for all s € (0,) if the following conditions are satisfied:

1- Z(uo : & )is compact for some Uy € p(A).

2- S (s) is uniformly continuous.

u u

Proof. Let ip =0 € p(A). Define 4 (u)y = [ (s)ydas = [ "Z(f&yds. Then ¥ (u)y € 2(</) and
0 0
el =% t .
: t+sz]*°‘y Ik —”Z(f(lyds—f ”:j(fg‘yds
lim ~ / 0 gy g 0 0
e=0 € N e—0 €
t
1-ay,
_ lim Gt+et' " %)y—9(t)y
e—0 €

=%y
=.7(t)y.
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Now:
(1% (hren=®)%) &
1 . J S (u)y dau
o) 1 a% —a\a %
S (h+eh %) y(h)/y(s)ydas:— (a%+(hteh! )l)
e € (1 +h) &
- L(wydau
(a%-+ha)
(aa+ha)&
¢ / S (u)y dau
(%t (htehl—)a) &
(t“+h“)é
+ [ SL(u)ydgu
_ (a®+ha) &
(1 (hren =) ) &
+ I S (u)y dou
(1% +he) &
(t"‘wth"‘)é
- | FLwydau
(a®+he) &
] (4 (e en' ))& (a%+(h+enl =) &
= / S (u)y dou — / S (u)y dqu
(re-h) (a4h0)
Since

g% (0 ) )y = v (0 b8 (0% )y
= (O rn%)a 'y ((vuha)é)y
=" (07408 )y =7 (@47 .

As € — 0, it follows that

éing(thshl*O‘) /y Jy dus
e
:y((t +h“)$)y y((a S+ h%) e ) v,

as h — 0, we have
1

,Q%/Y(s)ydas:y(t)yfy(a)y.

Asa— 0, we get

AYG(t)y = sz/y(s)ydas =.7(t)y—y.

Now, since . (¢) is uniformly continuous, then ¥*(¢) exists and

£—0 € ’
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Taking € = %, then

1—ay,,
9" (1) = }lir%g(t+ht h)y G(t)y
—

n—so0

= limn <€€(t+ %t'*“) %(t))

n—so0

= limn <%>(0 NI - S+ %tl"")) ~%(0: ,Qf)(zy(;)))

1
= lilnn%(O 2 of) (Y(r) —S(t+ Zﬂ“)) .
Define: D, (1) =nZ(0: o) (S (t) — Z(t + 1t1=%)) . Since (0 : o) is compact, it follows that D,,(¢) is compact for all
t>0andall n € N. Thus 4° (1) = .(¢) is compact @° (1) = .%(¢), forall t > 0.

For o > 0, define .7 (1) = e "0'@.#(¢). Then if & is the generator of .#(t), then &/ —p is the generator of
e M (1), So if g € p(/ — o), then 0 € p (7). This completes the proof.

3 Conclusion

The theory semigroups of linear operators and their infinitesimal generators plays an important role in the
applications in partial differential equations, Markov processes, and ergodic theory, In this paper if Y is a Banach space
and {7 (s)},~, is a one paprameter conformable semigroup of bounded linear operators be a one parameter
conformable semigroup of bounded linear operators on ¥, we give an answer to the question: "As S (s) is a bounded
linear operator under what conditions a strongly continuous conformable a-semigroup is compact”. Further we show
that under certain conditions the resolvent operator R(1 : A) of the generator of {.#(s)} ., can be compact.
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