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Abstract: In this study, we investigate the impact of non-uniform heat generation on the flow of magnetized Casson-Williamson
nanofluid towards a dissipative stagnation point. The research framework incorporates chemical reaction and convective heat transfer
into a mathematical model and transformed the governing partial differential equations into nonlinear ordinary differential equations
through similarity variables. These equations were solved using fourth-order Range-Kutta method in conjunction with the Newton-
Raphson shooting technique. The results for the Nusselt number of the current model were juxtaposed with available work in literature
and excellent agreement had been established. The results revealed that the magnetic field parameter significantly influenced the
velocity, temperature, and concentration profiles, with Casson nanofluid showing enhanced thermal properties while Williamson
nanofluid excelling in mass transfer efficiency. This indicates that Casson nanofluid is a superior fluid for enhancing thermal systems
like heat exchangers, While Williamson nanofluid is suitable for processes requiring efficient mass transfer, such as industrial mixing.
These insights contribute to the design of advanced biomedical, energy management and cooling devices.
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1 Introduction

The study of fluid dynamics involving non-Newtonian
fluids have gained significant attention in recent years,
particularly in the context of industrial and engineering
applications. Among these fluids, Casson and Williamson
exhibit unique rheological properties which allow them to
be used in complex systems. Casson-Williamson fluids,
as non-Newtonian fluids, are critical in diverse fields due
to their variable viscosity and yield stress properties. In
biomedicine,they model blood flow and assist in drug
delivery.The food and cosmetics industries use them for
products that require precise texture and spreadability. In
petroleum and chemical engineering, they aid in drilling
and polymer processing.These fluids also optimize
applications in coating, printing, lubrication and
wastewater treatment through adaptable flow
characteristics. [1] examined free convection on a vertical
stretching surface with suction and blowing and found
surface mass transfer to influence the heat transfer

mechanism. [2] reported on mixed convection boundary
layer flow of viscous fluid towards a stagnation point on a
vertical stretching surface and noted dual solution to exist
within a specific range of the buoyancy parameter for
opposing flow, whereas for assisting flow, a unique
solution was found. [3] employed homotopy analysis
method to obtain an analytical solution for stagnation
point flow of viscous fluids towards a stretching sheet. [4]
examined the impact of suction/blowing and thermal
radiation on steady boundary layer stagnation point flow
and heat transfer over a porous shrinking sheet and found
the velocity ratio parameter to increase suction but
decreased the blowing effect. [5] investigated Casson
fluid flow and heat transfer over nonlinear stretching
surface and observed the Casson parameter to suppress
the velocity field. [6] examined MHD boundary layer
flow and heat transfer of nanofluids over a nonlinear
stretching sheet. It was established that the temperature of
the fluid increased with magnetic parameter, and the
thermal boundary layer thickness also increased with
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Brownian motion and thermophoresis parameters. [7]
examined Casson fluid flow over a porous exponential
stretching surface with radiation and established that
highly permeable surfaces cool more rapidly than less
porous ones. [8] explored magnetohydrodynamic
boundary layer flow of Non-Newtonian Casson fluid over
a magnetized exponential stretching surface. It was found
that the induced magnetization of the sheet increased the
thickness of the thermal boundary layer, leading to
significant reduction in heat transfer. [9] investigated the
effects of Chemical reaction and thermal radiation on
magnetohydrodynamics flow of Casson-Williamson
nanofluid over a porous stretching surface and observed
the Williamson Parameter to reduce the velocity of the
nanofluid. [10] examined heat and mass transfer
characteristics of a non-Newtonian Williamson nanofluid
flow and revealed that properties of Williamson nanofluid
such as viscosity and thermal conductivity impacted heat
and mass transfer processes. [11] examined MHD flow of
Casson and Williamson fluids under the effects of
nonlinear radiation, Viscous dissipation, thermo diffusion
and Dufour effects. The results indicated that Casson
parameter enhanced the skin friction coefficient and heat
and mass transfer. [12] analyzed energy and mass transfer
in the flow of Casson hybrid nanofluid over an
exponential stretching sheet. It was found that the suction
parameter and Darcy-Forchheimer effects significantly
decreased the energy transfer rate of hybrid nanofluid.
[13] employed Catteneo-Christov theory to analyse
Soret-Dufour effects on MHD Casson nanofluid
dynamics over a stretching sheet. [14] examined
magnetohydrodynamic flow of Casson nanofluid over an
exponential stretching surface with chemical reaction and
thermal radiation. The Sherwood number was noted to
appreciate with the thermal radiation parameter. [15]
thermally analysed ferro Casson nanofluid flow over a
Riga plate with thermal radiation and non-uniform heat
source/sink and observed enhancement in the thermal
boundary layer thickness with radiation. [16] studied the
effects of radiative heat and mass on Casson and
Williamson nanofluid flow over a porous stretching sheet
with chemical reaction and magnetic field. The magnetic
field and Brownian motion parameters were noticed to
elevate the temperature of the fluid. [17] numerically
explored chemically dissipative MHD mixed convective
non-Newtonian nanofluid stagnation point flow over an
inclined stretching sheet with thermal radiation.The study
found the skin friction coefficient to increase significantly
with tilt angles and thermophoretic parameter. The
existing literature provides limited insight into the
complex flow behaviour of Casson-Williamson nanofluid
under diverse transport dynamics. Thus, this study sought
to explore the effects of non-uniform heat generation on
the boundary layer flow od magnetized
Casson-Williamson nanofluid towards a dissipative
stagnation point. This research has direct implications for
industrial processes such as the design of heat
exchangers, cooling systems and energy storage devices.

2 Mathematical Model

Consider a steady, laminar, incompressible,
two-dimensional flow of viscous and electrically
conductive Casson-Williamson nanofluid over a linear
stretching surface directed towards a magnetized
stagnation point as illustrated in figure (1). The flow is
constrained within the xy-plane, with the x-axis aligned
along the stretching surface and the y-axis oriented
normal to it. The velocity of the stretching sheet is
defined as uw = ax, while the free-stream velocity is
represented by ue = bx, where a,b > 0 are positive
constants. The externally imposed transverse magnetic
field is assumed to be perpendicular to the stretching
surface. The induction effects attributed to external
magnetic and electric fields are considered to be
negligible. In accordance with boundary layer
approximation, alongsize the assumptions made, and

recognizing that τi j = µ

((
1+ 1

β

)
∂u
∂y +

Γ√
2

(
∂u
∂y

)2
)

[9]

serves as the shear stress of the Casson-Williamson
nanofluid, the governing equations of continuity,
momentum, energy and concentration that encapsulate the
flow problem can be articulated as follows:

Fig. 1: Schematic diagram of the flow problem.
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where u and v represent the x and y components of the
velocity respectively, ρ denotes the density of the
nanofluid, while µ and ν signify the dynamic and
kinematic viscosities of the nanofluid respectively, κ ′

indicates the permeability of the porous medium, DB
represents the Brownian diffusion coefficient, DT
represents the thermophoresis diffusion, τ denotes the
ratio of the effective heat capacity of the nanoparticle
material to that of the fluid, T represents the temperature
of the nanofluid, C represents the concentration of the
nanofluid, cp refers to the specific heat constant, γ

denotes the reaction rate, β signifies the Casson
parameter, Γ represents the Williamson parameter, Bo
depicts the uniform magnetic field, ue denotes the free
stream velocity and Q signifies non-uniform heat
generation as defined by [6]

Q =
αuw

xν

[
A∗(Tw −T∞) f ′(η)+B∗(T −T∞)

]
(5)

At the surface of the plate when y = 0, the boundary
conditions are:

u(x,0) =
(

a+
σB2

0
ρ

)
x, v(x,0) = 0,

T (x,0) = Tw, C(x,0) =Cw.

(6)

At far away from the surface when y → ∞, the boundary
conditions are:

u(x,∞)→ ue(x,∞) = bx,T (x,∞)→ T∞,C(x,∞)→C∞.
(7)

2.1 Similarity Transformation

A similarity solution for equations (1)− (2) and (3)− (4)
is derived by introducing the independent dimensionless
variable η , the dependent variable f (η), the
dimensionless temperature θ(η) and the dimensionless
concentration φ(η), expressed as:

η = y
√

a
ν
, u = ax f ′(η), ue = bx, v =−

√
aν f (η),

θ(η) =
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, φ(η) =
C−C∞

Cw −C∞

.

(8)

By substituting the relevant terms into equations (1)−(4),
the resulting coupled nonlinear differential equations are
obtained as:(
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subject to the boundary conditions:

f ′(0)= 1+M, f (0)= 0, θ(0)= 1, φ(0)= 1 at η = 0
(12)

f (∞)→ 0, θ(∞)→ 0, φ(∞)→ 0 as η →∞. (13)

Here, the prime denotes differentiation with respect to
η , while the parameters are defined as follows: λ

represents the velocity parameter, k denotes the
permeability parameter, We is the Weissenberg number M
stands for the magnetic field parameter, Sc represents the
Schmidt number, ω is the chemical reaction parameter,
Nb is the Brownian motion parameter, Nt is the
thermophoresis parameter Br corresponds to the
Brinkman number and Pr is the Prandtl number. The
embedded parameters are expressed as:
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The local skin friction coefficient (C f ), Nusselt
number (Nu) and Sherwood number(Sh), which are of
practical interest to engineers are respectively defined as:

C f =
τw

ρu2
w
,Nu =
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,Sh =

Xqm

DB(Cw −C∞)
(14)

Here, τw represents the wall shear stress, qw denotes
the wall heat flux and qm is the wall mass flux which are
respectively defined as:
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Substituting 15 into 14 we obtain
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)
,
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√
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(16)

where

Re =
uwx
ν

is the Renolds number.

2.2 Validation of the Flow Model

The validation of the model was carried out by comparing
the present results for the Nusselt number represented by
(−θ ′(0)) with the finding of [1] for different values of the
Prandtl number (Pr) and for A∗ = B∗ = M = K = Br =
β =We = Nb = Nt = Sc = ω = λ = 0. The current results
agree with their work. Table 1 illustrates the comparison.

Table 1: Computations indicating comparison with [1]

[1] Present Work
Pr -θ ′(0) -θ ′(0)
0.7 0.4539 0.4539
2.0 0.9113 0.9114
7.0 1.8954 1.8954

3 Results and Discussions

The coupled equations (9− 11), along with the boundary
conditions (12) and (13), are highly nonlinear and solved
numerically using the fourth-order Range-Kutta method
combined with the Newton-Raphson shooting technique.
Numerical and graphical results are generated using
Maple 20 software package. The thermophysical
parameters incorporated into the analysis include the
magnetic field parameter (M), velocity parameter (λ ),
permeability parameter (κ), chemical reaction parameter
(ω), Prandtl number (Pr), thermophoresis parameter
(Nt), Brownian motion parameter (Nb), Schmidt number
(Sc), Brinkman nummber (Br) and internal heat
generation parameters (A1) and (B1). The study focuses
on Williamson and Casson nanofluids. In the numerical
and graphical representations, Williamson nanofluid is
represented in black while Casson nanofluid is shown in
blue.

Table 2: Computations showing (− f ′′(0)), (−θ ′(0)) and
(−φ(0)) for different parameter values.

Table 2 represents the influence of various
thermophysical parameters on the skin fricton coefficient
(− f ′′(0)), Nusselt number (−θ ′(0)) and Sherwood
number (−φ ′(0)) for both Williamson and Casson
nanofluids. The skin friction coefficient quantifies the
shear stress exerted by the fluid at the surface, the Nusselt
number represents the ratio of convective to conductive
heat transfer across a boundary whiles the Sherwood
number expresses the ratio of convective mass transfer to
the rate of diffusive mass transport. Table 2 shows that
increasing the magnetic field parameter enhances the skin
friction coefficient, Nusselt number and Sherwood
number for both nanofluids, attributed to improved
convective heat and mass transfer.
Williamson nanofluid demonstrated a higher skin friction
coefficient while Casson nanofluid exhibited greater
improvements in both Sherwood and Nusselt numbers.
An increase in the the Schmidt number, Brownian motion
parameter, thermophoresis parameter, chemical reaction
parameter, Brinkman number and internal heat generation
led to an increase in the Sherwood number but caused a
reduction in the Nusselt number for both nanofluids as a
result of enhanced conductive heat transfer. Casson
nanofluid showed a higher Sherwood number while
Williamson nanofluid provided better enhancement in the
Nusselt number, indicating that Casson nanofluid is more
suitable for applications requiring efficient species
diffusion. The velocity ratio parameter was found to
increase both the Nusselt and Sherwood numbers while
reducing the skin friction coefficient for both nanofluids.
Williamson nanofluid exhibited superior skin friction
while Casson nanofluid yielded higher Nusselt and
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Sherwood numbers. This behaviour is critical in
optimizing processes such as extrusion and industrial
cooling. An increase in the permeability parameter raised
the skin friction coefficient but reduced both Nusselt and
Sherwood numbers for both fluids, with Williamson
nanofluid showing a higher skin friction coefficient and
Casson nanofluid achieving greater Nusselt and Sherwood
numbers. Additionally, a higher Prandtl number increased
the Nusselt number but decreased the Sherwood number
due to enhanced momentum diffusivity. Casson nanofluid
exhibitd superior Nusselt number which makes it ideal for
use in heat exchangers, thermal management systems and
cooling devices. While Williamson nanofluid on the other
hand enhanced the Sherwood number, which suggests its
suitability for applications requiring efficient species
diffusion, such as industrial mixing.

3.1 Graphical Results

3.1.1 Effects of Parameter Variation on Velocity
Profiles

Figures 2 − 4 illustrate the effects of various
thermophysical parameters on the velocity profiles of
both Casson and Williamson nanofluids. Figure 2 shows
the impact of magnetic field parameter on velocity
profiles. It reveals that an increase in the magnetic field
parameter enhances the velocity of both nanofluids. The
velocity is more significant for Casson nanofluid,
indicating greater sensitivity to magnetic effects
compared to Williamson nanofluid. Figure 3 demonstrates
the influence of the velocity ratio parameter, where an
increase in this parameter leads to higher velocity profiles
of both Casson and Williamson nanofluids. For Casson
nanofluid, the increase is noticeable but slightly less than
that in the Williamson nanofluid, indicating different
responses to surface stretching, which turns to decrease
the boundary layer thickness. Figure 4 illustrates the
effect of the permeability parameter on the velocity
profile. It is noted that an increase in the permeability
parameter leads to a decrease in the velocity profiles of
both nanofluids. This is because the porous medium
provides resistance which increase the boundary layer
thickness. For Casson nanofluid, the impact is less severe,
showing that Casson fluid experiences less deceleration in
a porous medium compared to Williamson nanofluid.
Casson nanofluid exhibits greater sensitivity magnetic
fields and maintain higher velocity in porous media while
Williamson nanofluid was noted to respond more
significantly to changes in surface stretching. For
applications involving strong magnetic fields or porous
media, Casson nanofluid will be more advantageous,
While for scenarios where surface stretching is
predominant, Williamson nanofluid could be preferable.

Fig. 2: Velocity Profile for varying values of the magnetic
field parameter for Br = 0.1, Sc = 0.5, β = 0.4,We = 0.4,
A1 = 0.1, B1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1, Nb = 0.5,
λ = 0.5, and K = 0.1

Fig. 3: Velocity Profile for varying values of velocity ratio
parameter for Br = 0.1, Sc = 0.5, β = 0.4,We = 0.4, A1 =
0.1, B1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1, Nb = 0.5, M =
0.1, and K = 0.1

Fig. 4: Velocity profile for varying values of the porosity
parameter with Br = 0.1, Sc = 0.5, β = 0.4, We = 0.4,
A1 = 0.1, B1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1, Nb = 0.5,
M = 0.1, and λ = 0.5.
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3.1.2 Effects of Parameter Variation on Temperature
Profile

Figure 5 − 9 demonstrate the influence of various
thermo-physical parameters on the temperature profiles of
both Casson and Williamson nanofluids. In figure 5, it is
observed that an increase in Brownian motion parameter
raises the temperature profile for both nanofluids, as
enhanced thermal conductivity results from the motion of
nanoparticles. Similarly, figures 6 and 7 show that an
increase in internal heat generation raises the temperature
profile of both nanofluids, as additional internal heat
source contributes to the thermal energy within the fluids,
elevating the overall temperature. In Figure 8, higher
values of the thermophoresis parameter are found to
increase the temperature profile of both nanofluids, as
thermophoresis causes particles to migrate from hot to
cold regions, which intensifies the temperature gradient
and increases the temperature distribution. Figure 9
illustrates that an increase in the Brinkman number results
in a higher temperature profile of both fluids due to the
heat generated by viscous dissipation. Finally, in figure
10, an increase in the Prandtl number leads to a decrease
in the temperature profile of both nanofluids. This occurs
because nanofluids with a higher prandtl number
experiences more confined thermal diffusivity near the
boundary, reducing the temperature profile across the
nanofluids. Both Casson and Williamson nanofluid show
an increment in temperature profile with Brownian
motion and thermophoresis parameters. Also, while both
nanofluids respond to internal heat generation and viscous
dissipation, their specific heat capacities and thermal
conductivity ratios affected the degree of temperature
increase.

Fig. 5: Temperature Profile for varying values of Brownian
motion parameter for Br = 0.1, Sc = 0.5, β = 0.4, We =
0.4, A1 = 0.1, B1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1, K =
0.1, M = 0.1, and λ = 0.5

Fig. 6: Temperature Profile for varying values of internal
heat generation parameter for Br = 0.1, Sc = 0.5, β = 0.4,
We = 0.4, Nb = 0.5, B1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1,
K = 0.1, M = 0.1, and λ = 0.5

Fig. 7: Temperature Profile for varying values of internal
heat generation parameter for Br = 0.1, Sc = 0.5, β = 0.4,
We = 0.4, Nb = 0.5, A1 = 0.1, ω = 0.1, Pr = 2, Nt = 0.1,
K = 0.1, M = 0.1, and λ = 0.5

Fig. 8: Temperature Profile for varying values of
thermophoresis parameter for Br = 0.1, Sc = 0.5, β = 0.4,
We = 0.4, Nb = 0.5, A1 = 0.1, ω = 0.1, Pr = 2, B1 = 0.1,
K = 0.1, M = 0.1, and λ = 0.5
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Fig. 9: Temperature Profile for varying values of
Brinkmann number for Nt = 0.1, Sc = 0.5, β = 0.4, We =
0.4, Nb = 0.5, A1 = 0.1, ω = 0.1, Pr = 2, B1 = 0.1,
K = 0.1, M = 0.1, and λ = 0.5

Fig. 10: Temperature Profile for varying values of Prandtl
number for Nt = 0.1, Sc = 0.5, β = 0.4, We = 0.4, Nb =
0.5, A1 = 0.1, ω = 0.1, Br = 0.1, B1 = 0.1, K = 0.1, M =
0.1, and λ = 0.5

3.1.3 Effects of Parameter Variation on Concentration
Profile

Figure 11 − 18 show the effects of various
thermo-physical parameters on the concentration profile
of both Casson and Williamson nanofluids. In figure 11,
the impact of the thermophoresis parameter on the
concentration profile is illustrated. It is observed that an
increase in this parameter enhances the concentration
profile of both nanofluids. This occurs because
thermophoresis causes particles to migrate from hotter to
cooler regions, increasing the concentration. In figure 12,
the effects of Brownian motion parameter on the
concentration profile are shown. It is found that
increasing the Brownian motion parameter leads to a
lower concentration profile of both nanofluids due to the
random movement of nanoparticles that promotes better
mixing and distribution. Figure 13 illustrates the effects
of the velocity ratio parameter on the concentration
profile. It is observed that an increase in the velocity ratio
parameter reduces the concentration profile of both

nanofluids, as convection effects dominate over diffusion.
Figure 14 shows that the concentration profile decrease as
the Brinkman number increases for both nanofluids due to
enhanced dispersion effects from viscous heating. In
figure 15, the effects of the Schmidt number on the
concentration profile are demonstrated. It is observed that
an increase in the Schmidt number decreases the
concentration profile, as higher Schmidt numbers indicate
lower mass diffusivity, which reduces the concentration
of both nanofluids. Figure 16 shows that an increase in
the chemical reaction parameter decreases the
concentration profile of both nanofluids, as higher
reaction rates consume reactant more quickly, lowering
the concentration of nanoparticles in the fluids. Finally,
figures 17 and 18 show that an increase in the internal
heat generation parameter reduces the concentration
profile. This is due to the additional heat within the
nanofluids, which promotes better nanoparticle dispersion
due to increased thermal motion.

Fig. 11: Concentration Profile for varying values of the
thermophoresis parameter for Pr = 2, Sc = 0.5, β = 0.4,
We= 0.4, Nb = 0.5, A1 = 0.1, ω = 0.1, Br = 0.1, B1 = 0.1,
K = 0.1, M = 0.1, and λ = 0.5

Fig. 12: Concentration Profile for varying values of the
Brownian motion parameter for Pr = 2, Sc = 0.5, β = 0.4,
We= 0.4, Nt = 0.1, A1 = 0.1, ω = 0.1, Br = 0.1, B1 = 0.1,
K = 0.1, M = 0.1, and λ = 0.5
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Fig. 13: Concentration Profile for varying values of
velocity ratio parameter for Pr = 2, Sc = 0.5, β = 0.4,
We= 0.4, Nt = 0.1, A1 = 0.1, ω = 0.1, Br = 0.1, B1 = 0.1,
K = 0.1, M = 0.1, and Nb = 0.5

Fig. 14: Concentration for varying values of Brinkmann
number for Pr = 2, Sc = 0.5, β = 0.4,We = 0.4, Nt = 0.1,
A1 = 0.1, ω = 0.1, λ = 0.5, B1 = 0.1, K = 0.1, M = 0.1,
and Nb = 0.5

Fig. 15: Concentration Profile for varying values of
Schmidt number for Pr = 2, Br = 0.1, β = 0.4, We = 0.4,
Nt = 0.1, A1 = 0.1, ω = 0.1, λ = 0.5, B1 = 0.1, K = 0.1,
M = 0.1, and Nb = 0.5

Fig. 16: Concentration Profile for varying values of rate of
chemical reaction

Fig. 17: Concentration Profile for varying values of
Internal heat generation parameter for Pr = 2, Br = 0.1,
β = 0.4, We = 0.4, Nt = 0.1, ω = 0.1, SC = 0.5, λ = 0.5,
B1 = 0.1, K = 0.1, M = 0.1, and Nb = 0.5

Fig. 18: Concentration Profile for varying values of
Internal heat generation parameter for Pr = 2, Br = 0.1,
β = 0.4,We = 0.4, Nt = 0.1, A1 = 0.1, SC = 0.5, λ = 0.5,
ω = 0.1, K = 0.1, M = 0.1, and Nb = 0.5

4 Conclusion

The effects of non-uniform heat generation on boundary
layer flow of magnetized Casson-Wlliamson nanofluid
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towards a dissipative stagnation point have been
investigated. Similarity variables were used to transform
the governing partial differential equations into a system
of coupled nonlinear differential equations. Numerical
solutions to these equations were obtained using the
fourth-order Runge-Kutta method combined with the
Newton-Raphson shooting technique. The study leads to
the following general conclusions:

i.Williamson nanofluid is observed to have a higher
skin friction coefficient than Casson nanofluid across
all embedded thermo-physical parameter, making it a
suitable choice for enhancing the performance of
brake fluid.

ii.Casson nanofluid exhibits a higher mass transfer rate
but a lower heat transfer rate, whereas Williamson
nanofluid shows the opposite trend under the
influence of Brownian motion, thermophoresis and
internal heat generation parameters.

iii.The magnetic field and velocity ratio parameters are
found to significantly enhance the fluid velocity
within the momentum boundary layer of Casson
nanofluid than that of Williamson nanofluid.

iv.Internal heat generation and Brownian motion
parameters are observed to significantly increase the
temperature of the fluid within the thermal boundary
layer of Williamson nanofluid compared to Casson
nanofluid.

v.The thermophoresis parameter is observed to greatly
enhance the concentration of the fluid within the
Solutal boundary layer of Williamson nanofluid
compared to Casson nanofluid.
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