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Abstract: In this article, a new generalization of the truncated Lomax (TLo) distribution, which called the generalized alpha power

transformed truncated Lomax (GAPTTLo) distribution is studied and discussed. The probability density function (PDF) of the

GAPTTLo distribution is either declining, unimodal, or right skewed. The hazard rate function (HRF) of the GAPTTLo distribution,

may be decreasing or bathtub shaped. Several statistical features such as, quantile function, median, moments, moment generating

function, and order statistics. The three unknown parameters for the GAPTTLo distribution are estimated utilizing the maximum

likelihood approach of estimation. An investigation into simulation is carried out in order to determine the most effective method of

estimation. In addition, we study two real-world data sets using the GAPTTLo distribution, demonstrating that it displays superior

performance in comparison to some of its competitors.
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1 Introduction

In the past few years, many authors have come up with different ways to turn standard continuous distributions into flexible
continuous distributions. Several analysts are interested in the related models because they can be used in many areas, such
as physics, biology, health, finance, the economy, and engineering. Most of the time, these broader distributions are part
of certain statistical groups based on modifying the parameters of a parent cumulative distribution function (CDF). The
possible values of the new parameter(s) can then significantly improve the statistical abilities of the parent distribution.
These values positively affect the asymmetry, kurtosis, weight on the tails, and center and dispersion parameters.

In subsequent years, several additional authors were motivated to develop families of models involving beta-G family
by [1], Weibull-G family by [2], transformed-transformer-G (T-X) family by [3], Kavya-Manoharan-G family by [4],
Kumaraswamy-G family by [5], logistic X-G family by [6], for more details see [[7]-[33]].

Recently [34] introduced the alpha power transformation (APT-G) method and it has the following CDF :

F (y;α,̟) =
αG(y;̟) − 1

α− 1
, α > 0 , α 6= 1 , y ∈ R. (1)

Several authors in literature have created novel probability distributions using the APT-G. For example, the APT Lindley
by [35], APT inverse-Lindley by [36], APT power Lindley [37] APT extended exponential by [38], APT Pareto by [39],
APT inverse-Weibull by [40], APT inverted exponential by [41], APT Weibull by [42], APT generalized exponential by
[43] distributions.

Recently [43] added positive shape parameter β to the CDF 1 to introduc the generalized APT-G (GAPT-G) method to
increase flexibility in APT-G family. The CDF and probability density function (PDF) of GAPT- G family is given by

F (y;α, β,̟) =
αG(y;̟)β − 1

α− 1
, α, β > 0 , α 6= 1 , y ∈ R, (2)
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and

f(y;α, β,̟) =
β log (α)

α− 1
g (y;̟)G (y;̟)

β−1
αG(y;̟)β , α, β > 0 , α 6= 1 , y ∈ R. (3)

Recently, [44] proposed the truncated Lomax (TLo) distribution which has one shape parameter and it have the following
PDF and CDF as follows:

g(y; θ) =
θ (1 + y)

−θ−1

1− 2−θ
; 0 <y < 1, θ>0, (4)

and

G(y; θ) =
1− (1 + y)−θ

1− 2−θ
; 0 <y < 1, θ>0, (5)

Ref. [[45], [46]] used the CDF 4 and PDF 5 to give two generalizations of the TLo distribution called the Kumaraswamy
TLo, and sine TLo distributions respectively.

The main goal of this research article is to introduce a new generalization of the truncated Lomax (TLo) distribution,
which called the generalized alpha power transformed truncated Lomax (GAPTTLo) distribution as we discussed in
Section 2. The rest of the paper is organized as follows: several statistical features of the GAPTTLo distribution are
computed in Section 3. Section 4 presents the estimation of parameters using the maximum likelihood (ML) approach.
Section 5 presents a simulation study that aims to estimate the model parameters of the distribution. Section 6 presents
two actual data sets to demonstrate the effectiveness of the formulated model. Concluding remarks are stated in section 7.

2 Formulation of the GAPTTLo Distribution

In this section, we construct a new three parameter distribution called the generalized alpha power transformed truncated
Lomax (GAPTTLo) distribution by inserting 4 and 5 into 2 and 3, we obtain the CDF and PDF of the GAPTTLo
distribution as follows

F (y;α, β, θ) =
α

(

1−(1+y)−θ

1−2−θ

)β

− 1

α− 1
, α, β, θ > 0 , α 6= 1 , 0 < y < 1. (6)

and

f(y;α, β, θ) =
θβ log (α)

(α− 1) (1− 2−θ)
β

(1 + y)
−θ−1

(

1− (1 + y)
−θ
)β−1

α

(

1−(1+y)−θ

1−2−θ

)β

. (7)

The reliability function (RF) and the hazard rate function (HRF), reversed HRF and cumulative HRF for the GAPTTLo
distribution are given by

R(y;α, β, θ) = 1−
α

(

1−(1+y)−θ

1−2−θ

)β

− 1

α− 1
=

α− α

(

1−(1+y)−θ

1−2−θ

)β

α− 1
,

h(y;α, β, θ) =
θβ log (α) (1 + y)

−θ−1
(

1− (1 + y)
−θ
)β−1

α

(

1−(1+y)−θ

1−2−θ

)β

(

α− α

(

1−(1+y)−θ

1−2−θ

)β
)

(1− 2−θ)
β

,

τ(y;α, β, θ) =
θβ log (α) (1 + y)

−θ−1
(

1− (1 + y)
−θ
)β−1

α

(

1−(1+y)−θ

1−2−θ

)β

(

α

(

1−(1+y)−θ

1−2−θ

)β

− 1

)

(1− 2−θ)
β

,

and

H(y;α, β, θ) = − log







α− α

(

1−(1+y)−θ

1−2−θ

)β

α− 1






.
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In Figure 1, the plots of the PDF and HRF for the GAPTTLo distribution are shown. From Figure 1, we can see that the
probability density function (PDF) of the GAPTTLo distribution is either declining, unimodal, or right skewed. The HRF
of the GAPTTLo distribution model, on the other hand, may be decreasing or bathtub shaped.

Fig. 1: Plots of PDF and HRF for the GAPTTLo distribution.

3 Statistical Properties

Some important statistical characteristics of the GAPTTLo distribution are covered in this section.

3.1 Important expansions

The PDF of the GAPTTLo distribution can be expressed explicitly using the following series form.

α̟ =
∞
∑

i=0

(logα )i

i!
̟i . (8)

Employing 8 in 7, then we can rewrite the PDF 7 as follows:

f(y;α, β, θ) =
θβ

(α− 1)

∞
∑

i=0

(log (α)) i+1

(1− 2−θ)
β(i+1)

i!
(1 + y)

−θ−1
(

1− (1 + y)
−θ
)β(i+1)−1

. (9)

By using the binomial theory to the last term of Equation 9, then

(

1− (1 + y)
−θ
)β(i+1)−1

=

∞
∑

j=0

(−1)
j

(

β(i + 1)− 1
j

)

(1 + y)
−jθ

. (10)
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By inserting 10 in 9 then the PDF of the GAPTTLo can be rewritten as

f(y;α, β, θ) =

∞
∑

i,j=0

Ξi,j (1 + y)
−θ(j+1)−1

, (11)

where Ξi,j =
(−1)jθβ(log(α)) i+1

(α−1)(1−2−θ)β(i+1)i!

(

β(i + 1)− 1
j

)

.

3.2 Quantile Function and Median:

If p ∼ (0, 1) then the random variable Y ∼ GAPTTLo, the p-th quantile function of the GAPTTLo distribution is
provided via

yp =

[

1−
(

1− 2−θ
)

(

log (1 + p (α− 1))

log (α)

)
1
β

]

−1
θ

− 1. (12)

The median of the GAPTTLo distribution can be computed by putting p =0.5 in Equation 12 as follows

y0.5 =

[

1−
(

1− 2−θ
)

(

log (0.5 (α+ 1))

log (α)

)
1
β

]

−1
θ

− 1.

Some numerical values of Q1, Q2, Q3, skewness (S) and kurtosis (K) are provided in Table 1

Table 1: Some numerical values of Q1, Q2, Q3, S and K for the GAPTTLo distribution

α β θ Q1 Q2 Q3 BSK MKUR

1.5

0.5

4 0.0208 0.0871 0.2409 0.3980 1.4120

4.2 0.0200 0.0837 0.2317 0.3986 1.4188

4.4 0.0192 0.0804 0.2230 0.3992 1.4246

4.6 0.0185 0.0774 0.2148 0.3996 1.4294

4.8 0.0178 0.0746 0.2070 0.3999 1.4337

5 0.0172 0.0719 0.1997 0.4000 1.4368

1.2

4 0.1072 0.2349 0.4386 0.2297 1.2348

4.2 0.1030 0.2259 0.4237 0.2336 1.2469

4.4 0.0990 0.2174 0.4092 0.2370 1.2580

4.6 0.0953 0.2094 0.3953 0.2397 1.2682

4.8 0.0918 0.2018 0.3819 0.2420 1.2771

5 0.0886 0.1946 0.3691 0.2441 1.2855

1.8

4 0.1730 0.3222 0.5348 0.1752 1.1851

4.2 0.1662 0.3103 0.5182 0.1814 1.1983

4.4 0.1599 0.2990 0.5019 0.1869 1.2109

4.6 0.1539 0.2882 0.4861 0.1917 1.2229

4.8 0.1483 0.2780 0.4707 0.1959 1.2341

5 0.1430 0.2682 0.4558 0.1995 1.2444

2.2

0.5

4 0.0278 0.1066 0.2748 0.3618 1.3552

4.2 0.0267 0.1024 0.2644 0.3628 1.3634

4.4 0.0257 0.0985 0.2545 0.3637 1.3701

4.6 0.0247 0.0948 0.2452 0.3643 1.3759

4.8 0.0238 0.0913 0.2364 0.3647 1.3812

5 0.0230 0.0880 0.2281 0.3654 1.3851

1.2

4 0.1246 0.2647 0.4769 0.2043 1.2050

4.2 0.1197 0.2547 0.4612 0.2090 1.2177

4.4 0.1151 0.2452 0.4458 0.2130 1.2297

4.6 0.1108 0.2362 0.4311 0.2167 1.2408

4.8 0.1067 0.2277 0.4168 0.2198 1.2508

5 0.1029 0.2197 0.4031 0.2223 1.2600

1.8

4 0.1945 0.3550 0.5720 0.1498 1.1603

4.2 0.1869 0.3421 0.5551 0.1571 1.1735

4.4 0.1798 0.3298 0.5385 0.1637 1.1864

4.6 0.1731 0.3181 0.5221 0.1695 1.1987

4.8 0.1668 0.3069 0.5062 0.1745 1.2105

5 0.1609 0.2963 0.4906 0.1789 1.2216
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3.3 Moments:

The sth moments of GAPTTLo distribution can be computed from the next formula

µ′

s =

∫

∞

0

ysf(y;α, β, θ)dy =

∞
∑

i,j=0

Ξi,j (1 + y)
−θ(j+1)−1

.

By employing 11 in the previous equation then,

µ′

s =
∞
∑

i,j=0

Ξi,j

∫

∞

0

ys (1 + y)−θ(j+1)−1
dy.

By using the prime beta function to the previous equation then,

µ′

s =

∞
∑

i,j=0

Ξi,jB (s+ 1, θ(j + 1)− s) , θ(j + 1) > s.

The moment generating function for GAPTTLo distribution is provided via

MY (t) =

∞
∑

s=0

ts

s!
µ′

s =

∞
∑

s=0

∞
∑

i,j=0

Ξi,j

ts

s!
B (s+ 1, θ(j + 1)− s) , θ(j + 1) > s.

Some numerical values of moments are provided in Table 2.

Table 2: Some numerical values of moments for the GAPTTLo distribution

α β θ µ́1 µ́2 µ́3 µ́4 σ2 σ S K CV

1.5

0.5

4 0.1698 0.0716 0.0419 0.0288 0.0428 0.2068 1.7158 5.5823 1.2179

4.2 0.1645 0.0680 0.0393 0.0268 0.0409 0.2023 1.7656 5.8330 1.2299

4.4 0.1593 0.0645 0.0368 0.0249 0.0391 0.1978 1.8149 6.0909 1.2414

4.6 0.1544 0.0612 0.0345 0.0231 0.0374 0.1934 1.8636 6.3555 1.2524

4.8 0.1496 0.0581 0.0323 0.0215 0.0357 0.1890 1.9117 6.6264 1.2629

5 0.1451 0.0552 0.0302 0.0199 0.0341 0.1847 1.9592 6.9031 1.2729

1.2

4 0.2997 0.1474 0.0917 0.0649 0.0576 0.2399 0.9410 3.0825 0.8005

4.2 0.2909 0.1403 0.0862 0.0605 0.0557 0.2360 0.9887 3.2182 0.8112

4.4 0.2824 0.1335 0.0810 0.0564 0.0538 0.2320 1.0359 3.3602 0.8214

4.6 0.2741 0.1271 0.0761 0.0526 0.0519 0.2279 1.0825 3.5083 0.8313

4.8 0.2661 0.1209 0.0715 0.0489 0.0501 0.2238 1.1286 3.6624 0.8408

5 0.2584 0.1150 0.0671 0.0455 0.0482 0.2196 1.1741 3.8222 0.8499

1.8

4 0.3724 0.1988 0.1285 0.0928 0.0602 0.2453 0.6531 2.5307 0.6586

4.2 0.3620 0.1897 0.1211 0.0867 0.0586 0.2422 0.7015 2.6288 0.6690

4.4 0.3518 0.1809 0.1140 0.0810 0.0571 0.2389 0.7495 2.7335 0.6790

4.6 0.3420 0.1724 0.1073 0.0756 0.0555 0.2355 0.7969 2.8446 0.6887

4.8 0.3324 0.1643 0.1010 0.0705 0.0538 0.2320 0.8437 2.9618 0.6981

5 0.3231 0.1566 0.0949 0.0657 0.0522 0.2285 0.8900 3.0851 0.7071

2.2

0.5

4 0.1891 0.0824 0.0488 0.0338 0.0467 0.2160 1.5475 4.8984 1.1419

4.2 0.1833 0.0783 0.0458 0.0314 0.0447 0.2114 1.5960 5.1199 1.1535

4.4 0.1776 0.0743 0.0430 0.0292 0.0428 0.2069 1.6441 5.3482 1.1647

4.6 0.1722 0.0706 0.0403 0.0272 0.0410 0.2024 1.6916 5.5828 1.1754

4.8 0.1669 0.0670 0.0377 0.0253 0.0392 0.1979 1.7385 5.8235 1.1856

5 0.1619 0.0637 0.0354 0.0235 0.0375 0.1935 1.7848 6.0698 1.1954

1.2

4 0.3245 0.1657 0.1051 0.0752 0.0604 0.2458 0.8127 2.7976 0.7574

4.2 0.3152 0.1579 0.0989 0.0702 0.0586 0.2420 0.8600 2.9157 0.7679

4.4 0.3062 0.1505 0.0931 0.0655 0.0567 0.2382 0.9069 3.0400 0.7780

4.6 0.2974 0.1433 0.0875 0.0611 0.0549 0.2343 0.9533 3.1704 0.7877

4.8 0.2889 0.1365 0.0823 0.0569 0.0530 0.2303 0.9991 3.3067 0.7971

5 0.2806 0.1299 0.0773 0.0530 0.0512 0.2262 1.0444 3.4486 0.8061

1.8

4 0.3984 0.2208 0.1457 0.1065 0.0621 0.2491 0.5343 2.3504 0.6253

4.2 0.3876 0.2109 0.1375 0.0997 0.0607 0.2463 0.5828 2.4329 0.6355

4.4 0.3770 0.2014 0.1297 0.0933 0.0592 0.2433 0.6307 2.5220 0.6454

4.6 0.3667 0.1922 0.1222 0.0871 0.0577 0.2402 0.6782 2.6175 0.6550

4.8 0.3567 0.1833 0.1151 0.0814 0.0561 0.2369 0.7251 2.7191 0.6643

5 0.3469 0.1749 0.1083 0.0759 0.0545 0.2336 0.7713 2.8268 0.6733
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3.4 Order Statistics:

Assume that Y1, Y2, . . . , Yn be random sample from the GAPTTLo distribution with order statistics Y(1), Y(2)), . . . , Y(n).
The PDF of Y(k), is computed from the next formula

fY(k)
(y;α, β, θ) =

n!

(k − 1)! (n− k)!
F k−1 (y;α, β, θ) f (y;α, β, θ) (1− F (y;α, β, θ))

n−k
.

The PDF of Y(k) can be calculated as

fY(k)
(y;α, β, θ) =

n!θβ log(α)(1+y)−θ−1(1−(1+y)−θ)
β−1

(k−1)!(n−k)!(α−1)n(1−2−θ)β
α

(

1−(1+y)−θ

1−2−θ

)β

×

(

α

(

1−(1+y)−θ

1−2−θ

)β

− 1

)k−1(

α− α

(

1−(1+y)−θ

1−2−θ

)β)n−k

.

The PDF of the smallest and biggest order statistics can be readily obtained from the preceding equation

fY(1)
(y;α, β, θ) =

nθβ log (α) (1 + y)−θ−1

(

1− (1 + y)−θ
)β−1

(α− 1)n (1− 2−θ)β
α

(

1−(1+y)−θ

1−2−θ

)β
(

α− α

(

1−(1+y)−θ

1−2−θ

)β
)n−1

,

and

fY(n)
(y;α, β, θ) =

nθβ log (α) (1 + y)−θ−1

(

1− (1 + y)−θ
)β−1

(α− 1)n (1− 2−θ)β
α

(

1−(1+y)−θ

1−2−θ

)β
(

α

(

1−(1+y)−θ

1−2−θ

)β

− 1

)n−1

.

respectively.

4 Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is a method used to estimate the unknown parameters of a statistical distribution
by maximizing the likelihood function. For a given random sample y1, ..., yn of size n from a distribution, the likelihood
function is the product of the PDF evaluated at each data point. The log-likelihood function Ln is given by:

Ln=nlog (θ) + nlog (β) + nlog (log (α))− nlog (α− 1)− nβlog
(

1− 2−θ
)

−(θ + 1)
n
∑

i=1

log (1 + yi)

+(β − 1)

n
∑

i=1

log
(

1− (1 + yi)
−θ
)

+

n
∑

i=1

(

1− (1 + yi)
−θ

1− 2−θ

)β

log (α) .

The first partial derivative with respect to α, β and θ

∂Ln

∂α
=

n

αlog(α)
−

n

(α− 1)
+

1

α

n
∑

i=1

(

1− (1 + yi)
−θ

1− 2−θ

)β

,

∂Ln

∂β
=
n

β
− nlog

(

1− 2−θ
)

+

n
∑

i=1

log
(

1− (1 + yi)
−θ
)

+

n
∑

i=1

(

1− (1 + yi)
−θ

1− 2−θ

)β

log

(

1− (1 + yi)
−θ

1− 2−θ

)

log (α) ,
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and
∂Ln

∂θ
=
n

θ
−

2−θnβlog(2)

1− 2−θ
−

n
∑

i=1

log (1 + yi) + (β − 1)

n
∑

i=1

(1 + yi)
−θlog (1 + yi)

1− (1 + yi)
−θ

+
n
∑

i=1



βlog(α)

(

1− (1 + yi)
−θ

1− 2−θ

)β−1




(1 + yi)
−θ

log (1 + yi)
(

1− 2−θ
)

− 2−θlog(2)
(

1− (1 + yi)
−θ
)

(1− 2−θ)
2







 .

To find the estimates of α, β, and θ, we need to solve the system of equations obtained by setting the partial derivatives
to zero: ∂Ln

∂α
= 0, ∂Ln

∂β
= 0, ∂Ln

∂θ
= 0. These equations can be solved numerically to obtain the MLEs of the parameters.

5 Simulation Study

We performed an extensive simulation study to assess the MLE method using R software (version 4.3.2). We generated
1000 samples from the GAPTTLo distribution with varying sample sizes of {10, 20, 30, 50, 100, 200, 700, 800, 900,
1000}, and the initial parameter values are provided as follows (θ, α, β) = (1, 0.3, 1.3), (1.5, 0.3, 1.3), (2.5, 0.1, 2.0) and
(3, 0.5, 2.5). We compute the estimated mean of parameters, mean square error (MSE), root mean square error (RMSE),
average confidence interval length (AIL) and coverage probability(CP). From Tables 3 to 6 we can note that:

1.The mean estimates for the parameters θ, α, and β show a consistent trend of improving accuracy as the sample size
n increases they become nearer to their initial values.

2.Both MSE and RMSE decrease as the sample size increases. This ensures the consistency of MLE.
3.AIL tends to decrease as the sample size increases, leading to narrower confidence intervals. This is an indication that

the estimator is reliable.
4.Coverage probabilities across all tables 95% or higher, so the confidence intervals constructed for the parameter

estimates are generally reliable, containing the true parameter values at the expected rate.

Table 3: Simulation results for the GAPTTLo distribution at θ = 1, α = 0.3, β = 1.3
n Parameter Mean MSE RMSE AIL CP

10

θ 0.8509 1.7337 1.3167 3.4163 99.8

α 0.3707 0.0841 0.2900 0.9222 96.7

β 1.2876 0.0216 0.1469 0.5740 97

20

θ 0.9160 1.5199 1.2328 3.3280 99.7

α 0.3667 0.0632 0.2513 0.8419 96.5

β 1.2938 0.0159 0.1261 0.4938 96.9

30

θ 0.9046 1.3856 1.1771 3.2052 99.7

α 0.3618 0.0597 0.2442 0.8251 96.4

β 1.2895 0.0141 0.1189 0.4644 96.8

50

θ 0.8929 1.3063 1.1430 3.1243 99.9

α 0.3545 0.0557 0.2360 0.8047 96

β 1.2894 0.0116 0.1079 0.4211 96.3

100

θ 0.9713 1.1764 1.0846 3.0973 99.8

α 0.3656 0.0535 0.2312 0.8003 95.9

β 1.2926 0.0095 0.0974 0.3807 97

200

θ 0.9466 1.0663 1.0326 2.9688 99.8

α 0.3539 0.0463 0.2152 0.7625 95.9

β 1.2915 0.0082 0.0904 0.3529 96.7

300

θ 0.9527 1.0660 1.0325 2.9752 99.8

α 0.3578 0.0498 0.2232 0.7806 95.5

β 1.2891 0.0083 0.0909 0.3540 97.6

500

θ 1.0517 0.9182 0.9582 2.9280 99.8

α 0.3748 0.0510 0.2259 0.7927 95.9

β 1.2954 0.0066 0.0812 0.3180 96.4

6 Applications

Here, we provide applications to two real data sets to illustrate the importance and potentiality of the GAPTTLo
distribution. The goodness of-fit statistics for these distributions and other competitive distributions are compared and the
MLEs of their parameters are provided.
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Table 4: Simulation results for the GAPTTLo distribution at θ = 1.5, α = 0.3, β = 1.3

n Parameter Mean MSE RMSE AIL CP

10

θ 1.2762 1.7933 1.3391 3.8652 99.6

α 0.3765 0.1586 0.3982 1.1428 96.8

β 1.2834 0.0173 0.1316 0.5121 96.4

20

θ 1.2859 1.6083 1.2682 3.7370 99.9

α 0.3699 0.1306 0.3613 1.0651 97

β 1.2766 0.0137 0.1171 0.4498 96.8

30

θ 1.3648 1.3611 1.1667 3.6372 99.6

α 0.3712 0.1371 0.3703 1.0837 97.5

β 1.2867 0.0124 0.1115 0.4342 96.4

50

θ 1.3469 1.2685 1.1263 3.5350 99.6

α 0.3531 0.0892 0.2986 0.9294 97.2

β 1.2864 0.0100 0.0998 0.3879 96.8

100

θ 1.3182 1.1576 1.0759 3.3977 99.5

α 0.3467 0.1036 0.3219 0.9712 97.5

β 1.2813 0.0088 0.0938 0.3604 97.2

200

θ 1.4007 1.0414 1.0205 3.3924 99.6

α 0.3453 0.0508 0.2254 0.7782 97

β 1.2886 0.0076 0.0875 0.3400 96.9

300

θ 1.3852 1.0034 1.0017 3.3365 99.8

α 0.3421 0.0498 0.2231 0.7717 96.1

β 1.2880 0.0065 0.0803 0.3115 97.4

500

θ 1.3870 0.9606 0.9801 3.2961 99.5

α 0.3372 0.0434 0.2083 0.7391 95.6

β 1.2888 0.0059 0.0768 0.2980 97.2

Table 5: Simulation results for the GAPTTLo distribution at θ = 2.5, α = 0.1, β = 2

n Parameter Mean MSE RMSE AIL CP

10

θ 2.6550 2.5286 1.5902 5.7584 98.7

α 0.1934 0.0520 0.2281 0.6014 92.7

β 1.9988 0.0636 0.2523 0.9894 96.5

20

θ 2.8610 2.3060 1.5186 5.7535 98.6

α 0.2025 0.0515 0.2270 0.5997 93.2

β 2.0344 0.0523 0.2286 0.8864 96.8

30

θ 2.8222 2.0408 1.4286 5.4583 98.3

α 0.1943 0.0468 0.2163 0.5761 92.9

β 2.0238 0.0444 0.2106 0.8207 96.7

50

θ 2.7738 1.7694 1.3302 5.1052 97.7

α 0.1804 0.0376 0.1939 0.5265 92.8

β 2.0221 0.0375 0.1936 0.7543 96.5

100

θ 2.8301 1.8074 1.3444 5.1111 97.4

α 0.1864 0.0419 0.2046 0.5501 92.6

β 2.0284 0.0335 0.1829 0.7088 97.4

200

θ 2.7850 1.5864 1.2595 4.8116 95.9

α 0.1793 0.0402 0.2005 0.5405 92

β 2.0245 0.0296 0.1721 0.6681 96.5

300

θ 2.7703 1.5606 1.2492 4.7832 96.6

α 0.1710 0.0319 0.1785 0.4922 92.2

β 2.0235 0.0304 0.1744 0.6778 97.4

500

θ 2.8287 1.5950 1.2629 4.7824 97

α 0.1815 0.0393 0.1981 0.5356 92.1

β 2.0240 0.0278 0.1666 0.6466 97.3
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Table 6: Simulation results for the GAPTTLo distribution at θ = 3 , α = 0.5, β = 2.5

n Parameter Mean MSE RMSE AIL CP

10

θ 3.2039 1.6422 1.2815 4.9618 99.8

α 0.9898 1.6454 1.2827 3.3146 95.0

β 2.4741 0.1073 0.3275 1.2805 97.2

20

θ 3.1406 1.4874 1.2196 4.7512 99.7

α 0.9630 1.5565 1.2476 3.2347 94.8

β 2.4583 0.0802 0.2833 1.0989 96.3

30

θ 3.1483 1.4094 1.1872 4.6196 99.4

α 0.9156 1.2460 1.1163 2.9472 95.5

β 2.4565 0.0677 0.2603 1.0063 97.3

50

θ 3.1083 1.2250 1.1068 4.3200 99.5

α 0.8202 0.7331 0.8562 2.3773 93.9

β 2.4629 0.0561 0.2369 0.9176 97.2

100

θ 3.1442 1.1586 1.0764 4.1835 99.3

α 0.8650 1.0668 1.0329 2.7597 95.1

β 2.4663 0.0459 0.2142 0.8294 97.4

200

θ 3.1392 1.0985 1.0481 4.0741 99.5

α 0.7958 0.6828 0.8263 2.3087 95.2

β 2.4815 0.0454 0.2132 0.8328 97.4

300

θ 3.1357 1.1148 1.0559 4.1066 99.4

α 0.8082 0.6945 0.8333 2.3265 95

β 2.4723 0.0427 0.2066 0.8030 96.6

500

θ 3.1642 1.0180 1.0090 3.9043 99.6

α 0.8017 0.6214 0.7883 2.2298 94.7

β 2.4724 0.0352 0.1875 0.7275 96.8

The first real data set we look at statistics on the number of months it takes for renal dialysis patients to get infected, as
stated in [47]. The “times of infection” data set is: {2.5, 2.5, 3.5, 3.5, 3.5, 4.5, 5.5, 6.5, 6.5, 7.5, 7.5, 7.5, 7.5, 8.5, 9.5,
10.5, 11.5, 12.5, 12.5, 13.5, 14.5, 14.5, 21.5, 21.5, 22.5, 22.5, 25.5, 27.5}. We now perform a normalization procedure by
dividing this data by thirty, resulting in values between 0 and 1. The data set has been changed to: {0.08333, 0.08333,
0.116667, 0.850000, 0.116667, 0.116667, 0.15000, 0.18333, 0.216667, 0.916667, 0.216667, 0.25000,0.25000, 0.25000,
0.25000, 0.28333, 0.316667, 0.35000, 0.38333, 0.416667, 0.416667, 0.750000, 0.450000, 0.483333, 0.483333, 0.716667,
0.716667, 0.750000}.

The second data set is obtained from [48] with respect to the flood data for 20 observations “0.265, 0.392, 0.297, 0.3235,
0.402, 0.269, 0.315, 0.654, 0.338, 0.379, 0.418, 0.423, 0.379, 0.412, 0.416, 0.449, 0.484, 0.494, 0.613, 0.74”.

These real data sets are utilized to assess the goodness of fit of the GAPTTLo distribution. The suggested model is
compared with TLo, xlindley (XL) [49], power xlindley (PXL) [50], Kumaraswamy (Kw) [51], beta (B) [52], inverse
Lindley (IL) [53], exponential pareto (EP) [54], unit exponential Pareto (UEP) [55], kumaraswamy Kumaraswamy
(KwKw) [56], exponentiated Kumaraswamy (EKw) [57], and Marshall-Olkin Kumaraswamy (MOKw) [58] models.

Some descriptive statistics of the both data sets are provided in Table 7, and the relevant boxplot are shown in Figure 2.

Table 7: Descriptive statistics for data set

N Mean Median Mode Var S K

DATA1 28 0.377 0.300 0.250 0.061 0.809 -0.447

DATA2 20 0.423 0.407 0.379 0.016 1.156 1.153

The total time test (TTT) plot is an important approach for verify whether the data can be applied to a specific model. The
TTT plots of the real data sets are shown in Figure 3.

The maximum likelihood estimators (MLEs) and standard errors (SEs) of the model parameters are computed. In order
to assess the distribution models, various criteria are taken into account, including the Akaike information criterion (AIC),
correct AIC (CAIC), Bayesian IC (BIC), Hannan-Quinn IC (HQIC), Kolmogorov-Smirnov (KS) test, p-value (PV) test,
Cramér–Von Mises (W ∗) and Anderson–Darling (A∗). In contrast, the broader dissemination is associated with reduced
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Fig. 2: Boxplots for the both data sets.

Fig. 3: TTT plots for the both data sets.

values of AIC, CAIC, BIC, HQIC, KS, W ∗, A∗ and the highest magnitude of PV. The maximum likelihood estimators
(MLEs) of the competitive models, along with their standard errors (SEs) and values of AIC, CAIC, BIC, HQIC, PV, W ∗,
A∗, and KS for the suggested data sets, are displayed in Tables 8 – 11.

It has been observed that the GAPTTLo distribution, characterized by three parameters, exhibits superior goodness of fit
compared to alternative models. This distribution exhibits the lowest values of AIC, CAIC, BIC, HQIC, W∗, A∗ and KS,
and the highest value of PV among the distributions under consideration in this analysis. Furthermore, Figures 4-7 exhibit
the graphical representations of the estimated pdf, cdf, ccdf, and probability-probability (PP) plots for the competitive
model applied to the given data sets.

7 Concluding Remarks

The present study examines and discusses a novel extension of the truncated Lomax (TLo) distribution, namely the
generalised alpha power transformed truncated Lomax (GAPTTLo) distribution. The probability density function (PDF)
of the GAPTTLo distribution exhibits either a decreasing trend, a single mode, or extreme right skewness. The hazard
rate function (HRF) obtained from the GAPTTLo distribution may exhibit a declining or bathtub-shaped pattern.
Quantile function, median, moments, moment generating function, and order statistics are among the statistical aspects.
We estimate the three unknown parameters for the GAPTTLo distribution using the maximum likelihood method of
estimation. Exploration of simulation is conducted to ascertain the optimal approach for estimate. Furthermore, we
analyse two practical data sets using the GAPTTLo distribution, elucidating its exceptional performance relative to some
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Table 8: MLEs and SEs for the first data set

Model
Estimates (standard errors)

θ α β λ

GAPTTLo
4.077 0.444 2.798

(3.14) (0.914) (1.067)

TLo
1.033

(0.957)

XL
2.827

(0.487)

PXL
1.637 4.224

(0.241) (0.943)

Kw
1.265 2.080

(0.25) (0.571)

B
1.357 2.106

(0.333) (0.550)

IL
0.406

(0.055)

EP
1.638 0.326 0.650

(0.241) (8.047) (26.292)

UEP
0.753 0.066 0.123

(0.101) (0.511) (0.725)

KwKw
0.935 14.253 5.499 0.133

(0.003) (0.003) (0.007) (0.025)

EKw
0.015 1.716 868.646

(0.013) (0.264) (1354.074)

MOKw
0.127 1.988 1.080

(0.167) (0.458) (0.921)

Table 9: Measures of fitting for the first data set

Model AIC BIC CAIC HQIC KS PV W∗ A∗

GAPTTLo -5.084 -1.087 -4.084 -3.862 0.115 0.856 0.040 0.306

TLo -2.595 -1.026 -2.441 -2.187 0.155 0.510 0.079 0.515

XL 3.352 4.685 3.506 3.760 0.197 0.226 0.045 0.369

PXL -3.554 -0.890 -3.075 -2.740 0.121 0.808 0.063 0.465

Kw -3.325 -0.661 -2.845 -2.510 0.138 0.663 0.114 0.705

B -3.555 -0.891 -3.075 -2.741 0.141 0.632 0.110 0.686

IL -0.334 0.998 -0.181 0.073 0.155 0.508 0.089 0.637

EP -1.555 2.442 -0.555 -0.333 0.121 0.809 0.063 0.465

UEP 71.916 75.913 72.916 73.138 0.187 0.282 0.215 1.227

KwKw -3.652 1.676 -1.913 -2.023 0.147 0.582 0.058 0.382

EKw -4.039 -0.043 -3.039 -2.817 0.125 0.771 0.067 0.448

MOKw -4.546 -0.550 -3.546 -3.324 0.118 0.831 0.045 0.338

Table 10: MLEs and SEs for the second data set

Model Estimates (standard errors)

θ α β λ

GAPTTLo 13.779 0.422 93.306

(10.546) (2.222) (186.037)

TLo 0.001

(1.111)

XL 2.545

(0.513)

PXL 3.526 14.513

(0.565) (5.943)

Kw 3.363 11.787

(0.603) (5.358)

B 6.758 9.113

(2.095) (2.852)

IL 0.634

(0.104)

EP 3.526 0.288 0.180

(0.565) (1.760) (3.869)

UEP 1.640 0.143 0.044

(0.252) (0.548) (0.274)

KwKw 1.599 34.571 130.734 0.154

(0.013) (0.012) (0.142) (0.035)

EKw 0.095 4.022 16265.970

(0.071) (0.841) (29021.920)

MOKw 0.016 6.397 5.384

(0.037) (1.260) (11.143)
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Fig. 4: Estimated pdf, cdf and ccdf plots of the competitive models for the first data set.
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Fig. 5: The PP plots of the fitted models for the first data set.

competitors models. For future works many authors can use the suggested model to estimate its parameters using
different censored schemes.
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Fig. 6: Estimated pdf, cdf and ccdf plots of the competitive models for the second data set.

Table 11: Measures of fitting for the second data set

Model AIC BIC CAIC HQIC KS PV W∗ A∗

GAPTTLo -26.685 -23.698 -25.185 -26.102 0.120 0.936 0.044 0.264

TLo 1.314 2.309 1.536 1.508 0.239 0.201 0.116 0.699

XL 7.477 8.473 7.699 7.671 0.206 0.375 0.074 0.464

PXL -22.528 -20.536 -21.822 -22.139 0.199 0.408 0.146 0.868

Kw -21.732 -19.741 -21.027 -21.344 0.211 0.336 0.166 0.972

B -24.124 -22.133 -23.419 -23.736 0.199 0.408 0.126 0.752

IL 0.827 1.822 1.049 1.021 0.356 0.013 0.046 0.281

EP -20.528 -17.541 -19.028 -19.945 0.199 0.408 0.146 0.868

UEP 32.006 34.993 33.506 32.589 0.228 0.247 0.263 1.474

KwKw -24.723 -20.740 -22.056 -23.945 0.148 0.771 0.062 0.350

EKw -26.028 -23.041 -24.528 -25.445 0.143 0.810 0.059 0.356

MOKw -25.564 -22.577 -24.064 -24.981 0.127 0.906 0.051 0.334

Fig. 7: The PP plots of the fitted models for the second data set.

c© 2025 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


112 El-S EL-Sherpieny, H. K. Hwas: Generalized Alpha Power

Acknowledgement

The first author acknowledges the financial support by the FIRB project-RBID08PP3J-Metodi matematici e relativi
strumenti per la modellizzazione e la simulazione della formazione di tumori, competizione con il sistema immunitario,
e conseguenti suggerimenti terapeutici.
The authors are grateful to the anonymous referee for a careful checking of the details and for helpful comments that
improved this paper.

References

[1] Eugene, N.; Lee, C.; Famoye, F. Beta-normal distribution and its applications. Commun. Stat. Theory Methods 2002, 31, 497-512.

[2] Bourguignon M, Silva RB, Cordeiro GM. The Weibull-G family of probability distributions. J Data Sci. 2014; 12: 53-68.

[3] Alzaatreh, A.; Lee, C.; Famoye, F. A new method for generating families of continuous distributions. Metron 2013, 71, 63-79.

[4] Kavya, P.; Manoharan, M. Some parsimonious models for lifetimes and applications. J. Statist. Comput. Simul. 2021, 91, 3693-

3708.

[5] Cordeiro, G.; de Castro, M. A new family of generalized distributions. J. Stat. Comput. Simul. 2011, 81, 883- 898.

[6] Tahir, M.H.; Cordeiro, G.M.; Alzaatreh, A.; Mansoor, M.; Zubair, M. The Logistic-X family of distributions and its applications.

Commun. Stat.-Theory Methods 2016, 45, 7326-7349.

[7] Aldahlan, M., Jamal, F., Chesneau, C., Elbatal, I. & Elgarhy, M. Exponentiated power generalized Weibull power series family of

distributions: Properties, estimation andapplications. PLOS ONE. 20 pp. 1-25 (2020).

[8] Al-Marzouki, S., Jamal, F., Chesneau, C. & Elgarhy, M. Topp-Leone Odd Frechet Generated Family of Distributions with

Applications to COVID-19 Data Sets. Computer Modeling In Engineering & Sciences. 125, 437-458 (2020)

[9] Almarashi, M., Jamal, F., Chesneau, C. & Elgarhy, M. Anew truncated muth generated family of models with applications.

Complexity. ID 1211526 pp. 14 (2021)

[10] Al-Babtain, A., Elbatal, I., Chesneau, C. & Elgarhy, M. Sine Topp-Leone-G family of models: Theory and applications. Open

Physics. 18 pp. 74-593 (2020)

[11] Jamal, F., Chesneau, C. & Elgarhy, M. Type II general inverse exponential family of distributions. Journal Of Statistics And

Management Systems. (2019)

[12] Elbatal, I., Alotaibi, N., Almetwally, E., Alyami, S. & Elgarhy, M. On Odd Perks-G Class of Models: Properties, Regression

Model, Discretization. Bayesian and Non-Bayesian Estimation, And Applications. Symmetry. 14, pp. 883 (2022)

[13] Al-Moisheer, A., Elbatal, I., Almutiry, W. & Elgarhy, M. Odd inverse power generalized Weibull generated family of models:

Properties and applications. Math. Probl. Eng. pp. 5082192(2021)

[14] Kumar, D., Singh, U. & Singh, S. A method of proposing new model and its application to bladder cancer patients data. J. Statist.

Appl. Probab. Lett. 2 pp. 235-245 (2015)

[15] Almarashi, A. & Elgarhy, M. A new Muth generated family of distributions with applications. Journal Of Nonlinear Science And

Applications. 11 pp. 1171-1184 (2018)

[16] Alotaibi, N., Elbatal, I., Almetwally, E., Alyami, S., Al-Moisheer, A. & Elgarhy, M. Truncated Cauchy Power Weibull-G Class of

Models: Bayesian and Non-Bayesian Inference Modelling for COVID-19 and Carbon Fiber Data. Mathematics. 10 pp. 1565(2022)

[17] Haq, M., Elgarhy, M. \& Hashmi, S. The generalized odd Burr III family of distributions: properties, and applications. em Journal

Of Taibah University For Science. 13, 961-971 (2019)

[18] Maurya, S., Kaushik, A., Singh, S. & Singh, U. A new class of exponential transformed Lindley model and its application to Yarn

data. Int. J. Statist. Econo. 18 pp. 135-151(2017)

[19] Afify, A. & Alizadeh, M. The odd Dagum family of models: Properties and applications. J. Appl. Probab. 15 pp. 45-72(2020)

[20] Nascimento, A., Silva, K., Cordeiro, M., Alizadeh, M., Yousof, H. & Hamedani, G. The odd Nadarajah-Haghighi family of models.

Prop. Appl. Stud. Sci. Math. Hung. 56 pp. 1-2(2019)

[21] Al-Marzouki, S., Jamal, F., Chesneau, C. & Elgarhy, M. Topp-Leone Odd Fréchet Generated Family of Distributions with
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