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Abstract: We introduce a novel generalized derivative, the biparametric derivative, which constitutes an extension of the deformable
derivative introduced by Ahuja Priyanka et al. (2017). This generalization is achieved when the secondary parameter, denoted by v,
assumes the value of unity. Fundamental properties of the biparametric derivative are rigorously examined, and generalized forms of
Rolle’s theorem and the mean value theorem are derived within this new framework. The biparametric integral, intrinsically associated
with the biparametric derivative, is defined, and a version of the fundamental theorem of calculus adapted to this setting is established.
Finally, we address and solve certain biparametric fractional differential equations as illustrative applications of the proposed operator.
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1 Introduction

When the definition of a mathematical concept is varied,
it is possible to obtain new results, as is the case with the
fractional derivative. Several definitions of fractional
derivatives have been introduced since the time 1};vhen
L’Hopital asked Leibniz for an explanation about ((iiml 5 in
a letter [7] in 1695; including those defined in the
nineteenth century using the integral, such as the
Riemann-Liouville and Caputo derivatives:

Definition 1.Riemann — Liouville fractional derivative
For ¢ € [n— 1,n), the @-derivative of g is defined by

1 dan gt X
Df (g)(t) = Fi(n_(p)@/a 7@—(%‘!’)—"4—1 dx

Definition 2.Caputo fractional derivative

For @ € [n— 1,n), the @-derivative of g is defined by

R OIS
D0 = 1y | et &

These derivatives can be found in [5,9], but they have
some drawbacks.

1.The Riemann-Liouville derivative does not satisfy
DJ(1)=0

2.The two fractional derivatives do not satisfy the rule
for the derivative of the product of two functions

DY (f-g) = fD%(g)+gD3(f)

A new definition of fractional derivative was recently
introduced by R. Khalil [6] in 2014. This derivative,
unlike the Riemann-Liouville and Caputo derivatives, is
defined as a local fractional operator and is called the
conformable fractional derivative. Related work on the
conformable derivatives, non conformable derivatives and
fractionals derivatives can be found in [2,3,4,8,11,12,17,
13,14,15,16]

Definition 3.Conformable Fractional Derivative
Given a function g : [0,00) — R. Then the conformable
fractional derivative of g of order @ is defined by

1-¢y _
Tp(s) (1) = tim ELHED 280

Jorallt >0and @ € (0,1).

This definition does not include zero or negative
numbers, in the domain of the functions. In 2017, F.
Zulfeqarr in [18] introduced a new derivative that
overcomes the drawback of the conformable fractional
derivative, called the deformable derivative.
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Definition 4.Deformable Derivative
Given a function ¢ € [0, 1], the deformable Derivative de
g: R — R is defined by

D?g(t) = lim (1+¢€(1— (P))g,;(t+g(p) —g()

always whenever the limit exists.

In this article, a generalization of the deformable
derivative is presented, called the V-derivative or
biparametric derivative, as it depends on two parameters.

Definition 5.Let ¢ : R — R, ¢ > 0,y > 0, the
V-derivative (Biparametric) is defined as

(wth(y—)g(r+n%) —yg)
V®¥(g(r)) := lim ( W)

h—0 v-h
ey
equivalently
(1 +h (1 - 2)) g(t—l—hg) —g(t)
VO (g(r)) = lim " ¥
2

always whenever the limit exists.

Remark.For some values of ¢ and y the following results
are obtained:
1.6.1.If v = 1, we obtain
1+h(1— t+he)—g(t
V(p’l(g(t)):hm ( + ( (P))g( + (P) g( )
h—0 h
= D%%(t)

1.6.2.If ¢ = y and g is differentiable, then

V(p,(p(g(t)) — lim W(g(t +h)) — Wg(t)

h—0 wh
i (g(t+h2,) 80 _

1.6.3If ¢ =0and y =1, we obtain

VO’I(g(l‘)) — lim (1 +h)g(t+0) — 1g(t)

h—0 1-h
. hg(r)

=1 =~ —o(t
pm = = 8)

1.6.4If ¢ =1 and y > 0, then

(y+h(y— 1>>g(r+%) ()
Vi¥(g(r) = lim v

Remark.It is worth noting that the V-derivative of order
(¢, y) is different from the V-derivative of order (v, ¢).

2 Preliminary Results

In this section, the relationship between the biparametric
derivative, the function and its ordinary derivative is
exposed. The first theorem states that differentiability
implies V-differentiability of order (¢, ). In this section
and the following ones, we assume that ¢ > 0 and y > 0.

Theorem 1.A function g differentiable at a pointt € (W, V)

is always V-differentiable of order (@, ) at t, moreover,

VOVi(g(r) = %g’(t) + Ly_,(p)g(t) 3)

Proof.

(w+e(w—o)g(t+el ) —yelr)
Ve (g(n) = lim ( "’>

£e—0 y-E
¢
ve (t+8—) —yg(t)
= lim
£e—0 Y€
e(v—0)g t+8£)
v
V-
g<t+8£> —g(1)
~ lim hd +
e—0 &
v-o, ,+8£)
v v
¢, (y—9)
==g'(r)+ t
wg(> v g(t)

The second result of this section gives answers the
question of whether V-differentiability of order (¢, y)
implies continuity, the answer is affirmative, but before
proving the result, we must demonstrate the following
proposition, for which we recall the definition of a locally
bounded function.

A function is locally bounded atz € (u, v) if there exist
positive constants N y ¥, such that

lg(t+€)| <N,
v is taken to be sufficiently small such thatz+ ¢ € (i, v).

ifle| <y

Proposition 1.Suppose g is V-differentiable of order
(p,w)att € (U,Vv), then g is locally bounded at t.

ProofIf g is V-differentiable of order (¢, y) att € (u,v),
then there exists ¥ > 0 such that

(y+e(y— <p>>g<t+e%> ()
y-€

VIV ()| <p=1
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Whenever |€| < ¥, where p is as small as desired.
Thus, for €| < ¥, it is found that

‘(ws(w os(1+e2) ) -
VeV (g < |y-e
Then,
'(w+8(w<p))g<t+8§)'§

[yl [VOY(g(t) + 1| +g(1)]
and it is found that

’g(t+89) ’ < Ly el[Vo¥ig) +1]
v +e(y—o)
lg(1)]
Y +e(v—o)l’
The last inequality proves that g is locally bounded at 7.

lel <.

The next theorem states that V-differentiability of
order (¢, y) implies continuity.

Theorem 2.Let g be an V-differentiable of order (@, )
Sunction at t € (U, V) for some @ € [0.1] and y > 0, then
g is continuous at t.

Proof.It can be proven, solely that

. (0] _ _
;Lo (g (t 81//) g(t)) 0
Now,

im(e(1+y) ~50)
v (efrrey) <o)

= lim
=0 y
{(w+8(w—<p))g(t+8%) -
= lim
£-0 1

e(V—9)g (t + 8%) - Wg(t)] €
ye

= lim Ld .
£—0 y-€

(werew—ene(r+el ) - ve)] o

etvpg(rel )] e

y-€

1. (v ev-oe(r+e2 ) - yeln) e
- Eelﬂ) € B

limsw(pg<t+8£)
e—=0 v v
1 . v—o.. 9
— eV ) _ x
y/V (g(1)) lli%s v gg%&'g(tﬁL&‘w)
y—9 4

=— limeg(t—l—e—):O
Y -0 v

The last equality is derived from Proposition 1.
Thus g is continuous at ¢t € (i, V).

Corollary 1.A function g that is V-differentiable of order
(o, w)att € (W, v) is also differentiable.

Proof.To prove the existence of the derivative, we will use
the following definition

g(i+8%)—g(t)
/ _ Y
gm*q)ilg(l) €

() )
- 62132) P
w<g<t+8§>) —vsl(r)
- 62132) P
| ; [l[/g(t—l—é‘%)—l—é,‘(l[/—go)g(t—i—e%)—
T oo 1
E(W—fp)g(tﬂ%%) —Wg(t)]

€
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| |wrewons(reey) ven|

= — lim

¢ e—0 €
lim ug(tww;‘g)
=0 @ y

Since g is V-differentiable of order (¢,y) and by
Theorem 2, it follows that

(1) = i’vqwf t ,u t
g(t) o (8(2)) " g(t)
Remark.It is found that from
! 1) = EV‘PaW t 7u 1),
g(t) p (g(1)) p g(t)

we can obtain

VeVg(n) = Lo )+ E=L0).
14 y
Theorem 3.Let g defined on (U, V). It is found that g is
V-differentiable of order (@,y) if and only if g is
differentiable.

Remark.Although it is true that the function g is
V-differentiable of order (¢,y) and g is differentiable,
the values of the two derivatives are different.

3 Properties of the V-Derivative

This section is dedicated to establishing some fundamental
properties of the V-derivative.

Theorem 4.Let a and b be constants, and f and g be
V-differentiable of order (Q,y) functions. The operator
V@V (g(r)) satisfies the following properties:

1. VOY(af+bg)(t) =aVPVf(t)+bVP¥g(r)

2. VO¥(fg)(t) = ;"; [ (0g(t) + F(0)g ()] +
00
w (£ oy @ L We0) +£(1)g (1)
3 Vq’W(g)(t) v GOF T
—WW(P%, g(r) #0.

3

4. V®Y(k)= W;w(pk k constant.

5. Yoy — yev2y 0y

Proof.1.  Itis evident, thanks to the definition.

VOV(f-g)(r) =
(w+h(y - <p))f<t+h§> g(w%) -

lim
h—0 v-h
vf(t)g(t)
v
¢ ¢
n? ne
. W<t+ w>g<t+ w>+
h—0 v-h
¢ ¢
hw — hd R
(v <P)f<t+hw>g ””‘w) w080
v
f<z+h9) g<t+h9) (g <t+h9)
— lim hd n
h—0 h
fg (r+h9) ~ Fs()
hd n
h
¢ ¢
h(y— n? n
wos (e )s(reny)
y-h
{f<t+h£) f(t)] g<t+h3)
— lim 4 Y7+
h—0 h
f(t) [g <t+h9> g(t)}
lim hd n
h—0 h
Y9 ¢ ¢
(g o)

Ifh%:S,thenhze%,ifhﬁOthens%Oanditis

found that

3. Applying (3) from Theorem 1, it is found
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f Q(I\ L v-o(f
oG- (2 0+ (2o
_9 [f'(t)g(t)*g'(t)f(t)]jL
% [g(1)]?
v—o/(f
4 v <g>(t)
VO (k) = %(k)’ + "';w(pk
S 7)) .k Y o
% % %

5. If (3) from Theorem 1 is applied once again, we
obtain the following

VOLVIY OV (g(1)) = VOV <ﬂg'(t) + ug(f))
) V2

01 © Vo—¢
= Zg" )+ —4 1) ) +
Vi <‘I’2g ) 1'%} g()>

Vi—¢ (¢, Vo=@

=g'(t)+ —g(t
SO ( B+ PPy
© 01y o (Vi—¢1) Vo—0 @1
== o"(1)+ N+ -————¢'(t)+
‘VZ‘I/lg() lIfz( L4 )g() L2 llflg()

Vo — @ Vi — @
t
( [%) )( Vi )g()
© | Q1 y yvi—¢r
== =)+ |+
%ng() Vi g()}
Vo—0 | ¢, Y1 — ¢
—g(t)+ t
%] [‘I’lg() Vi g()]

!
© | P, V1 — ¢
== | =g () +——¢0)| +
%ng() Vi g()}

V- @ [ﬂg/(t)+ V’ll;l "’lg(;)]
)

%) Vi
P, Vi— ¢
_yew [Py VIO t}
Ll/lg() Vi 8
= ye.V2y 0¥ (g(t))

Parts 2 y 3 violate the Leibniz rule for derivatives,
which is why V®V is considered a fractional derivative.
Interested readers can refer to [10].

4VeY(In(r)) = ¢ 1 + u1n(t) t>0

vt Y

Proof.The four V-derivatives can be obtained using (3)
from theorem 1.

4 Theorems of the V-Derivative

Next, we will demonstrate some classical results from
calculus for the V-derivative, including the Mean Value
Theorem, the Rolle’s Theorem, and the Chain Rule, as
well as present some examples of their application.

Theorem 5.Rolle’s Theorem for the V-Derivative
Let g : [, v] — R a function that satisfies:

1.g is continuous in [l, V]
2.g is V-differentiable of order (¢, y) in (U, V)
3.8(u)=g(v)

Then, there exists c €

VoY (g(c)) = ‘”;W"’g@).

such that

(1, v)

Proof.Since g is V-differentiable of order (¢, y), then g
is differentiable and therefore satisfies the hypotheses of
Rolle’s Theorem for ordinary derivatives, so there exists
c € (i, Vv) such that g'(c) = 0.

Then, from

VO (g(e) = 8 1)+ T a()

it is found that,

VO (g(e) = g0+ Pele) = L0+ HE

Therefore,
VoY (g(c)) = L—Lg(0).

Example 1.Given the function g(t) =1 —13, ¢ = §, and
y = 1, the function g(r) satisfies the conditions of the
Rolle’s Theorem for V-derivatives, since g is continuous
on [0,1] and V-differentiable of order (¢, y) on (0,1). It
is also true that g(0) = g(1).

Therefore, we can apply the Rolle’s Theorem for V-
derivatives. Then, we can find a ¢ € (0,1) such that

Proposition 2.The following V-derivatives can be i
obtained: 3
LVOY(") = L ut” nelR When calculating the V-derivative of order (¢, y) of g,
v we have
2V () = ¢
() v—0 . 1] 2
kAL = cos(t) + sin(z V93(t—1) =+t —1t>— =t
(sin(r)) = v (7) (t) (t—r)=3+3 3
© 2025 NSP
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which, when evaluated at ¢, gives us

Vé’%(c—c3):—+—c—c —=c

and we equate this with

implying

Soc= 3-

Theorem 6.Mean Value Theorem for the V-Derivative
Let g : [, v] — R be a function that satisfies:

1.g is continuous in [L, V]

2.g is V-differentiable of order (¢, ) in (L, V)
Then, there exist ¢ € (I, V) such that

VoY (g(c)) = %g(vg_i(#) n llfl;fpg(c).

Proof.Let’s consider the auxiliary function

8(v) — (1)
— Loy
g(u) -
it is found that & satisfies the hypotheses of the Rolle’s
Theorem, so there exists ¢ € (1, V) such that

ht) = g(0) -

v%Wde=f§fmw

Additionally, it is found that,

¢, V-0
VOY(h(r)) = =h(t) + ——h(t
(h(1)) " (r) v (t)
% / g(V)f
==L 1) —
lI,[g() -
Then, it is found that

V@@l 8V —8W), | ¥v—9,
V2o =& ¢ (o) - E=E 0| + Y2

By simplifying, we obtain,

g(u)} n w;/q)h(t)

which implies

¢, ¢ g(v)—g(u)
Poiey=2 4
y® (c) - 4)
From V¥ (g(c)) = %g’(c) + W;W‘pg(c) it follows that
2 =v¥(g(e) - ¥-24(0)

Thus, from (4) it is found that

@ g(v)—g(1) v—o

L2 9V 7 V(P‘W c))— —o(c

A (g(c)) v g(c)
then,

pg(v)—g) y—¢
V‘Pv‘l’ c)) =L +
(s(e) = 55 R+

Remark.If in the Mean Value Theorem for the
V-Derivative, it is found that ¢ is equal to y, the Mean
Value Theorem for ordinary derivatives is obtained.

g(c).

Example 2.For the function and the V-derivative of order
(¢, ) of the Rolle’s Theorem example g(t) =t — ¢, with
¢ = é and vy = % it is observed that the function g
satisfies the conditions of the Mean Value Theorem for
V-derivatives, since g is continuous on [0,2] and
V-differentiable of order (¢, y) on (0,2).

Therefore, the Mean Value Theorem for V-derivatives
can be applied. Then, we can find a ¢ € (0,2) such that

8(2) —¢(0)

1
8 3
2-0 *

<
Ol—
W=
—~
oQ
—~
=~
N
=
I
wl—|ol—
W=

When calculating the V-derivative of order (¢, y) of g, we

have 1 2 5
11

VIs(t—1)=-+Zr—12— 28

( ) 3+3 3

which, when evaluated at ¢, gives us

1 2 2
Vé‘%(c—c3):§+§c—cz—§c3

and we equate this with

1
§.4 3_ 9 )—8 3
V93(c—c)—I- >0 +57 (c—=¢”)
3 3
1/ 6\ 2, .
§<5>+§“C>
which gives
1 2 2 2
§+§c—c2—§c3:—1+§(c—c3)
implying
4
g—CZZO
_ 2
SOC—%.
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Theorem 7.Chain Rule for V-Derivatives

If g is an V-differentiable of order (@, V) function and f is
differentiable at g(t), then f o g is V-differentiable at t of
order (Q,y) and

VOV (fog)(t) = %f’(g(t))g’(t) + W;W(Pf(g(t))

Proof.By the definition of the V-derivative of fog, it is
found

VOV(fog))

(W +e(w—9))(fog) <r+s§> —y(fog)t)

= lim v-e
. (vt e <p>>f(g5r:e§>) o)

If h=g(t+e3) —g(r) and y = g(r), it is found that
glt+ed)=y+h

By Theorem 2, if g is V-differentiable at ¢t of order
(¢p,y), then g is continuous at ¢, which ensures that

g(t+ey) — g(r) when € — 0, thus 1 — 0.

Therefore, it can be written

VeV(fog)(r)
— lim (W+8(V’_(P))f(Y+h) - l[/f(y)
e—0 Ve
= limw+hm EV—9)fy+h)
£—0 ) £—0 V-E
iﬂwgﬂ%ww%@@%%»

¢

g<r+e—) ~ ()

i TN =G v
h—0 h £—0 £

im 252 (s 7))
—r0)- 2o+ W;W(Pf(g(t))

8
= B8 (1) + 1 (3(0)

The following are some examples that illustrate the use
of the Chain Rule Theorem for the V-derivative.

+

Example 3.f h(t) = cos?(t) = (fog)(t), where f(t) =17y
g(t) = cos(t), then using the Chain Rule Theorem for the
V-derivative, it is found

Vo) =& rewne )+ ¥ re0)
zgﬂmmmmmw+£%%#@
= %2005@) -sin(t) + v-e COSz(t)

- %sin(Zt) + WV_/(P cos’ (1)

Example 41f  h(t) = cos(t’) = (f o g)(t), where
f(t) = cos(t) y g(t) = ¢, then using the Chain Rule
Theorem for the V-derivative., it is found

Ve¥(ne) = 2 p(3) Py + "’V‘,"’ cos(r%)

v

:%mmWﬂ+

vy—9 3
cos(t
S eos(r)

)

=3"1sin() + v-e
v

14

cos(r%)

5 V-Integral(Biparametric Integral)

In this section, the inverse operator to the V-derivative is
defined, along with some properties of the V-integral.

Definition 6.Let g be a continuous function defined on
[u,v]. The V-integral of order (@,y) (Biparametric
integral of order (@,y)), denoted by Iﬁ’v(g), is defined
by the expression,

_yo, [T yv-e
V()0 = Le ’/ e 7 g(y)dy.
¢ 0
Remark.If y = @, the Biparametric integral of order (¢, y)

coincides with the Riemann integral.

Theorem 8.Let ¢, d, @1, Wi, ¢2, Yo € Rand g, h be
continuous functions, then:

LITY (cg+dh)=cIfVg+dI{"h  (linearity)

2.12717‘4/1 [ﬁ’z,ll/z _ Iﬁ’zv‘hlﬁ’la‘l/l (commutativity)

Proof. 1.Linearity follows from the definition.
2.For commutativity, the following procedure is
followed.

I;fl’% Iﬁh’wg(t) — [ﬁ’la‘l/l

_W®, rt ¥V—¢
(%e D [/“e D ”g(n)dn)

© 2025 NSP
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-9
— ﬂe 1 !
P1

tovi-el W T wm-e
/e o ])(%e n ’/ e ™ ”g(n)dn) dy
i i

1) 7‘4/1(;‘4’1[
=1 —TZ 1

()

tory (V1=91_ VP, V¢
[ [ S gy amay

wJu

v Y V-9,
= ——¢ ?1
¢1 ¢2

try (VI=9 V- V-9
/ / e( ](Pl - 2‘/’2 )ye 2‘4’2 ”g(n)dydn
Ju Ju

_ Vi¥s gt
Q1 P2
t - t - -~
/ ewz%fpz ng(n) (/ e('l’l‘p]q’l WZ‘PZ‘pZ)ydy) dx
I T

_w-e,

_ viy: (e
(Vi —01)o2— (V2 — @)@

L Sl Vi, o vi—¢1 g
/e » Tg(m)ydmr—e ® /e o Tg(m)drm
u u

_ Viyn
(Vi—e)e— (v2— @)
P2 00,4 P1 101w )
—1 t)——1I t
(Zips- apvis)
When ¢y, y; is exchanged for ¢, W, you have to
Viyn
(V2= @)1 — (Vi — @)
P1 01w D2 1009 >
—1 t)——1 t
(SL90) - 2212500
— [ILqL)],lI/] [Ifzalllzg(t)

I;fz’%[ﬁ)] Wi g(t) —

This completes the proof.

The following theorem is an adaptation of the
fundamental theorem of calculus for the V-integral of
order (¢,y), and establishes that it is the inverse
operation to V-differentiation of order (¢, ).

Theorem 9.Let g be a continuous function defined on
[u,Vv]. Then I;f’wg is V-differentiable of order (¢,Vy) in
(W, V), and it holds that

VOV(IiVe(y) =g()

Additionally, if h is a continuous function and h is an V-
antiderivative of order (Q,y) of g in (U, V), that is, h =
V@ Vg, then it holds that

Y (Ove(n) =g(t)—gwe * “ (5

Proof.The first part of the theorem’s proof is obtained
from the fact that g is continuous, which implies that g is
differentiable, and thanks to Theorem 3, it follows that g
is V-differentiable of order (¢, y). If we let 1 =I)"", then
it follows that

VOV g(0) = VOV (1) = 0+ )

Since a particular solution of the differential equation

)

Q. vV—o
=—h(t)+——h(t
g= g0+ Tn

is given by
Yoy, [ v,
g)="e 7 ’/ e g(y)dy
u

the first part of the theorem is proven.
For the second part, if

9 v—9
h(t) =V®V(g(t)) = =g (1) +~—g(t),

y y
we have

1Y (1) =10 (gg'm ' %g@)

RS

t v—o, —
/ﬂe 00 ) dy+ YRV
py 4

y—¢

=" [ e a0+ E a0

_vy-9 y—o,
=e ¥ ’{g(y)e v

+ _‘l’; (pI;f’Wg(t)

=g(1) —g(p)e ?

v—0 v ,u,/f Voo, V=0 oy
AL SR AP e 9 y)d(y) +——1 t
P g(»)d(y) P g(t)

Y9 -
= g(t) —g(u)e v “7
T+ P ()

Y= /,_
=g(t) —g(pe o *

We apply the V-integral of order (¢, y) to some functions,
resulting in the following proposition.
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Proposition 3.The following results hold
1.1 (sin(t))

cos(t) — — ¢ sin(u)) ey‘T(p(”[)}
2.I;f’w(e’) = —e’“‘ey‘;_(p(”fl)
{1 e ke 1)}

A

0% () = 7
8 (v—o)
Proof.The proof of the four equalities is obtained from the

definition of the V-integral of order (@, y).
For 1), we have that

_v—o, [T v
I;f’w(sin(t)):%e v 4

To solve the V-integral of order (@, y) of sin(z), we
integrate by parts.

sin(y) dy

L yo,
/e ¢ Vsin(y)dy
u

= (fcos(y)e 9 )'

/cos e ‘P}dy

Y9, v—0

— —cos(r)e @ ' +cos(u)e ® e, ¥~ @
— t _ °t —
[(sin(y)ewy) _y-e sin(y)ewydy}
u ¢ Ju

= —cos(t) +cos()e T V- (Psm() v
_ - —_0)? rt
- sin(/.t)eyw_(p” (v Z(P) /sm(y)e o Ydy
9 () u
Then
toye (P
? 7 d
T r—
oo
X {(—cos(t) sm ) ¢
(cos(u) _y-¢ sm(u)) e ]
%
Therefore,
_ 2
19V (sin(r)) = Eefy‘l’_(pl [ L
i in(®) (v—0)?2+¢

oy [w [0
(y—0)+0¢

(costae)-

For 2) we have that

_v-o, (1 v-o
I7V(e') = L

6 Application to V-Ordinary Differential
Equations of order (¢, )

It is important to highlight that writing

SO+ el

makes it possible to convert V-ordinary differential
equations of order (@,y). In fact, if we consider the
V-differential equation of order (@, y).

VY (g(t)) +R(1)g(t) =0

where R(?) is continuous, then the equation can be written
as

VOVel(t) =

¢, v—9
y® (1) + v 8(1) +R(1)g(r) =0,
that is
EDz—i-w_(PZ-i-RZ:(L
v
which implies
Dy W@ H VR <p3)+ YR

which is a first-order differential equation, whose solution
is
_(y=0, ¥
7= ce ( v z+¢fR(t)dz)
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Example 5.Given the equation V#2747 =te ", to find the
solution, it is necessary to

1 1

/ 5 T 1 —_
e — ] rtz=te!
2

= 1=

which implies,
7 +z4+2z=2te"

then 7/ + 3z = 2te " has the solution

1
3t t
— f——
z=ce —I—( )e

Example 6.For Vé’%z +3z=4re>, we have to

1_1
d+32z+3z=4dte™™

3

—_ m|.—|@|_

2
§Z’ +3at3e= 4te™

Z 42749z =12t
74+ 11z=12te™

Whose solution is

7 Conclusion

In this article, a new generalized derivative has been
proposed. The set of differentiable functions and the set
of V-differentiable of order (¢,y) functions coincide;
however, the values of the derivatives are different.
Properties of the V-derivative of order (¢, y) were also
studied, and an integral operator, which is the inverse of
the V-derivative of order (¢,y), was introduced. This
allows us to consider in the future the study of the partial
V-derivative of order (@,y), of integral transforms
associated with the defined integral operator, to extend the
definition of V-derivative of order (¢, y) to the field of
complex numbers, among other potential works.
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