J. Stat. Appl. Pro. 14, No. 2, 165-182 (2025) %N = r>> 165

Journal of Statistics Applications & Probability

An International Journal

http://dx.doi.org/10.18576/jsap/140203

Half Logistic Zeghdoudi Distribution: Statistical
Properties, Estimation, Simulation and Applications

Mohammed Nasser Alshahrani

Department of Mathematics, College of Science and Humanities in Al-Kharj, Prince Sattam bin Abdulaziz University, Al-Kharj 11942,
Saudi Arabia

Received: 5 Nov. 2024, Revised: 28 Dec. 2024, Accepted: 9 Feb. 2024
Published online: 1 Mar. 2025

Abstract: In this study, we introduce a new extension of the Zeghoudi distribution (ZD), which is an innovative modification of
the ZD. The new proposed model is known as the half-logistic Zeghdoudi distribution (HLZD). This updated distribution simplifies
the original ZD while increasing flexibility and accuracy when modeling data. The HLZD exhibits a variety of statistical properties,
including right skewed, reduced, and unimodal probability density functions, skewness, kurtosis moments, incomplete moments, and
order statistics. We use the maximum likelihood standard parameter estimation technique as well as a full simulation exercise to
demonstrate the HLZD’s efficacy and dependability. Furthermore, applying the HLZD to two real-world failure time/chemotherapy
datasets demonstrates its utility. It is capable of outperforming well-known models such as generalized exponential, exponentiated
generalized XLindley, power exponentiated Lindley, exponential, exponentiated generalized Lindley, XLindley, Weibull power Lindley,
Weibull Lindley, half logistic new-Weibull Pareto, half logistic Weibull, half logistic exponential, half logistic Rayleigh, half logistic
Pareto, and power Lindley distributions.
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1 Introduction

Traditional distributions typically challenge correctly representing a large variety of data and processes in fields like
engineering, biology, environmental science, and finance. This is because of the broad range of data and processes
involved. The use of composite probability models is really necessary in order to triumph over these challenges. Due to
the vast quantity of data and the practicality of distribution theory, there is a growing need for novel statistical
distributions capable of correctly representing and modelling complicated events. A great number of researchers have
made modifications to the statistical approaches that are already in use in order to improve distribution theory and its
applications in modelling. As a consequence of this, several generalized families of distributions have been developed
and expanded. Following are a few instances: a new Muth -G [1], type II general inverse exponential-G [2], a new
truncated Muth-G [3], type II half logistic-G (HL-G) [4], sine exponentiated Weibull-G [5], alpha power weibull-G [6], a
new sine-G [7], odd inverse power generalized Weibull-G [8], half-logistic odd Fréhet-G [9], truncated inverse Lomax-G
[10], weighted exponentiated-G [11], ratio exponentiated general-G [12], generalized truncated Fréchet-G [13],
compounded Bell-G [14], for more information see [15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32].

Ref. [4] established a novel family of distributions known as the HL-G family. The distribution function (CDF) and the
probability density function (PDF) are provided via
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where 7 is positive shape parameter. Also, we can write (2) as a linear combination of the exponentiated family
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Recentlt, many authors used the HL family to generate many distributions such as; half logistic modified Kies exponential
model [33], half logistic inverted Nadarajah-Haghighi distribution [34], half logistic inverse Lomax distribution [35], half
logistic inverted Kumaraswamy distribution [36], and half logistic Lindley distribution [37]. In recent years, many authors
used the mixture method to create anew statistical distributions see [38,39,40,41,42,43,44,45]. Recently, Messaadia and
Zeghdoudi [46] developed a one-parameter probability distribution, entitled the Zeghdoudi distribution (ZD), for modeling
lifespan data in engineering and medical. Its PDF and CDF are as follows:
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Many authors studied and discussed the ZD such as; Aidi et al. [47] discussed the power ZD, Talhi et al. [48] proposed

the truncated ZD, AlSultan and Al-Omari [49] proposed the acceptance sampling plans for the ZD, Bashiru et al. [50]
introduced unit ZD, Ruidas [51] discussed the transmuted ZD and Elbatal et al. [52] proposed the inverse power ZD.

Gly;a)=1-— (1 + > e Y, a,y > 0. 5)

The primary purpose of this study is to explore and formulate the HLZD. Also, to introduce and investigate the
statistical properties of the HLZD.

The substance of the article is organized as described in the following sections. The formulation of the HLZD and
some reliability measures are presented in 2. In section 3, the mathematical properties of the HLZD are investigated
in much greater detail. Section 4 discusses the statistical inferences that may be drawn from the HLZD based on the
maximum likelihood estimation approach. Some simulation study are discussed in Section 5. Section 6 investigates two
datasets taken from the actual world to demonstrate the applicability of the HLZD. A comprehensive summary of the
study’s most important findings and conclusions can be found in Section 7.

2 Formulation of The HLZD

In this section, we formulate the new suggested model which called the HLZD by inserting (4) and (5) in (1) and (2). The
CDF and PDF of the HLZD are given by
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The survival function (SF), HRF, reversed HRF and cumulative HRF of the HLZD are provided via
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Figures 1 and 2 illustrate the curves of the PDF and HRF for the HLZD. From these figures we can note that the PDF can
be decreasing or unimodal or right skewed but the HRF can be decreased or increased or constant.
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Fig. 1 Plots of PDF for the HLZD

3 Statistical Properties

In this section, we compute some important statistical features for the HLZD.

3.1 Quantile function

The finding below indicates that the quantile function (QF) of the HLZD, denoted as Q(u) for 0 < u < 1, is the solution
to the equation F'(Q(u)) = u.

2[1 _ (1 I a2Q<u>2+<a+2>aQ<u>) efaqu)}"
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Equation (8) yields to the first, second and third QFs (Q1, Q2 and Q3) for (u=0.25, 0.5 and 0.75).

For a selection of u values and parameter values, Table 1 shows the possible quantile values, @1, )2 and (03, BSK,
and MKUR of BSK, and MKUR of the HLZD. As can be observed from Table 1, as the value of « increases at fixed value
of 7, the quantiles values are increasing, while values of BSK and MKUR are decreasing.
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Fig. 2 Plots of HRF for the HLZD

3.2 Important Expansion

In this subsection, we derive the important expansion for the PDF of the HLZD by inserting (4) and (5) in (3), we have

oyl +y)\ o @22 + (a+2ay\ 17"
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By applying the binomial expansion to the last term of Equation (9), then
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By inserting (10) in (9), we have
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Table 1 Results of 1, @2, @3, BSK and MKUR associated with the HLZD distribution

3.3 Moments

n « Q1 Q2 Qs BSK MKUR
1.1 04413 09619 1.8433 0.2573 1.3246
1.3 03597 0.7916 1.5296 0.2618 1.3277
1.5 03020 0.6695 1.3027 0.2656  1.3308
06 17 02593 05782 11315 02688 1.3338
‘ 1.9 02267 05076 09981 0.2717 1.3367
2.1 02009 04516 0.8916 02741 1.3393
2.3 0.1801 04061 08045 02762 13417
2.5 01630 03685 0.7323 0.2780  1.3440
1.1 0.6826 12761 22006 02181 1.3085
1.3 05592 1.0539 1.8300 0.2214 1.3100
1.5 04714 0.8941 1.5614 0.2243 13117
0g 17 04060 07741 13583 02269 13134
‘ 1.9 03556 0.6809 1.1998 0.2292 1.3151
2.1 03158 0.6068 1.0729 02312 1.3167
2.3 02835 05465 09691 02329 1.3183
2.5 02570 0.4965 0.8829 02346 1.3197
1.1 1.0913 17546 2.7136 0.1823 1.2993
1.3 0.8995 14551 22619 0.1844  1.3000
1.5 0.7618 1.2386 1.9337 0.1863  1.3007
|, 17 06587 10754 16852 0.1881 1.3015
‘ 1.9 05787 0.9482 1.4908 0.1898  1.3023
2.1 05152 0.8467 1.3349 0.1913  1.3032
2.3 04636 0.7638 1.2073 0.1926  1.3039
2.5 04209 0.6951 1.1009 0.1938  1.3048
1.1 12624 1.9437 29098 0.1728 1.2978
1.3 1.0425 1.6140 24272 0.1746  1.2983
1.5 08843 1.3753 2.0764 0.1762  1.2988
L4 17 07655 11951 18106 0.1778  1.2995
‘ 1.9 06734 1.0547 1.6025 0.1792  1.3002
2.1 0.6000 0.9424 1.4356 0.1805 1.3008
2.3 05403 0.8507 1.2988 0.1816 1.3014
2.5 04909 0.7744 1.1848 0.1829  1.3021

Moments are measurable values that define the characteristics of a probability distribution. They illustrate a dataset’s
skewness, kurtosis, variability, and central tendency. The rth moments of the HLZD is derived via PDF (13) as follows:
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The moment generating function is derived from Equation (14) of the HLZD and the rth moment as below
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The lower sth incomplete moments for the HLZD is defined as below

v(s+
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S—_

+1+2,a(j +1)t)

ys+k+l+1 (1 + y)efa(jJrl)ydy

Ws+k+1+3,a(i+1))

[a(j+1

)]s+k+l+2

[a(j+1

)]s+k+l+3

(16)

Table 2 displays the numerical values of 1}, pih, u4, 11y, variance (0%), standard deviation (o), CS, CK, and coefficient
of variation (CV). According to numerical results, we conclude that values of 1}, 1, p4, 11y, 0%, and o, are decreasing as
the value of « increases and for fixed value of 7, while values of CS, CK, and CV are increasing. These conclusions are
also confirmed from Table 2.

Table 2 Results of i, b, i, s, 02, o, CS, CK, and CV associated with the HLZD distribution

2

N« P s s s o o CS CK Ccv
1.1 13443 34172 127694 622585 1.6101 12689 1.8830 8.0428 0.9439
1.3 1.1157 23784 74824 307632 1.1335 1.0647 1.9053 8.1606 0.9542
1.5 09506 1.7416 4.7258  16.7830  0.8380 0.9154 1.9255 8.2697  0.9629
06 17 08262 13252 31582  9.8646 06427 0.8017 19437 83704 0.9703
P19 07292 1.0391 22059 61456 05073 07123 19601 8.4632 0.9767
2.1 06518 08346 1.5964  4.0117  0.4098 0.6402 1.9749 8.5486 0.9822
23 05885 06838 1.1894 27212 03374 05809 1.9883 8.6274 0.9870
25 05360 05696 09080 19059 02823 05313 2.0005 8.6999 0.9913
1.1 1.6312 44129 16.8395 82.6910 1.7520 13236 1.6926 7.1761 0.8114
13 13554 3.0737 9.8708  40.8655 1.2365 1.1120 1.7111 7.2632 0.8204
1.5 11560 22522  6.2361 222972 09160 09571 1.7281 7.3452  0.8279
0g 17 10054 17146 41686  13.1071 07038 0.8389 17436 7.4218 0.8344
© 19 08880 13450 29123  8.1663  0.5564 0.7460 1.7577 7.4932  0.8400
2.1 07941 1.0808 2.1079 53313 0.4502 0.6709 1.7706 7.5596  0.8449
23 07174 08857 15708  3.6165 03711 0.6092 1.7823 7.6212  0.8492
2.5 06536 07380 1.1994 25332 03108 05575 1.7930 7.6784 0.8529
1.1 20754 62007 24.6301 122.8535 1.8935 13760 14976 6.4083 0.6630
1.3 17275 43247 144481 60.7347 13405 1.1578 15114 64652 0.6702
1.5 14753 3.1724 9.1335  33.1479 09958 0.9979 1.5243 6.5200 0.6764
1 17 12847 24175 61086 194903 07671 08758 15364 6.5723 0.6817
“ 19 11358 1.8978 42694  12.1459  0.6078 0.7796 15475 6.6218 0.6864
2.1 1.0165 15260 3.0914  7.9308  0.4926 0.7019 1.5578 6.6684  0.6905
23 09190 12514 23044 53807 04068 0.6378 1.5674 6.7123  0.6940
2.5 08378 1.0432 17601  3.7694 03412 05842 1.5762 6.7534 0.6972
1.1 22535 7.0076 283527 1425523 1.9295 13891 14422 62143 0.6164
13 1.8769 4.8903 16.6376 704860 1.3674 1.1694 14544 62629 0.6230
1.5 1.6038 3.5890 10.5208 38.4759 1.0168 1.0084 1.4660 6.3101 0.6287
L4 L7 13972 27360  7.0382 226261 07839 0.8854 14769 6.3554 0.6337
719 12358 21487 49202  14.1017 0.6216 0.7884 14870 6.3986  0.6380
2.1 1.1064 17282 3.5633 92087  0.5042 0.7101 1.4965 6.4395 0.6418
23 1.0005 14176 26567 62483 04166 0.6455 1.5052 6.4782 0.6452
25 09123 11820 2.0293 43775 03497 05913 1.5133  6.5146  0.6481

3.4 Order Statistics

Assume that Y7, Y5, ..

., Y, be a random sample from the HLZD with order statistics Y(1y, Y(2), - -

Y, of order statistics is given by

fY<S> (?J) = m

n!

/(s e[ (y; o, ] L = F(y; a,n)]" ",

, Y(n). The PDF of
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The PDF of y,) can be computed as below

n12nay(1 + y)e VI (y, )"~ S
- 1— Iy, a 18
fro®) (s —D)l(n—s) (a+2)[1+ (y,a)]" | el e

where IT(y,a) =1 — (1 + %) e" Y.

4 Maximum Likelihood Estimation

Assume that Y], Y5, ..., Y, be n independent and identical random variables returning to the HLZD having parameters
(a,n). The log-likelihood function for observed samples, Y= (y1, ¥2, -..Yn), is

n

log L (a,n) = nlog (2n) + 3nlog (o) — nlog (o + 2) + > log(y;)+ > log(1 + v;)
o~ .

7 1=1

—a éy +(n—1) é log (H(yi, a)”_l) ~2 élog (14 I (yi,a)").

Non-linear optimization techniques, such as the quasi-Newton technique, are frequently more effective for deriving HLZD
maximum likelihood estimators (MLE). The explicit formula for the MLEs of the parameters is very complex to utilize.

5 Simulation
In this section, we conduct simulations to explore the behaviour of estimates for the parameters o and 7 of the HLZ D
distribution. This involves generating random samples of varying sizes (n = 50, 70, 100, 150, ..., 500) from the HLZD

distribution and repeating the process 1000 times. Additionally, different sets of initial parameter values for o and 7 are
selected. which are summarized in Table 3

Table 3 Initial parameter values for o and

Table | « n | Table | « n | Table | « n
4 0.1 | 05 5 121 0.8 6 05105
7 0.7 | 1.5 8 0.7 | 0.2 9 1.7 | 1.2

The simulation outcomes provide several metrics, including the mean, Bias, mean square error (MSE), relative MSE
(RMSE) average interval length (AIL), and coverage probability (CP). These results are presented in Tables 4-9.

—As the sample size increases, the estimates for o and 7 tend to approach their true values, evidenced by a decrease in
Bias metric.

—With larger sample sizes, the MSE diminishes, indicating enhanced precision in parameter estimation.

—Similarly, the AIL decreases with increasing sample size, indicating tighter confidence intervals around the estimated
parameters.

—Throughout various sample sizes, the CP remains consistently high, implying robust confidence intervals that
encompass the true parameter values with high probability.

—In summary, augmenting sample sizes leads to more accurate parameter estimates and narrower confidence intervals,
thereby bolstering the reliability of the estimation procedure.

6 Data analysis

This section uses two real datasets to demonstrate the efficacy of the HLZD in a data-fitting situation. The HLZD is
contrasted with fourteen rival models, including generalized exponential (GED) [53], exponentiated generalized
XLindley (EGXLD) [54], power exponentiated Lindley (PELD) [55], exponential (ED), exponentiated generalized
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Table 4 simulation data with initial values & = 0.1 and n = 0.5

n Estimate = Mean Bias MSE RMSE AIL CP
50 « 0.1306  0.0306 0.0020 0.0452 0.1304 96.00%
n 0.6665 0.1665 0.0681 0.2610 0.7885 95.30%
70 « 0.1269 0.0269 0.0013 0.0366 0.0974 95.80%
n 0.6464 0.1464 0.0410 0.2025 0.5486 96.30%
100 « 0.1229  0.0229 0.0009 0.0296 0.0736  96.40%
n 0.6214 0.1214 0.0237 0.1541 03721 95.60%
150 « 0.1215 0.0215 0.0007 0.0262 0.0586 95.90%
n 0.6122 0.1122 0.0181 0.1345 0.2907 95.80%
200 « 0.1208  0.0208 0.0005 0.0232 0.0404 96.60%
n 0.6063 0.1063 0.0140 0.1182 0.2026 96.00%
750 « 0.1205 0.0205 0.0005 0.0222 0.0337 96.80%
n 0.6040 0.1040 0.0128 0.1132  0.1757 96.40%
300 « 0.1204  0.0204 0.0005 0.0218 0.0306 96.90%
n 0.6037 0.1037 0.0123 0.1108 0.1531 96.60%
350 « 0.1200  0.0200 0.0004  0.0209 0.0237 97.40%
n 0.6030 0.1030 0.0120 0.1095 0.1461  96.90%
400 « 0.1200  0.0200  0.0004  0.0207 0.0215 96.80%
n 0.6013 0.1013 0.0112 0.1058 0.1195 97.00%
450 « 0.1198 0.0198 0.0004 0.0205 0.0200 96.70%
n 0.6000 0.1000 0.0106 0.1031 0.0986 97.30%
500 « 0.1197 0.0197 0.0004 0.0202 0.0171  96.40%
n 0.5991 0.0991 0.0103 0.1015 0.0851 97.40%

Table 5 simulation data with initial values & = 1.2 and n = 0.8

n Estimate = Mean Bias MSE RMSE AIL CP
50 « 1.5196 0.3196 0.2068 0.4547 1.2686 96.10%
n 1.1246  0.3246 0.2295 0.4791 1.3819 95.70%
70 « 1.4660 0.2660 0.1320 0.3633 0.9705 95.80%
n 1.0626  0.2626 0.1282 0.3580 0.9544 96.00%
100 « 1.4302 0.2302 0.0885 0.2974 0.7387 95.80%
n 1.0128 0.2128 0.0720 0.2684 0.6415 95.00%
150 « 1.4180 0.2180 0.0696 0.2639 0.5835 95.90%
n 1.0031 0.2031 0.0606 0.2463 0.5462 95.50%
200 « 1.4124 0.2124 0.0618 0.2485 0.5060 97.10%
n 0.9916 0.1916 0.0495 0.2224 0.4431 95.90%
250 « 1.4121 0.2121 0.0528 0.2298 0.3476  96.50%
n 0.9864 0.1864 0.0423 0.2056 0.3402 96.60%
300 « 1.4071 0.2071 0.0469 0.2166 0.2494 97.30%
n 0.9851 0.1851 0.0393 0.1983 0.2794 96.80%
350 « 1.4062  0.2062 0.0461 0.2146 0.2342 97.40%
n 0.9833 0.1833 0.0376 0.1940 0.2484 96.40%
400 « 1.4052 0.2052 0.0445 0.2109 0.1920 97.00%
n 0.9806 0.1806 0.0355 0.1885 0.2113 97.30%
450 « 1.4046  0.2046  0.0437 0.2091 0.1689 97.10%
n 0.9784 0.1784 0.0344 0.1854 0.1974 97.40%
500 « 1.4045 0.2045 0.0434 0.2084 0.1559 96.80%
n 0.9756  0.1756 0.0328 0.1810 0.1728 97.20%
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Table 6 simulation data with initial values « = 0.5and n = 0.5
n Estimate ~ Mean Bias MSE RMSE AIL CP
50 o 0.6609 0.1609 0.0560 0.2367 0.6806 95.50%
n 0.6704  0.1704 0.0664 0.2576  0.7575 96.20%
70 @ 0.6310 0.1310 0.0328 0.1812 0.4911 95.50%
n 0.6378 0.1378 0.0388 0.1970 0.5524  96.50%
100 o 0.6196 0.1196 0.0226  0.1504 0.3577  96.60%
n 0.6162 0.1162 0.0221 0.1488 0.3647  95.80%
150 e 0.6129 0.1129 0.0189 0.1373  0.3070  95.40%
n 0.6142 0.1142 0.0195 0.1396 0.3146  96.00%
200 o 0.6078 0.1078 0.0157 0.1252  0.2498  96.30%
n 0.6108 0.1108 0.0166 0.1287 0.2571  95.60%
250 @ 0.6077 0.1077 0.0141 0.1188 0.1965 96.40%
n 0.6087 0.1087 0.0145 0.1205 0.2044  96.20%
300 o 0.6021 0.1021 0.0123 0.1111  0.1711  97.40%
n 0.6018 0.1018 0.0122 0.1106  0.1693  97.10%
350 @ 0.6005 0.1005 0.0116 0.1078 0.1532  96.60%
n 0.6010 0.1010 0.0118 0.1085 0.1548 96.40%
400 o 0.5998 0.0998 0.0112 0.1057 0.1363  96.90%
n 0.6005 0.1005 0.0114 0.1067 0.1401  97.00%
450 e 0.5984 0.0984 0.0102 0.1008 0.0853  96.90%
n 0.5983 0.0983 0.0106 0.1028 0.1179  96.60%
500 o 0.5969  0.0969 0.0098 0.0988 0.0764 97.10%
n 0.5967  0.0967 0.0098 0.0988 0.0788  96.70%
Table 7 simulation data with initial values « = 0.7and n = 1.5
n Estimate ~ Mean Bias MSE RMSE AIL CP
50 e 0.8398  0.1398 0.0444 0.2107 0.6180 95.60%
n 1.9975 0.4975 03736 0.6112 1.3926 95.80%
70 o 0.8352  0.1352  0.0336 0.1834 0.4858  95.90%
n 1.9760 0.4760 0.3003 0.5480 1.0646 96.60%
100 @ 0.8135 0.1135 0.0216  0.1469 0.3660 95.70%
n 1.9456  0.4456 0.2423 0.4922 0.8204 96.50%
150 o 0.8119 0.1119 0.0185 0.1360 0.3034 97.10%
n 1.9388 0.4388 0.2279 0.4774 0.7379  96.20%
200 @ 0.8076  0.1076  0.0156  0.1251 0.2496  96.60%
n 1.9212  0.4212 0.1947 0.4412 0.5155 96.10%
250 o 0.8052 0.1052 0.0136 0.1167 0.1985 96.60%
n 1.9205 0.4205 0.2031 0.4507 0.6361 96.20%
300 @ 0.8016  0.1016  0.0118 0.1088 0.1532  96.30%
n 1.9198 0.4198 0.1892 0.4349 0.4466 96.70%
350 o 0.8015 0.1015 0.0113  0.1064 0.1255 96.60%
n 1.9135 04135 0.1819 0.4265 0.4089 97.30%
400 e 0.8009  0.1009 0.0109 0.1045 0.1068 97.00%
n 1.9127 0.4127 0.1780 0.4219 0.3519  96.50%
450 o 0.8005 0.1005 0.0108 0.1037 0.1012  96.90%
n 19126 04126 0.1774 04212 03332 97.30%
500 e 0.7997 0.0997 0.0103 0.1017 0.0788  97.90%
n 19122 04122 0.1770  0.4207 0.3206 96.80%
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Table 8 simulation data with initial values & = 0.7 and n = 0.2

n Estimate = Mean Bias MSE RMSE AIL CP
50 « 1.0772  0.3772 0.3525 0.5938 1.7983 95.69%
n 0.2474  0.0474 0.0050 0.0707 0.2056 95.99%
70 « 0.9882 0.2882 0.1615 0.4019 1.0986 95.30%
n 0.2386  0.0386 0.0032 0.0562 0.1601 95.50%
100 « 0.9613 0.2613 0.1114 0.3338 0.8150 95.90%
n 0.2351 0.0351 0.0021 0.0463 0.1181 96.50%
150 « 0.9522  0.2522  0.0940 0.3066 0.6833 95.49%
n 0.2338 0.0338 0.0018 0.0426 0.1015 95.89%
200 « 0.9294  0.2294 0.0693 0.2633 0.5067 96.00%
n 0.2319 0.0319 0.0014 0.0377 0.0790 96.90%
250 « 0.9232  0.2232  0.0610 0.2470 0.4141 95.50%
n 0.2310 0.0310 0.0013 0.0354 0.0664 95.80%
300 « 0.9215 0.2215 0.0576 0.2399 0.3622 96.40%
n 0.2301 0.0301 0.0011 0.0333 0.0559 96.90%
350 « 0.9170 0.2170 0.0531 0.2304 0.3031 96.80%
n 0.2296  0.0296 0.0010 0.0320 0.0476  96.10%
400 « 0.9124 0.2124 0.0495 0.2226 0.2603  96.00%
n 0.2292  0.0292 0.0010 0.0309 0.0396 96.70%
450 « 0.9123 0.2123 0.0471 0.2170 0.1760  96.60%
n 0.2292  0.0292 0.0009 0.0302 0.0303 96.90%
500 « 09113 02113 0.0465 0.2157 0.1691 97.00%
n 0.2292  0.0292 0.0009 0.0299 0.0261 96.90%

Table 9 simulation data with initial values o« = 1.7 and n = 1.2

n Estimate ~ Mean Bias MSE RMSE AIL Cp
50 « 2.1279  0.4279 0.3691 0.6076 1.6916 95.70%
n 1.7620  0.5620 0.7885 0.8880 2.6961 96.20%
70 « 2.0437 0.3437 0.2244 0.4737 1.2787 96.50%
n 1.6509 0.4509 03811 0.6173 1.6537 95.20%
100 « 2.0163 0.3163 0.1608 0.4010 0.9664 96.70%
n 1.5844  0.3844 0.2431 0.4930 1.2109 96.40%
150 « 2.0009 0.3009 0.1332  0.3650 0.8097 96.70%
n 1.5566 0.3566 0.1875 0.4330 0.9637 95.20%
200 « 1.9911 0.2911 0.1131 0.3363 0.6603 96.10%
n 1.5387 0.3387 0.1504 0.3878 0.7407 96.30%
250 « 1.9793  0.2793 0.0918 0.3030 0.5266 96.80%
n 1.5185 0.3185 0.1267 0.3560 0.6238 95.20%
300 « 1.9681 0.2681 0.0899 0.2999 0.4608 97.60%
n 1.5062 0.3062 0.1081 0.3287 0.4691 96.50%
350 « 1.9636  0.2636  0.0806 0.2839 0.4139 96.80%
n 1.5060 0.3060 0.0995 0.3155 0.3001 96.80%
400 « 1.9627 0.2627 0.0783 0.2798 0.3777 97.00%
n 1.5050 0.3050 0.0977 0.3125 0.2670 96.70%
450 « 1.9592  0.2592 0.0723 0.2689 0.2811 97.70%
n 1.5028 0.3028 0.0959 0.3096 0.2534 96.60%
500 « 1.9586 0.2586 0.0701 0.2647 0.2223  96.70%
n 1.5000 0.3000 0.0941 0.3068 0.2527 96.80%
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Lindley (EGLD) [56], XLindley (XLD) [57], Weibull power Lindley (WPLD) [58], Weibull Lindley (WLD) [59], half
logistic new-Weibull Pareto (HLNWPD) [60], half logistic Weibull (HLWD) [60], half logistic exponential (HLED) [60],
half logistic Rayleigh (HLRD) [61], half logistic Pareto (HLP) [60], and power Lindley (PLD) [62].

We compare the related models using eight well-referenced measures of goodness of fit, including the
Kolmogorov-Smirnov (KS) statistic, p-value of KS (P_value), Anderson-Darling statistics (A), Hannan-Quinn
information criterion (HQIC), Akaike IC (AIC), Bayesian IC (BIC), consistent AIC (CAIC), and Cramér von Mises
statistic (W). The model with the lowest conceivable manner of KS, A, W, HQIC, AIC, CAIC, and BIC values and the
greatest P_value value.

First Dataset The dataset shows 100 bank customers’ wait times (in minutes) for service; it was examined in earlier
research to assess the Lindley [63] distribution. These kinds of datasets are frequently used to comprehend patterns of
consumer behaviour and the effectiveness of financial operations.The first publication of the data set was in [64]. 0.8,
0.8,13,15,1.8,19,19,2.1,2.6,2.7,2.9,3.1,3.2,3.3,3.5,3.6,4,4.1,4.2,42,43,4.3,44,4.4,4.6,4.7,4.7,4.8,4.9,
49,5,53,55,57,5.7,6.1,6.2,6.2,6.2,6.3,6.7,69,7.1,7.1,7.1,7.1,7.4,7.6,7.7, 8, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9,
89,9.5,9.6,9.7,98, 10.7, 10.9, 11, 11, 11.1, 11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13, 13.1, 13.3, 13.6, 13.7, 13.9,
14.1,15.4,15.4,17.3,17.3,18.1, 18.2, 18.4, 18.9, 19, 19.9, 20.6, 21.3, 21.4, 21.9, 23, 27, 31.6, 33.1, 38.5.

Second Dataset: This study uses a dataset that reflects the survival times (in years) of 46 individuals who received just
chemotherapy. This dataset’s previous reports were published by [65] and [66]. 0.047, 0.115,0.121, 0.132, 0.164, 0.197,
0.203, 0.260, 0.282, 0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507, 0.529, 0.534, 0.540, 0.641, 0.644, 0.696, 0.841,
0.863, 1.099, 1.219, 1.271, 1.326, 1.447, 1.485, 1.553, 1.581, 1.589, 2.178, 2.343, 2.416, 2.444, 2.825, 2.830, 3.578,
3.658,3.743, 3.978, 4.003, 4.033.

For the model parameters, the maximum likelihood estimators (MLEs) and associated standard errors (SEs) have been
calculated. For the competing models under examination, the MLEs and SEs are given in Tables 10 and 12. Additionally,
Tables 11-13 provide a summary of the goodness-of-fit metrics for the examined datasets, including KS, A, W, HQIC,
AIC, CAIC, BIC, and P_value.

The findings show that the two-parameter HLZD distribution performs better than the rival models. The best goodness-
of-fit among the models is demonstrated by the HLZD distribution, which obtained the highest P_value and the lowest
values for KS, A, W, HQIC, AIC, CAIC, and BIC.

Additionally, the estimated pdf, cdf, and probability plots (PP) for the models applied to the datasets are visually
compared in Figures 3-8. The robustness and efficacy of the HLZD distribution in fitting the data are further supported by
these graphical representations.

The usefulness of the HLZD distribution in simulating datasets with comparable properties is demonstrated by this
investigation, which provides statistical and visual evidence of its superiority over other distributions.

Table 10 MLEs and SEs for the first dataset.

Name e} N 0 Jé] SE(&) SE() SE(0) SE(B)
HLZD 0.2108  0.8371 0.0227  0.1092
GED 2.1829  0.1591 0.3342  0.0175
EGXLD 0.1696 0.9918  1.9278 0.0191  0.0034 0.2881
PELD 1.3846  0.2674  0.1745 0.1937  0.3862 0.0473
ED 0.1013 0.0101
EGLD 0.9835 0.1718  1.7370 0.0056  0.0198 0.2538
XLD 0.1744 0.0125
WPLD 0.0146  1.0469 93.2170 65.4072 0.0113  0.2937  2703.5400 41.4436
WLD 1.5145 0.0465  0.1366 0.3550  0.0513 0.0941
HLNWPD 0.8106 1.2339  0.0596 24502  0.0980 0.2215
HLWD 1.2339  0.0772 0.0978  0.0216
HLED 0.1445 0.0119
HLRD 0.0086 0.0008
HLPD 6.9188 0.5716
PLD 1.0832  0.1529 0.0704  0.0282
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Fig. 5 Estimated PP plots for the first dataset
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Table 11 Measures of fitting for the first dataset.

Name InL AIC BIC CAIC HQIC KS P_value W A

HLZD 634.1439  638.1439  643.3542  638.2676  640.2526  0.0395  0.9977 0.0178  0.1268
GED 634.1906  638.1906  643.4009 638.3143  640.2993  0.0402  0.9970  0.0207 0.1428
EGXLD 634.0699  640.0699 647.8854 640.3199 643.2329 0.0420 0.9945 0.0242 0.1616
PELD 801.3233  807.3233  815.1388 807.5733  810.4864 0.0437 0.9910 0.0209 0.1413
ED 658.0418  660.0418  662.6469  660.0826 661.0961 0.1730  0.0050  0.0270  0.1790
EGLD 634.3046  640.3046  648.1201  640.5546  643.4676  0.0428  0.9931  0.0232  0.1560
XLD 641.5234  643.5234 646.1286 643.5642 644.5778 0.0905 0.3856  0.0468 0.2970
WPLD 637.6373  645.6373  656.0580 646.0584 649.8548 0.0585 0.8840  0.0648 0.4076
WLD 637.3022  643.3022 651.1177 643.5522  646.4653 0.0518 0.9516  0.0557 0.3527

HLNWPD  639.7300 645.7300 653.5455 6459800 648.8930 0.0627 0.8263  0.0935 0.5742
HLWD 639.7300  643.7300 648.9403  643.8537 645.8387  0.0628  0.8254  0.0935 0.5742

HLED 646.0759  648.0759  650.6811 648.1167 649.1303 0.1213  0.1056  0.0583  0.3624
HLRD 686.6693  688.6693  691.2745 688.7102  689.7237  0.2507  0.0000  0.2387  1.4314
HLPD 646.0759  648.0759  650.6811 648.1167 649.1303 0.1213  0.1055 0.0583 0.3624
PLD 636.6372  640.6372  645.8475 640.7609  642.7459 0.0521  0.9493  0.0492 0.3130

Table 12 MLEs and SEs for the second dataset.

Name & n 0 B SE(&) SE(m) SE(9) SE(B)
HLZD 1.0881 0.5706 0.1955  0.0986

GED 1.1050  0.7945 0.2196  0.1511

EGXLD 0.1356  5.9568  1.1026 0.0369  1.1280 0.2191

PELD 1.0391 0.4105  0.9483 0.2184  0.5384 0.2549

ED 0.7458 0.1112

EGLD 8.7303  0.0952  1.0639 0.0105  0.0182 0.2094

XLD 0.9433 0.1116

WPLD 0.0072  1.0872  95.5839 95.7929  0.0020  0.0039  194.0285 24.0535
WLD 1.0485 0.7187  0.0856 0.1416  0.2066 0.7238
HLNWPD 0.4228 0.8913  0.5087 12.8567 0.1110  13.7860

HLWD 0.8912  1.0958 0.1110  0.1688

HLED 1.0012 0.1274

HLRD 0.3598 0.0490

HLPD 0.9988 0.1271

PLD 0.9465 1.1350 0.1076  0.1465

Table 13 Measures of fitting for the second dataset.

Name InL AIC BIC CAIC HQIC KS P_value W A

HLZD 115.7734  119.7734  123.3867  120.0591  121.1204  0.0994  0.7280  0.0726  0.4902
GED 116.1897  120.1897  123.8030  120.4754  121.5367 0.1099  0.6095 0.0785  0.5269
EGXLD 116.1882  122.1882  127.6082  122.7736 1242087 0.1101  0.6069  0.0787  0.5280
PELD 191.5246  197.5246  202.9445 198.1099  199.5451 0.1079  0.6323  0.0821  0.5482
ED 119.6437  121.6437 123.4504 121.7367 1223172 0.0907  0.8203  0.0788  0.5284
EGLD 116.2586  122.2586  127.6786  122.8440 124.2792  0.1076 ~ 0.6354  0.0812  0.5430
XLD 119.9593  121.9593  123.7660  122.0523  122.6328 0.1041  0.6750  0.0837  0.5580
WPLD 116.2718 1242718  131.4985 125.2718 126.9658 0.1095 0.6137  0.0819  0.5473
WLD 116.2401  122.2401  127.6601  122.8255 124.2607 0.1094  0.6155 0.0816  0.5457
HLNWPD  117.5185 123.5185 1289385 124.1039 125.5390 0.1160  0.5411  0.0976  0.6434
HLWD 117.5185  121.5185 125.1318  121.8042  122.8655 0.1160  0.5415 0.0976  0.6434
HLED 119.6103  121.6103  123.4170 121.7033  122.2838 0.1583  0.1882  0.1061  0.6958
HLRD 175.0309  177.0309  178.8375 177.1239  177.7044  0.4020  0.0000  0.1727  1.1033
HLPD 119.9610  121.9610  123.7677 122.0541  122.6345 0.1830  0.2816  0.0961  0.5804
PLD 116.8056  120.8056  124.4189  121.0913  122.1526  0.1105  0.6031  0.0900  0.5967
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Fig. 7 Estimated cdf plots for the second dataset
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7 Concluding Remarks

This work introduces a novel extension of the Zeghoudi distribution (ZD), a unique variation of the ZD. The proposed
model is termed the half-logistic Zeghdoudi distribution (HLZD). This enhanced distribution remains the original ZD’s
simplicity while enhancing flexibility and precision in data modeling. The HLZD possesses several statistical attributes,
including right skewness, reduced and unimodal probability density functions, skewness, kurtosis moments, incomplete
moments, and order statistics. We demonstrate the efficacy and reliability of the HLZD by the maximum likelihood
standard parameter estimation method and a comprehensive simulation exercise. Moreover, applying the HLZD to two
practical failure times and chemotherapy datasets demonstrates its efficacy.
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