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Abstract: The fundamental purpose of this article is to propose a three-dimensional (3D) convolution quadrature boundary
element method (CQBEM) model for precisely calculating thermal stress sensitivity in anisotropic materials. The volume
integral is approximated in a discretized version of the problem, and the singularity along the boundary is handled using the
convolution quadrature model. The three-dimensional and time-dependent heat equation is solved using a continuous
convolution quadrature, while the temporal convolution integrals are discretized in space using the trapezoidal rule.
Iterating through the CQBEM solutions for each point of the convolution quadrature rule provides for efficient
convergence to the steady state solution. The model can be used to calculate thermal stress gradients in relation to the
geometrical parameter in the parametric design of heterogeneous anisotropic materials.

Keywords: Convolution quadrature method, Boundary element method; Thermal stress sensitivities; Anisotropic
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Nomenclature T Traction fundamental solution
T, Coupling term
N Time convolution T (X) Ambient temperature
v Spatial gradient t(x,1) Traction vector
V- Spatial divergence U Displacement fundamental solution
a Thermal expansion coefficient u Displacement
Bij Stress-temperature coefficients 1. Introduction
P Density
@2 € Sp(C) piecewise constant trial function The standard method for solving boundary value problems
pl € S1(C) Linear continuous trial functions in structural mechanics is to employ partial differential
C C4 U C, U C, Boundary equations using elastic, thermal, electrical, magnetic, and
Cy Dirichlet boundary other material properties as parameters, beginning with
C Neumann boundary variational principles. Many elasticity problems can be
. . simplified by expressing the displacement fields as
C, Robin boundary . . . . .
; : polynomial precise solutions with constant coefficients. In
Cyjrt Constant elastic moduli S . )
c Specific heat constant engineering practice, interest in thermal stresses can stem
P pec —— - from a variety of factors [1-3]. In the first case, it may be
E(e) | Complete elliptic integral of first kind desirable to evaluate the distribution of temperatures within
I Identity matrix a solid body under specified surface loads. These
Ji(9,) | Jacobi elliptic functions temperatures are then utilized to determine the stress and
K Thermal conductivity coefficients general deformation distributions for the stated surface
m Runge-Kutta stages forces and moments. Thermal stress calculations are
Ny Number of integration points required in many engineering sectors, including the
n Outward normal building, vehicle, and aircraft industries, nuclear reactor
p Runge-Kutta order design, the microelectronics industry, and a variety of cther
Q Flux fundamental solution mapufacturmg ﬁeld.s [4-6]. Thermal stresses occur in a
variety of actual design challenges and can be easily used to
q Runge-Kutta stage order . . - . )
. build theories related to stability, nonlinear behaviour,
qx,1) Conductive heat fluxes :
- fracture, contact phenomena, and so on. Depending on the
R Domain type of solution required, the initial stress state supplied can
r Temperature be related with medium qualities that may or may not exist
T Temperature fundamental solution [7, 8]. In thermal stress analysis, thermal conductivity
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causes temperature dispersion, which then defines a heat
stress field by solving a purely elastic problem. Three-
dimensional thermal stress analysis can be used to forecast
the behaviour of materials and structures in a variety of
engineering and scientific fields under specific thermal
conditions [9, 10].

Anisotropic materials are extensively used in the aircraft
industry because of their high strength-to-weight ratio.
However, the thermal stresses that result from applying
thermal loads to such materials are poorly understood. The
current study investigated the influence of several
parameters on thermal stress generation in anisotropic
materials. General formula for calculating thermal stress
sensitivity in parameterized anisotropic materials have been
devised. Extensive experimental data was used to assist the
determination of required sensitivity values. It was
discovered that anisotropic materials had a high strength-to-
weight ratio under thermal loads, as well as excellent
phasing capabilities. The results also demonstrated that the
thermal stress deviator effects depend largely on the
individual attributes and, to a lesser extent, on the relevant
material properties [11-13].

Anisotropic effects can have a significant impact on
temperature response and stress distribution in particular
materials, calling into question the utility of using isotropic
material models to approximate many real-world
engineering problems. However, there are few papers
available that describe the sensitivity analysis of thermal
stresses in anisotropic materials and provide accurate
results. The few extant publications each use their own
assumptions and approximations, resulting in limited
numerical results. The current boundary sensitivity
technique for approximating engineering problems,
particularly dynamically large-scale engineering issues, is
impracticable for assisting in the identification of
anisotropic material properties. Therefore, thermal stress
sensitivity to boundary parameters in anisotropic materials
are being developed [14,15].

When problems are represented in terms of partial
differential equations, boundary element techniques
(BEMs) can be used instead of finite element and finite
difference methods [16, 17]. This is the case when
problems are ill-posed, meaning it is unclear which class of
functions a solution is properly defined for, or when
singularities must be considered. BEMs are extensively
used because they allow you to handle the problem on a
curve rather than a full domain [18-20]. The researchers
propose a numerical method based on the concept of
convolution quadrature in the spatial variables and
quadrature rules in the time variable, which permits the
BEM to be combined with the proposed described general
three-dimensional thermo-elastic model for the evaluation
of thermal stresses [21-23]. Lubich's initial proposal for
convolution quadrature method (CQM) [24, 25] is limited
to a fixed time step size. Lopez-Fernandez and Sauter [26]
have extended the generalization to a variable step size; the

algorithmic realization can be found in [27]. In [28], it is
proposed to extend the Runge-Kutta method for underlying
time stepping.

In this paper, we present a numerical approach for
computing thermal stress sensitivity that combines
convolution quadrature (CQ) with the volume-surface
variational formulation of the BEM. The volume integral is
approximated in a discretized version of the problem, and
the singularity near the boundary is addressed using the
convolution quadrature method. These sensitivity analysis
concerns are tackled wusing the three-dimensional
convolution quadrature boundary element method
(CQBEM), which supports non-uniform time increments.
The numerical results demonstrate that the recommended
technique works. The convergence behavior is determined,
as expected, by either the time stepping method or spatial
discretization, based on whether rate is lower. Furthermore,
it is demonstrated that the proposed CQBEM technique is
preferable in certain situations.

2. Formulation of the problem

The governing equations can be written as follows [29]
CijiuV*u(x, 1) + Cijj,VV - u(x, 1) — B;;aVT(x, ) = 0 (1)
KV2T(x,7) — pc,T(%,T) =0 )

The Dirichlet, Neumann, and Robin boundary conditions
are given by

u(x,t) =b;(x,)vx e C,; X (0,t) 3)
T(x,T) = by (x, )VXx € C; X (0,1) 4)
t(x, 1) = T5u(x, 1) — B;; aT(X,On =b,(X, T)VXE

C, % (0,0) 5)
q(x,t) =b,(x,)VXx € C, X (0,t) (6)
qx 1) + kX)T(X1) =b,(X)VXE C, X (0,1) (7
Where

ax ) = —k@(TX D) — T (x) ®)
And

b, (%) = K(X) T (X) ©)

3. Numerical BEM implementation

According to [6, 7], Eq. (1) with the weighted residual
formula can be written as follows

fy f, 6" x—y,T—D(BuE)(y,1)d2 = [, G"(x—y,7) *

(Bus)(y,1)dQ = 0. (10)
where B, B*, and u8 = [u’T]7 are defined there.
Based on the fundamental solutions of [30], the

representation formula (VX € R)
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u(x,7) = —frf (B*G)T(x — X, T — T)ud(X, T)dRdr
o Jr

+ f (U(x - XtE 1) -T,(x—X 1) * q(X, ‘L'))dC
C

—J. (Tx—®uE 1)+ Q,(x—%1)*T(X,1))dC. (11)

T(x,7) = —fff (B*G)T(x — X, T — T)ud(X, 7)dRdt
o Jr

—J. ((T(x -%0)*qX 1)+ (Qx—X 1) *
T(%, T))) dC. (12)

Based on the spatial discretization [30], we have C = UL.N i

Hence, we get

u, (%, 7) = $pd; WI00ue (o), (13)
(X, 7) = T2y PICOL(D) (14)
T, 7) = Body W2OT(7) (15)
4n(x,7) = Ze7y P2Q°(7) (16)
The spatially discretized operators are
Vi) = fsupp (®9,) U(x —X) P (X)dIy, a7
W[nm] fsupp (@) T(x, — X, 17) P, X)dI%, (18)
Vi) = Joupp (05, TuCn =% D) @5l (19)
]K[nm] = fsupp (v1) T(Xn - )—()lp%l ()_()dl—;—(, (20)
K[nm = fsupp (wh,) Qx, — X 1)WY (®)dly, 21)
K[nm] = fSupp(l}I_}n) Q, (%, — X, D)W, (X)dIg (22)
where
Cu(t) =Vt(r) — Ku(r) + Vo(r) * q(r) — K°(7) *
T(7) (23)
C'T(®) =V'(@® *q) - K' (1) * T (1) 24
Based on [30] and [36], we have

y@ =f@*g(@) = [, fe-Dg(Ddi =
ke f) [y e Pg@adads, (25)

where for the Laplace variable holds s € C, s.t. Rs > 0.
Equation (25) is only valid if the Laplace transform f (s)
and its inverse exist.

According to [7], we can write

%x(‘r, s) = sx(t,s) + g(r) with x(t =0,s) =0. (26)
Assume that we have (t,,)}_, time steps
O=1<7y <<ty =¢t AT, =T, — Ty 27

To solve (18), we use the implicit Euler method with the
following approximation

Xn—1 Aty

1-sAtp, 1-sAtp

Xy = 8n (28)

By using the following discrete values x,, = x(t,,) in (17),
we obtain

() :f(Ai )

Thus, the ultimate quadrature rule for the convolution
integral is

y@) = () an + 5p8 w *na(Sp)

According to Runge-Kutta methods [27, 28], we obtain
( %)

— [, f(&=2d

1-sAtp

29)

2mi

f(%)

p 1-spATy (30)

—/1( ) N, = Nlog?(N), W,
dx

0o (- xZ)(l —e%x2)

q—+2q— N ATmaxsmaxlyl( A)|

Ta+yz-1

M) = @D m(q—l)< e~ Ji(0y)
2(a,) = V24— 2]2(%)]3(%)
P AT (@ — 1) ( 1 J(o ))

)4E("3)+ LE'(e?).

A’( p) E(e)

E'(e) =E(1—e),

e =
ATmlnmlnlyl( A)l

"']1( ») 1>’

and g, = —E(e®) + (p >

According to [37], Runge-Kutta method with its Butcher

tableau 2'—;1, R(0) =0, and invertible matrix A €

R™*™ b,c € R™, is A-stable with p > 1 and q < p if the
stability function R(z)=1+zt(l —zA)™1, 1:=
(1,1,...,1)T of size m satisfies |R(z)| <1, for Rz <0,
[R(Gy)| <1 for y#0,and ] —
zA is non-singular for Rz < 0.

Using the vector g, the algorithm at the time step n is
e Forn=1
(@) = f((ar, A Mgy (31)

e For n=2,..,N, The algorithm consists of the
following two steps:

1. Modify the vector of solution x,_; at every integration
point Sp forp=1, e, Ny

Xuoa(5p) = (1= 87, 15,8) ™ ((B7A7 - x,5(s,)) 1+
6,1 Ag ) (32)
2. Solve the integral at 7,

y(Ta) = F((Ar, D) Dg, + 2,8 w, f(s,) (BTA -
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%n-1(5,) ) (1 = AT,5,4) 1 (33)
Discretization of the heat load in f7 (1) leads to

f7(zn) = VE((A7,A) ) q, — KE((AT,A) T, +
2251 Wp [WC (Sp) (bTA_l ‘xXil(Sp)) -

RE(s,) (B7A - x4 (s,))| (1 - Ats,A) 1 (34)
Thus, we get

NI, (A, A)™D[ql, =

0 -1\[oT Nq 1 Ta-1

NI, (AT, A))[gh1n 252, we [M,(s,) (BTA
Xi’ﬂ—zl (Sp))

(=1, (s,) (BTA - x02, (5,))] (1 - Azs,A) "1 (35)
NI, (AT, A)™D[T], =

0 -1\[oT Nq 1 T -1

NI, (AT, &) )[gh1, 2y, we [My(s,) (BTA
Xi’ﬂ—zl (Sp))

(=1, (s,) (BTA - x%, (5,))] (1 = As,4) 1 (36)
where

o _ Voo —Kby ] 0

M; =|. N M, =

' [V?VD —(Chw + RGw)]

Chp + KBy —VBy

Kip ~Vin
4. Numerical results and discussion
BEM was developed using quadratic isoparametric

elements, and the 8-point Gauss quadrature algorithm was
employed with double precision for the numerical
integrations. Alumina was considered in the calculations,
with the elastic stiffness coefficients reported in [38].

011 Sensitivity

Fig. 1: Thermal stress oy, sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.
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Fig. 2: Thermal stress o;, sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.

04, Sensitivity

Fig. 3: Thermal stress g,, sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.
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Fig. 4: Thermal stress 0,3 sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.
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Fig. 5: Thermal stress g,5 sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.

33 Sensitivity

Fig. 6: Thermal stress o33 sensitivity distribution at T = 0
and T = 0.5 for I, TI, O and Al materials.

Figures 1-6 depict the distributions of time-dependent
(r = 0.5) and time-independent (7 = 0) thermal stresses
011, 012, 022, 013, 023 and 035 sensitivity along the x-axis for
isotropic (I), transversely isotropic (TI), orthotropic (O),
and anisotropic (AI) materials. These figures depict the
distinctions between time-dependent and time-independent
materials. Furthermore, these figures highlight the
differences between the effects of isotropic (I), transversely
isotropic (TI), orthotropic (O), and anisotropic (Al)
materials.
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Fig. 7: Thermal stress 0y, sensitivity distribution along x;-
axis for CQBEM, FEM, and MFS methods.

Figure 7 compares a special case of the present convolution
quadrature boundary element method (CQBEM) thermal
stress 0, sensitivity distribution along the x;-axis to the
finite element method (FEM) results of Fang et al. [39] and
the method of fundamental solutions (MFS) results of
Hematiyan et al. [40]. The current CQBEM, FEM, and
MES all agree quite well. Thus, the proposed method's
validity was proven.

5. Conclusions

In this research, we provide a numerical method for
computing thermal stress sensitivity that combines
convolution quadrature (CQ) and the volume-surface
variational formulation of the BEM. The volume integral is
approximated in a discretized version of the problem, while
the convolution quadrature approach is used to handle the
singularity near the boundary. These sensitivity analysis
concerns are addressed utilizing the three-dimensional
convolution quadrature boundary element method
(CQBEM), which allows for non-uniform time increments.
The numerical results show that the recommended
technique works. The convergence behavior is determined,
as expected, by either the time stepping approach or spatial
discretization, depending on whether the rate is less.
Furthermore, it is shown that the proposed CQBEM
approach is superior in certain instances.
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