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Abstract: In this study, we investigate the impact of cross-diffusion on the magnetohydrodynamics (MHD) flow of Casson-Williamson
nanofluid over a reactive nonlinear stretching surface under the influence of thermal radiation.The mathematical model which
interfused thermal-diffusion, diffusion-thermo and radiation effects are formulated as partial differential equations. These equations
are transformed into coupled nonlinear ordinary differential equations using similarity variables and subsequently solved using the
fourth-order Runge-Kutta method combined with the Newton-Raphson shooting technique. A comparison of the Nusselt number
result with existing literature shows excellent agreement, validating the accuracy of the model. The results found the Dufour number
and radiation parameter to appreciate the temperature distribution of both Casson and Williamson nanofluids with temperature been
significantly strengthened for Casson nanofluid.This suggests that Casson nanofluid is highly effective in heat storage applications such
as accumulators and solar panels, whereas Williamson nanofluid, with its higher skin friction coefficient, is eminent for the formulation
of brake and automatic transmission fluids.
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1 Introduction

The influence of cross-diffusion on the behaviour of
magnetized Casson-Williamson nanofluids, especially
under the effects of thermal radiation and reactive
surfaces, has attracted growing interest due to its diverse
practical applications in both natural and artificial
phenomena. Cross-diffusion enhances temperature and
concentration gradients, leading to improved thermal
regulation and solute distribution in the fluid. Thermal
radiation further amplifies this effect by intensifying
energy transport, modifying viscosity variations, and
influencing the nanofluids overall stability. These
interactions are particularly valuable in complex systems
requiring specialized flow properties. In heat transfer
applications, they enable precise temperature control,
while in material science, they contribute to enhanced
thermal processing techniques. The interplay of
cross-diffusion and thermal radiation enhances efficiency
in industrial applications, including drilling, polymer

production and thermal energy management.
Additionally, their role in magnetohydrodynamics (MHD)
extends to advanced applications like coating
technologies, lubricating systems and wastewater
treatments, demonstrating the synergy between
theoretical research and real-world innovations. The
choice of Williamson model alongside with the Casson
fluid is due to their distinct yet complementary
rheological characteristics, which provide a broader
understanding of non-Newtonian nanofluid behaviour.
The Casson model accounts for yield stress effects and is
particularly suitable for characterizing shear-thinning
fluids with structural rigidity, such as blood and polymer
suspensions. The Williamson model also exhibits
shear-thinning behaviour without a yield stress, making it
relevant for low-viscosity polymeric and biofluid
applications. By considering both models, a
comprehensive analysis of nanofluid dynamics is
achieved, facilitating better predictions of flow resistance,
heat transfer efficiency and stability under MHD and
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thermal radiation effects. [1] researched heat and fluid
flow owing to non-linearly stretched surfaces and
discovered the nonlinear parameter to affect the surface
temperature. [2] examined the influence of radiation on
MHD flow across a vertical plate under convective
boundary conditions. It was found that the Biot number
improved the skin friction coefficient, heat transmission,
and plate surface temperature. [3] analyzed the effects of
non-linear thermal radiation on slip flow and heat of fluid
particle suspension containing nanoparticles across a
nonlinear stretching sheet immersed in a porous medium.
The velocity of fluid and dust phases decreased when slip
and permeability parameters increased. [4] employed a
revised thermal flux model to discuss
magnetohydrodynamics flow of viscoelastic liquid and
found the fractional parameter to affect the velocity and
temperature profiles. [5] examined the role of non-linear
thermal radiation and non-uniform heat source on the
flow of a Casson nanofluid with Brownian motion and
chemical reaction. The non-uniform heat source
parameter was discovered to increase the temperature and
thermal boundary layer thickness. [6] examined the
effects of Chemical reaction and thermal radiation on
magnetohydrodynamics flow of Casson -Williamson
nanofluid over a porous stretching surface and observed
the Williamson Parameter to reduce the velocity of the
nanofluid. [7] investigated the impact of thermal
stratification on the magnetic flow of electrically induced
Maxwell nanofluid over a reactive stretching plate. The
Richardson number was observed to increase the
thickness of the momentum boundary layer while it
decreased the thicknesses of the thermal and solutal
boundary layers. [8] employed enhanced
Cattaneo-Christov heat and mass fluxes to study
thermo-solutal time relaxation effect on mixed convection
flow of Carreau fluid. The investigation found the
performance of the thermo-relaxation factor in the
temperature field and the solutal relaxation factor in the
concentration field to decline. [9] studied the behaviour of
hybrid nanofluid and stagnation point flow towards a
stretched surface with melting heat transfer and second
order slip. [10] investigated heat transport enhancement in
time-independent ternary hybrid nanofluid flow over a
linear and nonlinear stretching surface with thermal
radiation. [11] provided a unique fractional constitutive
model for evaluating the behaviour of buoyancy-driven
flow and heat transfer. The study found the thermal
fractional parameter to increase the heat transfer rate by 8
%. [12] established convective conditions for
magnetohydrodynamic non-Newtonian nanofluid flow
with nonlinear thermal radiation and heat absorption. [13]
investigated heat transmission from nanofluid movement
impinging on a porous extending sheet. The radiation
parameter was found to increase the temperature
boundary layer thickness. [14] examined the role of
copper nanoparticles on water and silicone flow over
radially stretching sheet. Platelet-shaped nanoparticles
exhibited the highest skin friction coefficient, while

blade-shaped nanoparticles had the lowest skin friction
coefficient. [15] investigated the heat and mass transport
properties of a non-Newtonian Casson-Williamson
nanofluid flow over a porous stretched sheet. The
skin-friction coefficient was noted to increase with the
porosity parameter. [16] analyzed the flow of water and
engine oil-based nanofluids and the impact of viscous
dissipation and varied viscosity on a stretching surface.
The temperature field was found to increase with the heat
source and dynamic viscosity parameters. [17] studied the
effect of heat generation and thermal radiation on
Eyring-powell hybrid nanofluid flow across a stretched
surface.The study observed the hybrid nanofluid density
and dynamic viscosity to increase with the volume
fraction. [18] studied the heat and mass transport
characteristics of thermally radiated bi-directional slip
flow over a permeable stretched surface. [19] investigated
the effect of chemical reaction and cross diffusion on heat
and mass transfer properties of a viscoelastic oil-based
nanofluid on a porous nonlinear stretching surface. The
study discovered that CuO oil-based nanofluid had a
higher mass transfer rate than Al2O3-oil-based nanofluid
under the same viscoelastic conditions. [20] investigated
the impact of non-uniform heat generation on the flow of
magnetized Casson-Williamson nanofluid towards a
dissipative stagnation point. The findings revealed that the
magnetic field parameter greatly influenced the velocity,
temperature and concentration distributions. The
literature perused provide limited insight into the complex
flow behaviour of Casson-Williamson nanofluids under
various transport dynamics. Thus, this study investigates
the effect of cross diffusion on MHD flow of
Casson-Williamson nanofluid across a reactive nonlinear
stretching surface with thermal radiation. This research
finds prominence in biomedical, petroleum and chemical
industries.

2 Mathematical Model

Consider laminar,incompressible, two-dimensional flow
of a viscous, electrically conducting, and radiating
Casson-Williamson nanofluid across a chemically
reactive non-linear stretching surface. The flow is
restricted to the xy axes and is subjected to
thermal-diffusion and diffusion-thermo effects. The
y-axis is normal to the stretching surface, whereas the
x-axis is along it.The velocity of the stretching sheet is
uw = axm, where a > 0 is a constant and m represents the
sheet’s nonlinearity. A homogeneous transverse magnetic
field of intensity Bo is induced parallel to the y-axis. The
induced external magnetic and electric fields are assumed
to be minimal (Fig.1). Based on the boundary layer and
Rosseland approximations, and taking
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to represent the shear stress of the Casson-Williamson nanofluid,
the flow equations can be stated as follows [6]:

Fig. 1: Schematic diagram of the flow problem.
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The x and y components of velocity are denoted by u

and v, respectively, and σ represents electrical
conductivity. g is the acceleration due to gravity, β

signifies the Casson parameter. Γ is the Williamson
parameter, Bo is the uniform magnetic field, and k is the
permeability term. DB represents the Brownian diffusion
coefficient. βc refers to the coefficient of solutal
expansion. βT coefficient of thermal expansion, cs
indicates concentration susceptibility of the nanofluid, cp
represents the specific heat capacity at constant pressure.
T∞ represents the free stream temperature. τ is the ratio of

the nanoparticle material’s effective heat capacity to that
of the fluid and DT is the thermal diffusion coefficient, γ

is the reaction rate, C is the species concentration, C∞ is
the free stream concentration. Dm is the mean diffusion
coefficient, Tm is the mean temperature of the nanofluid, ρ

is the fluid density, µ is the dynamics viscosity, ν is the
kinematic viscosity, and T is the temperature.
The boundary conditions on the surface of the plate at
y = 0 are:

u(x,0) = bxm,v(x,0) = 0,T (x,0) = Tw,C(x,0) =Cw. (5)

The boundary conditions far away from the surface of the
plate as y → ∞ are;

u(x,∞)→ 0,T (x,∞)→ T∞,C(x,∞)→C∞ (6)

2.1 Similarity Transformation

The stream function ψ(x,y) is defined in the usual way as:

u =
∂ψ

∂y
and v =−∂ψ

∂x
(7)

Equation (7) satisfies the continuity equation (1) exactly.
To find a similarity solution for equations (2) − (4),
define an independent dimensionless variable, η , a stream
function, ψ , in terms of a dependent variable, f (η), a
dimensionless concentration, (φ), and a dimensionless
temperature, θ(η), as follows:
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Substituting the appropriate terms into equations (2)–(4)
yield the coupled nonlinear differential equations as;(

1+
1
β

)
f ′′′(η)− 2m

m+1
f ′

2
(η)+ f (η) f ′′(η)+We f ′′(η) f ′′′(η)

+
2

m+1
GT θ(η)+

2
m+1

Gcφ(η)− 2
m+1

M f ′(η) = 0

(9)

(1+R)θ ′′(η)+Pr f (η)θ ′(η)+Ec
((

1+
1
β

)
f ′′

2
(η)+

We
2

f ′′
3
(η)

)
+Pr

(
Nbθ

′(η)φ ′(η)+Nt θ
′2 (η)

)
+PrD0φ

′′(η) = 0
(10)

φ
′′(η)+Sc f (η)φ ′(η)+

Nt

Nb
θ
′,′(η)+ScSOθ

′,′(η)− 2
m+1

Scω1φ(η) = 0 (11)

subject to the boundary conditions

f (x) = 0, f ′(0) = 1,θ(0) = 1,φ(0) = 1,at(η) = 0 (12)

f ′(∞)→ 0,θ(∞)→ 0,φ(∞)→ 0,as(η)→ ∞ (13)

The prime symbol represents differentiation with regards
to η . Ec = µb2x2m

κ(Tw−T∞)
represents the Eckert number, and
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Pr = ν

α
represents the Prandtl number,

We = Γ x
3m−1

2

√
b3(m+1)

ν
represents the Wesseinberg

number, Nb = DBτ(Cw−C∞)
T∞ν

represents the Brownian

motion parameter, Nt = DT τ(Tw−T∞)
T∞ν

represents the

thermophoresis parameter, D0 = Dmκt (Cw−C∞)
CsCpν(Tw−T∞)

represents

the Dufour number, R = 16σ∗T 3
∞

3κκ∗ is the radiation

parameter, GT = gβT (Tw−T∞)

u2
ω

x is the thermal Grashof

number, Gc =
gβc(Cw−C∞)

u2
ω

x is the solutal Grashof number,

M =
σβ 2

0
ρbxm−1 represents the magnetic field parameter,
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represents the Soret number and ω1 = γ

bxm−1 represents
the rate of chemical reaction.
Parameters of engineering interest are the skin friction
coefficient (Cf), Nusselt number (Nu), and Sherwood
number, which are defined as follows:
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Where τw is the wall shear stress, qw is the wall heat flux, and qm is the wall mass
flux, which are respectively defined as;
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Substituting equations (12) and (13) into (14) and (15) yields;
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3 Results and Discussions

The coupled nonlinear differential equations (9− 11), as
well as the boundary conditions (12 − 13), are
numerically solved using the fourth-order Runge-Kutta
method and Newton Raphson shooting technique.
MAPLE software suite was used to generate numerical
and pictorial results. The thermophysical parameters used
in this study are the magnetic field parameter (M), soret
number (So), thermal grashof number (GT ), solutal
grashof number (Gc), the Prandtl number (Pr), the
thermophoresis parameter (Nt), Brownian motion
parameter, (Nb), nonlinear parameter (m), Schmidt
number (Sc), Eckert number (Ec), Radiation parameter
(R), Rate of chemical reaction parameter (ω1) and
Dufour number (Do). For numerical and graphical results,
black font colour signifies Williamson nanofluid and blue
font colour represents Casson nanofluid.

3.1 Validation of the Flow Model

The results of the present model for the local Nusselt
number represented by (−θ(0)) were compared with the
work of [1] for varied values of the Prandtl number (Pr)
and nonlinear stretching parameter (m) and for Gc =
GT = Nt = Nb = Sc = Ec = R = M = So = Do = ω1 = 0.
The excellent agreement with the results of [1] up to four
decimal places validates the existing numerical method.
Table 1 summarizes the contrast.

Table 1: Computations indicating comparison with [1]

[1] Present Work
Pr m -θ ′(0) -θ ′(0)
1.0 0.2 0.610262 0.610216

0.5 0.595277 0.595224
1.5 0.574537 0.574771

5.0 0.2 1.607175 1.607784
0.5 1.586744 1.586779
1.5 1.557463 1.557691

3.2 Numerical Results

Table 2: Computations showing − f ′′(0), −θ ′(0), and
−φ(0) for different parameter values.
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Table 2 shows how different thermophysical parameters
affect the skin friction coefficient (− f ′′(0)), Nusselt
number (θ ′(0)), and Sherwood number (−φ ′(0)) for
Casson and Williamson nanofluids. The skin friction
coefficient for Casson nanofluid is seen to consistently
show slightly lower values compared to Williamson
nanofluid across various parameter setting. This indicates
that Casson nanofluid experiences lower fractional
resistance.

It is also observed that the Williamson nanofluid
experiences more friction at the boundary layer, due to
the gradual shear thinning behaviour, which causes it to
retain higher viscosity near the boundary layer. It is again
noted that the Nusselt number for Casson nanofluid is
higher compared to Williamson nanofluid due to the fluid
lower viscosity, allowing for more efficient thermal
energy transfer. Williamson nanofluid exhibits lower
Nusselt number because of less efficient heat transfer. The
viscoelastic nature of Williamson nanofluid leads to a
thicker thermal boundary layer which reduces heat
transfer rate.

Also, the Sherwood number for Casson nanofluid is
observed to be higher compared to Williamson nanofluid
due to the effective mass transfer rate of the Casson
nanofluid. Furthermore, it is noted that an increase in
magnetic field parameter increases the Skin friction
coefficient of both nanofluids while depleting the Nusselt
and Sherwood numbers due to the Lorentz force induced
by magnetic field, which acts as a resistive force.
Moreover, a rise in thermal Grashof number increases the
skin friction coefficient, Nusselt and Sherwood numbers
of both nanofluids, this is due to buoyancy forces which
promote fluid motion.

Also an increase in the the Soret number was noted to
decrease both the skin friction and Sherwood number of
both nanofluids, with Casson nanofluid showing a larger
decline, due to thermophoresis which weakens the
near-wall velocity and concentration gradients. Casson
nanofluid shows a stronger response because of its
shear-thinning and yield stress behaviour making it more
sensitive to thermophoresis effects. Lastly, it is also
observed that a rise in the Eckert number rises the Skin
friction coefficient, Nusselt number and Sherwood
number of both Casson and Williamson Nanofluids.

3.3 Graphical Results

3.3.1 Effects of Parameter Variation on Velocity
Profiles.

Th impact of the various thermo-physical parameters on
the velocity profiles of both Casson and Williamson
nanofluids are presented in Figures 2 − 8. Figure 2
presents the effects of the Soret number on the velocity

profiles of both Casson and Williamson nanofluids. It is
noted that an increase in Soret number increases the
velocity profiles of both nanofluids. Casson nanofluid
shows more pronounced increase in velocity profile as the
Soret number increases compared to Williamson
nanofluid, thus implying that thermal diffusion increases
the fluid motion significantly.

For Williamson nanofluid, the increase in velocity is
gradual meaning that it is less sensitive to changes in the
Soret number. Figures 3 and 4 present the effects of
Thermal Grashof number and Solutal Grashof number on
the velocity profiles of both Casson and Williamson
nanofluids. The velocity profiles of both nanofluids
increase with an increase in both thermal and Grashof
numbers. But the increase in Williamson nanofluid is less
pronounced compared to the Casson nanofluid, indicating
that Williamson nanofluid responds less to buoyancy
effects.

Again, Figure 5 presents the effects of thermophoresis
parameter on velocity profiles of both Casson and
Williamson nanofluids. It is observed that an increase in
thermopheresis parameter increases the velocity profiles
of both Casson and Williamson nanofluids, with
Williamson nanofluid showing less increment compared
to Casson nanofluid. This shows that thermophoresis has
a stonger effect on Williamson nanofluid compared to
Casson nanofluid.

Figure 6 presents the effects of nonlinear parameter
on the velocity profiles of both nanofluids. It is noted that
the velocity profiles of both Casson and Williamson
nanofluids decrease with an increase in nonlinear
parameter. The velocity decrease is less steep for
Williamson nanofluid comapared to Casson nanofluid,
suggesting that there is strong non-Newtonian effects on
flow resistance for Casson nanofluid.

Figure 7 also presents the effects of magnetic field
parameter on the velocity profiles of both Casson and
Williamson nanofluids. It is observed that an increase in
magnetic parameter decreases the velocity profiles of the
nanofluids. The reduction is due to the Lorentz force
acting on the fluid. The reduction in velocity is less
pronounced for Williamson nanofluid compared to
Casson nanofluid, thus suggesting that Williamson
nanofluid is more sensitive to magnetic field effects.
Figure 8 presents the effects of chemical reaction
parameter on the velocity profiles of both Casson and
Williamson nanofluids. It is noted that the velocity
profiles of both Casson and Williamson nanofluids
decrease with an increase in chemical reaction parameter,
with Williamson nanofluid been observed to be less
pronounced to decrease velocity compared to Casson
nanofluid.
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Fig. 2: Velocity profile for varying values of the Soret
number with: Pr = 3, Sc = 0.5, β = 0.4, Ec = 0.1, GT =
0.1, We = 0.4, Gc = 0.1, R = 0.1, Nt = 0.2, Nb = 0.5,
M = 0.1, Do = 0.3, ω1 = 0.4, and m = 0.2.

Fig. 3: Velocity Profile for varying values of Thermal
Grashof number with: Ec = 0.1, Sc = 0.4, β = 0.4, R =
0.5, m = 0.2 , We = 0.4, Gc = 0.1, ω1 = 0.4, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , and M = 0.1, .

Fig. 4: Velocity Profile for varying values of Solutal
Grashof number with: Ec = 0.1, Sc = 0.4, β = 0.4, R =
0.5, m = 0.2 , We = 0.4, GT = 0.1, ω1 = 0.4, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , and M = 0.1, .:

Fig. 5: Velocity Profile for varying values of
Thermophoresis parameter with: Ec = 0.1, Sc = 0.4,
β = 0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,ω1 = 0.4, Pr = 3, Nb = 0.5, Do = 0.1, So = 0.3 , and
M = 0.1, .
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Fig. 6: Velocity Profile for varying values of nonlinear
parameter with: Ec = 0.1, Le = 0.4, β = 0.4, R = 0.5, ,
We = 0.4, GT = 0.1, Gc = 0.1, ω1 = 0.4, Pr = 3,Nt = 0.2,
Nb = 0.5, Do = 0.1, So = 0.3 , and M = 0.1, .

Fig. 7: Velocity Profile for varying values of magnetic field
parameter with: Ec = 0.1, Sc = 0.4, β = 0.4, R = 0.5, m =
0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,ω1 = 0.4, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , and m = 0.2, .

Fig. 8: Velocity Profile for varying values of rate of
chemical reaction parameter with: Ec = 0.1, Sc = 0.5,
β = 0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,M = 0.1, Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 ,
and m = 0.2,

3.3.2 Effects of Parameter Variation on Temperature
Profiles

The impact of various thermo-physical parameters on the
temperature profiles of both Casson and Williamson
nanofluids are presented in Figures 9 − 18. Figure 9
presents the effects of Soret number on temperature
profiles of both Casson and Williamson nanofluid. An
increase in Soret number is observed to increase the
temperature profiles of both nanofluids, with Williamson
nanofluid indicating less increment compared to Casson
nanofluid. The increase in temperature of both fluid is as a
result of Soret number intensifying the coupling between
thermal and concentration fields. Figure 10 presents the
effects of Dufour number on temperature profiles of both
Casson and Wiliamson nanofluids. It has been seen that a
rise in Duffour number increases the temperature profiles
of both nanofluids, with Williamson nanofluid showing
less incement in temperature compared to Casson
nanofluid. This means that Casson nanofluid is more
sensitive to Dufour effects than Williamson nanofluid and
this is due to strong thermal diffusion effects due to
concentration gradients. Also, Figure 11 presents the
effects of radiation parameter on temperature profiles of
both Casson and Williamson nanofluids. It is observed
that an increase in the radiation parameter increases the
temperature profiles of both nanofluids. The temperature
increase for Williamson nannofluid is less pronounced
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compared to Casson nanofluid. This means that Casson
nanofluid is more affected by radiative heat transfer.
Figure 12 presents the effects of Brownian motion
parameter on temperature profiles of both Casson and
Williamson nanofluids. It is noted that an increase in
Brownian motion parameter raises the temperature
profiles of both nanofluids. Williamson nanofluid effect
with temperature increase is milder compared to Casson
nanofluid. This means that nanoparticle-induced thermal
fluctuations strongly impact the Casson nanofluid with
increased Brownian motion parameter.

Figure 13 also, presents effects of magnetic field
parameter on temperature profiles of both Casson and
Williamson nanofluids. It is again noted that a rise in
magnetic field parameter increases the temperature
profiles of both nanofluids, with Williamson nanofluid
showing less pronounced changes to temperature increase
compared to Casson nanofluid. The rise in the
temperature profiles suggest that magnetic forces enhance
heat distribution especially in Casson nanofluid. Figure
14 presents the effects of Eckert number on temperature
profiles of both Casson and Williamson nanofluids. It is
again noted that an increase in Eckert number raises the
temperature profiles of both Casson and Williamson
nanofluids, with Casson nanofluid showing more impact
to the temperature increase compared with Williamson
nanofluid. This suggests that viscous dissipation generate
more heat in Casson nanofluid while for Williamson
nanofluid viscous dissipation effect is lower as Eckert
number rises. Figure 15 also presents the effects of
nonlinear parameter on the temperature profiles of both
Casson and Williamson nanofluids. It is also observed
that an increase in nonlinear parameter increases the
temperature profiles of both nanofluids, with Casson
nanofluid showing greater impact compared to
Williamson nanofluid. This increase in temperature is as a
result of non-Newtonian effects.

Figures 16 and 17 present the effects of thermal
Grashof number and Solutal Grashof number on the
temperature profiles of both Casson and Williamson
nanofluids. It is noted that an increase in both thermal and
Grashof numbers reduce the temperature profiles of both
nanofluids, with Casson nanofluid showing more impact
to temperature decrease compared to Williamson
nanofluid. The reduction in the temperature profiles of
both nanofluids is as a result of buoyancy-driven
convection. Lastly, Figure 18 shows the effects of Prandtl
number on temperature profiles of both Casson and
Williamson nanofluids. It is again, noted that an increase
in Prandtl number reduces the temperature profiles of
both nanofluids, with Casson nanofluid showing greater
impact with the temperature decrease compared to
Williamson nanofluid. The decrease is due to higher
viscosity lowering the thermal diffusion.

Fig. 9: Temperature Profile for varying values of Soret
number with:Ec= 0.1, Sc= 0.5, β = 0.4, R= 0.5, m= 0.2
, We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt = 0.2,
Nb = 0.5, Do = 0.1, ω1 = 0.4 and m = 0.2,

Fig. 10: : Temperature Profile for varying values of Dufour
number with: Ec = 0.1, Sc = 0.5, β = 0.4, R = 0.5, m =
0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt =
0.2, Nb = 0.5, So = 0.3, So = 0.3 , ω1 = 0.4 and m = 0.2,
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Fig. 11: Temperature Profile for varying values of
Radiation parameter with: Ec = 0.1, Sc = 0.5, β = 0.4,
Do = 0.3, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M =
0.1, Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 ,
ω1 = 0.4 and m = 0.2,

Fig. 12: Temperature Profile for varying values of
Brownian motion parameter with: Ec = 0.1, Sc = 0.5,
β = 0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,M = 0.1, Pr = 3,Nt = 0.2, R = 0.5, Do = 0.1, So = 0.3 ,
ω1 = 0.4 and m = 0.2,

Fig. 13: Temperature Profile for varying values of
magnetic field parameter with: Ec = 0.1, Sc = 0.5, β =
0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,Nb = 0.5, Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 ,
ω1 = 0.4 and m = 0.2,

Fig. 14: Temperature Profile for varying values of Eckert
number with: M = 0.1, Sc= 0.5, β = 0.4, R= 0.5, m= 0.2
, We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt = 0.2,
Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,
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Fig. 15: Temperature Profile for varying values of
nonlinear parameter: Ec = 0.1, Sc = 0.5, β = 0.4, R =
0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1,
Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 ,ω1 = 0.4
and Ec = 0.2,

Fig. 16: Temperature Profile for varying values of Thermal
Grashof number with: Ec = 0.1, Sc = 0.5, β = 0.4, R =
0.5, , We = 0.4, m = 0.2, Gc = 0.1 ,M = 0.1, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,

Fig. 17: Temperature Profile for varying values of Solutal
Grashof number with: Ec = 0.1, Sc = 0.5, β = 0.4, R =
0.5, m = 0.2 , We = 0.4, GT = 0.1, ,M = 0.1, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,

Fig. 18: Temperature Profile for varying values of Prandtl
number with: Ec = 0.1, Sc = 0.5, β = 0.4, R = 0.5, m =
0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Nt = 0.2,
Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,
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3.3.3 Effects of Parameter Variations on
Concentration Profiles

The impact of various thermo-physical parameters on the
Concentration profiles of both Casson and Williamson
nanofluids are presented in Figures 19 − 30. Figure 19
presents the effects of the Soret number on concentration
profiles of both Casson and Williamson nanofluid. It is
observed that an increase in Soret number increases the
concentration profiles of both nanofluids, with Casson
nanofluid showing significant temperature increase
compared to Williamson nanofluid. This is as a result of
strong thermal diffusion effects on mass transfer. Figure
20 presents the effects of nonlinear parameter on the
concentration profiles of both Casson and Williamson
nanofluids. It is observed that an increase in nonlinear
parameter increases the concentration profiles of both
nanofluids, with the increase for Williamson nanofluid
been more pronounced compared to Casson nanofluid.
The increase is due to suppression of mass transfer due to
non-Newtonian effects. Again, Figure 21 presents the
effects of Thermophoresis parameter on the concentration
profiles of both Casson and Williamson nanofluids. It is
noted that an increase in thermophoresis parameter leads
to an increase in concentration profiles of both nanofluids,
with the increase in concentration of Casson nanofluid
pronouncing greater impact compared to Williamson
nanofluid. The increase is due to particle movement as a
result of temperature gradient. Figure 22 presents the
effects of magnetic field parameter on the concentration
profiles of both Casson and Williamson nanofluids. It is
noted that a raise in magnetic field paramter increases the
concentration profiles of both nanofluids, with the
increase been less severe in Williamson nanofluid
compared to Casson nanofluid. This is due to Williamson
nanofluid gradual shear-thinning behaviour and lower
sensitivity stress and shear rate changes. Figures 23 and
24 present the effects of thermal Grashof number and
Solutal Grashof number on the concentration profiles of
both Casson and Williamson nanofluids. It is observed
that an increase in Thermal Grashof and Solutal numbers
decrease the concentration profiles of both nanofluids,
with the decrease in concentration of Williamson
nanofluid been less pronounced compared to Casson
nanofluid. The reduction in concentration of both
nanofluids is as a result of mass diffusion due to
buoyancy-driven flow and convective mass transfer.
Figure 25 presents the effects of Brownian motion
parameter on concentration profiles of both Casson and
Williamson nanofluids. It has been noted that a rise in
Brownian motion parameter decreases the concentration
profiles of both nanofluids, with the reduction in
Williamson nanofluid been milder compared to Casson
nanofluid. The decrease in concentration is as a result of
strong nanoparticles effects on mass transfer. The effects
of the Eckert number on concentration profiles of both
Casson and Williamson nanofluids are presented in Figure
26. It is observed that an increase in Eckert number

decreases the concentration profiles of both nanofluids,
with the decrease in concentration of Casson nanofluid
been more rapid compared to Williamson nanofluid due
to viscous dissipation. Figure 27 presents the effects of
radiation parameter on concentration profiles of both
Casson and Williamson nanofluids. It is observed that a
rise in radiation parameter decreases the concentration
profiles of both nanofluids, with Casson nanofluid again
showing greater decrease in concentration compared to
Williamson nanofluid due to species distribution in the
nanofluid. The effects of chemical reaction parameter on
the concentration profiles of both Casson and Williamson
nanofluids are also illustrated in Figure 28. It is noted that
the concentration profiles of both nanofluids also decrease
with an increase in chemical reaction parameter, Casson
nanofluid again shows tremendous decrease in
concentration compared to Williamson nanofluid, This
shows that chemical reaction reduces species
concentration more srongly for Casson nanofluid. Again,
Figure 29 presents the effects of Dufour parameter on
concentration profiles of both Casson and Williamson
nanofluids. It is noted that an increase in Dufour
parameter decreases the concentration profiles of both
nanofluids, with Casson nanofluid having greater impact
on the decrease in concentration compared to Williamson
nanofluid. The decrease is due to strong thermophoretic
effects on mass transfer. Finally, Figure 30 presents the
effects of Schmidt number on the concentration profiles
of both Casson and Williamson nanofluids. It is again
noted that an increase in Schmidt number reduces the the
concentration profiles of both nanofluids, with Casson
nanofluid showing more pronounced concentration
decrease compared to Williamson nanofluid.

Fig. 19: Concentration Profile for varying values of Soret
number with: Ec = 0.1, Sc = 0.5, β = 0.4, R = 0.5, m =
0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, ω1 = 0.4 and m = 0.2,
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Fig. 20: Concentration Profile for varying values of
nonlinear parameter with: Ec = 0.1, Sc = 0.5, β = 0.4,
R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M =
0.1, Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, ω1 = 0.4 and
So = 0.3,

Fig. 21: Concentration Profile for varying values of
Thermophoresis parameter with: Ec = 0.1, Sc = 0.5, β =
0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,M = 0.1, Pr = 3, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4
and m = 0.2.

Fig. 22: Concentration Profile for varying values of
magnetic field parameter with: Ec = 0.1, Sc = 0.5, β =
0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,
Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4
and m = 0.2.

Fig. 23: Concentration Profile for varying values of
Thermal Grashof number with: Ec = 0.1, Sc = 0.5, β =
0.4, R = 0.5, m = 0.2 , We = 0.4, Gc = 0.1 ,M = 0.1,
Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4
and m = 0.2,
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Fig. 24: Concentration Profile for varying values of Solutal
Grashof number with: Ec = 0.1, Sc = 0.5, β = 0.4, R =
0.5, m = 0.2 , We = 0.4, GT = 0.1, M = 0.1, Pr = 3,Nt =
0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,

Fig. 25: Concentration Profile for varying values of
Brownian motion parameter with: Ec = 0.1, Sc = 0.5,
β = 0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,M = 0.1, Pr = 3,Nt = 0.2, Do = 0.1, So = 0.3 , ω1 =
0.4and m = 0.2,

Fig. 26: Concentration Profile for varying values of Eckert
number with: Sc = 0.5, β = 0.4, R = 0.5, m = 0.2 , We =
0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt = 0.2, Nb =
0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2.

Fig. 27: Concentration Profile for varying values of
Radiation parameter with: Ec = 0.1, Sc = 0.5, β = 0.4,
m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr =
3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and
m = 0.2,

© 2025 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


56 C. Etwire and F. Mathias: Impact of Cross diffusion on

Fig. 28: Concentration Profile for varying values of rate
of chemical reaction parameter with: Ec = 0.1, Sc = 0.5,
β = 0.4, R = 0.5, m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1
,M = 0.1, Pr = 3,Nt = 0.2, Nb = 0.5, Do = 0.1, So = 0.3 ,
and m = 0.2.

Fig. 29: Concentration Profile for varying values of
Dufour number with: Ec= 0.1, Sc= 0.5, β = 0.4, R= 0.5,
m = 0.2 , We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr =
3,Nt = 0.2, Nb = 0.5, So = 0.3 , ω1 = 0.4 and m = 0.2,

Fig. 30: Concentration Profile for varying values of
Schmidt number with: Ec= 0.1, β = 0.4, R= 0.5, m= 0.2
, We = 0.4, GT = 0.1, Gc = 0.1 ,M = 0.1, Pr = 3,Nt = 0.2,
Nb = 0.5, Do = 0.1, So = 0.3 , ω1 = 0.4 and m = 0.2,

4 Conclusions

Impact of cross diffusion on MHD flow of
Casson-Williamson nanofluid past a reactive stretching
surface has been investigated. The resulting model was
converted into nonlinear differential equations using
similarity transformation and addressed with
computational techniques such as the fourth-order
Runge-Kutta method and Newton-Raphson shooting
technique. It has been established that Casson nanofluid is
better in terms of heat transfer compared to Williamson
nanofluid. The following general conclusions can be
made:

i.An increase in Soret number, Dufour number and
Radiation parameter appreciate the temperature
profiles of both Casson and Williamson nanofluids.

ii. The velocity profiles of both Casson and Williamson
nanofluids decrease with an increase in chemical
reaction parameter.

iii.A rise in Soret number is observed to enhance the
temperature profiles of both nanofluids, with
Williamson nanofluid been less pronounced compared
to Casson fluid

iv.It is noted that a rise in the radiation parameter rises
the temperature profiles of both Casson and
Williamson nanofluids, with the temperature increase
for Williamson been less pronounced compared to
Casson nanofluid.
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