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Abstract: In this paper we have developed certain definite integral involving Bessel Function and Hypergeometric function. The results

appears here are new.
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1 Introduction

Yurry A. Brychkov[Brychkov p.199(4.7.4.1)] has derived
the below formula

1 1
log 7 Ji dt=——
/0 T logt Jo(at) dt 2

[Jo(a) —1] (1.1)

First kind Bessel function is denoted by J;(y), and defined

as

oo (—1)" y\ 2k+7

Jy=y (7) 1.2
<) k;)k!r(kﬂﬂ) 2 (12)

where I'(®) is the gamma function.

The first kind of modified Bessel function is defined as

» o 1 7\ 2i+o
lo(2) =1"a(12) :l;)i! Fito+l) (E) (13)
Generalized hypergeometric function
qu(al,...,ap;bl,...,bq;z) is a function which can be
described in the form of a hypergeometric series, i.e., a
series for which the ratio of consecutive terms can be
written

Cmyt _ P(m)  (m+a))(m+a)..(m+ap)

Cm Q(m)  (m+b1)(m+by)...(m+by)(m+1)
(1.4)
Where m + 1 in the denominator is present for

documentary causes of notation[Koepf p.12(2.9)], and the
developing generalized hypergeometric function is
written as

. ap,az, - ,ap ; .- i (Cll)m(az)m“'(ap)mzm
ra bi,by,- - 7bq 3 m=0 (bl)m(bZ)m"'(bq)mm‘
(1.5)

where the parameters by,bs,---,b; are positive
integers.

The ,F, series converges for all finite z if p < g,
converges for | z |< 1 if p =¢q+ 1, diverges for all z ,
z# 0if p > g+ 1[Luke p.156(3)].

The function ,Fi(a,b;c;z) corresponding  to
p = 2,q =1, is the first hypergeometric function to be
studied (and, in general, arises the most frequently in
physical problems), and so is frequently known as “’the”
hypergeometric equation or, more explicitly, Gauss’s
hypergeometric function [Gauss p.123-162].

In mathematics, the falling factorial or Pochhammer
symbol (sometimes called the descending factorial,falling
sequential product, or lower factorial) is defined as the
polynomial[Steffensen p.8]

(Pa=p(p—1)(p=2)---(p—n+1)
n—1

“TIr-k+0=TI-8 06
k=1

k=0
2 Main Formulae of the Integration

1
/0 q* logq Ji(aq) dg+

_ 2Jo(a)+a Jl(a) -2
= p

(2.1)
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1
/0 ¢ logq Ji(aq) dg+

1
/ q* logq Ji(aq) dg+

_ 2(3a> - 8)Jo(a) +a(a® —20)y (a) + 16
ad

(2.3)

1
/0 ¢’ logq Ji(aq) dg+

1
/O q° logq Ji(aq) dg+

aJs(a) +8(a> +32)at; (a) — 2(a* — 8)(a> +24)Jo(a) — 384
(2.5)
1
/0 q logq Ji(aq) dg+
1 99 11 11
= F 2, —, ——— 2.
162““(22 22" 4> (26)

1
/0 ¢® logq Ji(aq) dg+

1
= —5 [2(7a° — 408a* + 6720a° — 9216)J(a)+
a

+a(a® — 132a* +4416a* — 36096)J; (a) + 18432] (2.7)
-1
/0 q’ logq Ji(aq) dg+

1 111 13 13 &
a > (2.8)
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1
/0 " logq Ji(ag) dg+

= f 2(94°

—99245 +43008a* — 620544a% +737280)Jy (a)+
Ll

+a(a® —224a° + 157444" — 4362244 +3219456)J) (a) — 1474560)]

(2.9)
1
/0 ¢*° logq Ji(aq) dg+
1 a? a?
Al10;1,11: -2 ) 55 (10,10:1,11,11; -4
- [1 2( 4) ) 3( :
(2.10)
1
/O q*° logq Ji(aq) dg+

(2.11)
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1
/0 ¢ logq Jy(aq) dg+

1 a?
— 2312a2Fg<17,17,2,18,18,—4> (2.12)
! 33
/0 q>” logq Ji(aq) dg+
1 35 35 _ 37 37 42
e aoR( 2 2 2 2 Y 2.1
2450““(2’2’ "2 4) (2.13)
! 36
/Oq logq Ji(aq) dg+
' unl9 19-22020-—‘i2 (2.14)
- 2888 2173 I} s &y 3 5 4 .
! 39
/Oq logg Ji(aq) dg+
1 41 41 43 43 &
a2 F ) l 2.15
3362 42 <2 20 4) 2.15)
1
/O q* logq J>(aq) dg =
1 55 _ 77 d?
— —— &*,F L 2.1
200“ 2 3<2 23207 4) (2.16)
1
/O ¢ logq J2(aq) dg =
(2 _
_ (a 8)]0((1)44-661]1((1) 8 (2.17)
a
'y
/O q" logq J>(aq) dg =
1, 99 4
= &*5F Z 2.2 2.1
392““(223’2’2’ 4) (2.18)

1
/0 ¢’ logq Jr(aq) dg+

2a(5a*> — 68)J1(a) — (a* — 44a®> +96)Jy(a) + 96

a6
(2.19)
1
/0 q° logq J»(aq) dg+
1 99 11 11 d°
=——— a*,F -= 2.2
648“23(2232 2 4) (2:20)
1
/0 q logq J2(aq) dg+
1
=— [a6J6 (a) —8(a* —8)(5a° +48)Jo(a)—
a
—4(a* —40a*> — 416)a Jy (a) — 3070 (2.21)

1
/O ¢° logq J>(aq) dg =

© 2025 NSP
Natural Sciences Publishing Cor.



Sohag J. Math. 12, No. 1, 19-23 (2025) / www.naturalspublishing.com/Journals.asp

%N S\ 21

1, 1111 13 13 4
T 2F3(2 23 2’2’_4> (222)
1
/0 q" logq Jr(aq) dg =
1 a?
7a2|:15 ]F2<7,1,8,4>+
(12
+8,F; (7,7; 1,8,8;—4) +7Jo(a)} (2.23)
! 20
/Oq logq J2(aq) dg =
1 2323 2525 &
TRt 2F3(2 PAMEREE 4) (224)

1
/0 q" logq J>r(aq) dg =

,L —251F( 12;1 13'*af2 +
12a2 l 2 b ? b 4

~

2
113 ,F; (12, 12:1,13, 13;-‘2) + 1210(a)} (2.25

1
/0 ¢ logq J»(aq) dg =

1, 3535 3737 &
__9800“2F3(2 PAMEREE 4> (2.26)
1
/0 g% logq J2(aq) dg =
1, 45 45 47 471 a®
= F 3, ) (227
16200 * “(2 27200 4) (227)
g
/0 q"' logq J>(aq) dg+
_ Y 2op(45.45.5.46.46 - (2.28)
- 64800a 2073 ) sy ) s 4 .
1
/0 q'" logq J(aq) dg =
_ 1o (103103 105 105 o
gag72* P\ 220 202 0
(2.29)
1
/q logq J3(aq) dg =
1 5 55 77 d
B (33r5F) e

1
/O q* logq J3(aq) dg+

1 2
=—= {a2 2F (1, 1;2,2,2;-2) +ali (a)+6Jo(a)—6}
(2.31)

1
/0613 logq J3(aq) dg =
1, 99 &
= & F 4,2,2,-L 2.32
2352”“(22 22 4) (232)

1
/0 ¢* logq J3(aq) dg =

1
= [a’ J7(a) +4(—25a"+

+688a* 4 3008)a J; (a) +2(3a5—

—3444" + 832a” + 15360)Jo(a) —30720]  (2.33)

1
/0 q"* logq J3(aq) dg+

1
—= [ —2(15a"* — 42644'% + 5830404" — 430387204+

+1549025280a" — 198239846404+

+19818086400)Jy(a) — a(a'* — 584a'" 4 112160a% -

—114790464° + 6196838404 — 14869463040a>+

+99114024960)J; (a) 4 39636172800)]  (2.34)

1
/0 q" logq J3(aq) dg =

1 5 2323 2525 4
__25392“2&(2 PP 4) (235)

-1
/0 ¢ logq J3(aq) dg =

1 33 33 3535 4
- F 4 — 2.
52272““(2 20 4) (236)

1
/0 ¢%" logq J3(aq) dg =

| 7171 73 73 &
=- F 4 L) @37
241968“23<2 27 4) (237)

1
/O q* logq J3(aq) dg =

I 5 (9393 95095 g
~ 415152 ¢ 2F3(2 PRMERES 4) (238)

1
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1 3 (107 107
2173

B 109 109 &2
549552 ¢
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o ge . 192q J 484° J.
3 Derivation of the Integration 44 31 (aq) +4 22 (ag) _
a a
Derivation of Equatlon(21) _q4 log q((azqz — 24)J4<aq) + Zaq JS (aq)) +
1 1
/0 q* logq Ji(aq) dg-+ 35 4% oF (:6: ”az )~
8¢° J :
|:2J0 V§*) +a \/ 2Ji(a/q 2+ —2614 ]4(aq)+‘]a3(aq)):|
0
2
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+1aq4 logg ofi (;3;—4q )L & o 2T T2 T2
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_ {2 Jo(@) +altia)-2 210(0)}

a3 3
— F, Sz -2 —
2dyla)+ad(a)-2 +32a 0 1(6, 4a) Ja(a)+—
- 3
“ 1 /384 J5(0) 384
Derivation of Equation(2.2) 2 ( P
1
3 . 1
/()q logq Ji(aq) dg = :y(ast(a)+8(a2-|—32)aJ1(a)—
1 55 717 &g —2(a* - 8)(a* +24)Jo(a) — 384)
=|—aq 283\ 5.5:2 55— |~ . ,
50 22 °2°2 4 Derivation of Equation(2.11)
5 7 a2\ 1
-5 logq1F2<2’272’4)} . /Oq3° logq Ji(aq) dg+
1 { (5 577 a2>} ]
=|—ZzR4 2F3 777;23737;_7 +0 = 1 32( 1 2 2
=— F;(16,16;2,17,17;,—— —
50 22922 4 2048[”‘1 2F3(16,16;2,17, ,4aq)
2
a

1 1
32 log ¢ 1F3(16:2, 17;—4a2q2)>}

Derivation of Equation(2.4) 0

1 1
i =— F5(16,16;2,17,17;, ——a*
/ g’ logq Ji(aq) dg = 2048 [a(z s, 4 ))}
0 2.2 = ! Fs( 16,16;2,17,17, a—z
:—iaq 2F3ZZ-222-,L, = 2048023 B L AT
98 2°2°72°27 4 .. .
1 Derivation of Equation(2.15)
7 9 2.2
=7 10g41F2<;2,;—aq>H L
222 4 0 /Oq logg Ji(aq) dg =
1 77.99 d 1 41 4143 43 1
= |- F: ;Zafaf;_i 0 = = ( " 2 -
[ 98{“(22 272 4>}+] 3362{” B3 2222 79°0)
1 77.99 & 41 T
——asB| =, =2, - —41 lo F —;2
98a2 3<272 XD 4) gCI12(2 o
Derivation of Equation(2.5) 1 41 41 43 43 2
R )
1 3362 2272720 4
6
1 J dg=
/0‘1 ogq Ji(aq) dg . (41 44343 a2>
[ 1 /384Jp(aq) 384 3362 272772727 4
- ;3( a4 B a7+ By applying same method other results can be derived.
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