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Abstract: A simple random walk on a graph is defined in which a particle moves from one vertex to any
adjacent vertex, each with equal probability. The expected hitting time is the expected number of steps
to get from one vertex to another before returning to the starting vertex. In this paper, using the electrical
network approach, we provide explicit formulae for expected hitting times for simple random walks on
wheel graphs. As a by-product, formulae for expected commute times and expected difference times,

and bounds for the expected cover times for simple random walks on wheel graphs are obtained.
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1 Introduction
Let G=(V(G),E(G))be a connected simple graph
with vertices labeled as 1,2,...,n. A simple random
walk on G is the Markov chain X, , n =0, that form
its current vertex ¢ jumps to one of its d, neighboring
vertices with uniform probability, where d; denotes the

degree of i. The hitting time 7, of the vertex i is the
minimum number of steps the random walk takes to
reach the vertex, that is, 7 =inf{n>0:X =i}. The

expected hitting time ET is the expected value of T}
of the vertex j when the walk starts from i . The

expected commute time C(i, j) between i and j is
the expected number of steps for a random walk starting
at I to pass through j and return to i, that is,

C(i,))=ET,+ET, . The quantity ET, —E T, is

called the expected difference time, and is denoted
by D(i, j) . The expected cover time C,(G) is the
expected number of steps that it takes a walk that starts
at [ to visit all vertices of G . The expected cover time

C(G) of G is defined as max C,(G) .

i€V (G)

It is natural to view a graph G as an electrical network
with a unit resistor between each pair of nodes
interconnected by an edge of G . Then one may define

the resistance distance [1] between vertices I and j ,
denoted by T, as the net effective resistance between

nodes i and j (were a battery to be connected between
i and j) in the corresponding electrical network. As

an intrinsic graph metric, resistance distance has been
extensively studied. For more information, the readers
are referred to [2-5] and references therein.

There exists a strong connection between random walks
on graphs and electrical networks. Perhaps Nash-
Williams [6] was the first person to established such a
connection. Later on, since the appearance of the book
of Doyle and Snell [7], more and more attention has
been devoted to the relation between effective
resistance (resistance distance) and random walks on
graphs. Some nice relations, such as the relation
between resistance distance and the escape probability,
the relation between resistance distance and the
expected hitting time, have been established. Here we
only introduce the elegant result concerning the
expected hitting time, which is paramount in obtaining
our main result.

Theorem 1.1. [8] For a simple random walk on G , we
have

1 n
ET, :|E(G)|n,+5kz;dk(4,—rkj). (1)

Simple random walks on graphs arise in many models
in mathematics and physics and thus it has been studied
in a wide variety of contexts. For a general introduction
to random walks on graphs, the reader is referred to the
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survey paper by Lovdsz [9] and the textbook [10]. In
particular, the computation of parameters such as
expected hitting times, expected difference times and
expected cover times are of significant importance.
Sometimes, it is greatly simplified to compute these
parameters by the electrical network approach. Thus
computing these parameters via electrical network
approach becomes more and more popular.

So far, expected hitting times have been computed for
some classes of graphs, especially those with some
degree of symmetry, such as vertex-transitive graphs
[11-13], edge-transitive graphs [14,15], distance-regular
graphs [12,16], graphs with cut-vertices [17] and so on.
The expected cover time of connected graphs has been
extensively studied. Methods of bounding the cover
time of graphs have been thoroughly investigated [18-
23]. Several bounds on the cover times of particular
classes of graphs have been obtained with many
positive results [24-27].

In this paper, we consider simple random walks on an
important class of graphs, namely, wheel graphs. The

wheel graph W is a graph that contains a cycle of

n

order n—1, and for which every graph vertex in the
cycle is connected to one other vertex (which is known
as the center). In the present work, first of all, resistance
distances between all pairs of vertices of the wheel
graph are completely determined. Then according to the
relationship between resistance distances and the
expected hitting times (Theorem 1.1), explicit formulae
for the expected hitting times for simple random walks
on wheel graphs are obtained. Finally, simple formulae
for expected commute times and expected difference
times are derived according to expected hitting times,
and lower and upper bounds for the expected cover
times are determined.

Resistance distances in W,

We start with introducing some more concepts and
notations in graph theory terminology. The adjacency

matrix A(G) of graph G is a nXn symmetric matrix
with (i, j) -th element equal to 1 if vertices i and j
are adjacent and 0 otherwise. Let
D(G) =diag(d,.d,,...,d,) be the diagonal matrix
of vertex degrees. Then the Laplacian matrix of G is
defined as L(G)= D(G)— A(G) . Laplacian matrix
plays an essential role in the computation of resistance

distance. One example is to compute resistance
distances in terms of determinate of sub-matrices of the

Laplacian matrix. More precisely, let L(i) and
L(i, j) denote the matrices obtained from L(G) by

deleting its i -th row and column, and by deleting its i -

th and j -th rows and columns, respectively. Then it is
shown that

Lemma 2.1. [28] Let G be a connected graph on n
vertices, n 23, and 1<i+# j<n.Then

r, =det L(i, j)/det L(i) @)

Suppose that vertices in W are labeled in such a way
that the vertices corresponding to the cycle are labeled

from 1 to n—1 in cyclic order, and the center is
labeled as n . In what follows, for convenience, we

distinguish resistance distances in W, into two types,

namely, between center and non-center vertices and
between pairs of non-center vertices. And then

resistance distances in W are computed according to

different types.

A. Resistance distances between center and non-
center vertices

By the symmetry of W , it is obvious that resistance

distances between center and any non-center vertices

are  equal. So we may assume that
rln = r2n == ’;1—1,11 = rO .
Theorem 2.2.

P B RN £ e G
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Proof. Since the Laplacian matrix of W is

3)

3 -1 -1
-1 3 -1 -1
Lwy=| - ’
-1 3 -1
-1 -1 -1 3],
if we define
(3 -1
-1 3 -1
A = : K .
-1 3 -1
L _1 nxn
(3 -1 -1
-1 3 -1
B, = ' K ’
-1 3 -1
__1 _1 3 nxn
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and let g =detA , b =detB,,
2.1,

then by Lemma

r

0o="h

n = det 14r172/det anl = an72 /bnfl : (4)
Claim 1. For n > 1,

[(3+\/— n+l ( _\/—)rﬁl]. (5)

-5 2
b =3, b,=8 andfor n >3,

3+\/— 3— \/— (©6)

bn_(

)" +(

Proof of Claim 1. Frist we prove Eq. (5). It is easy to
verify that a; =det A =3 and a, =det A, =8. For

n 23, expanding the determinant of A with respect

to its first row one may find that
detA =3detA ,—detA , . Thus the sequence
{ a, }”:1 satisfies the recursion formula
a, = 36111_1 —a,_, with initial conditions @, = 3 and

a, =8 . Now we solve it. Since the characteristic
polynomial of the recurrence is Xx° —3x+1 with
X, =(3=+/5)/2 and x,=(3++/5)/2 as its two
roots, we may suppose that

a, =[3-~5)/21"y, +[3+5)/2]"y,.

The initial conditions lead to the following linear
system

[3=+/5)/21y, +[3-5)/21y, =3
[B-~5)/21y, +[(3-~5) /2"y, = 8

Solving the
¥, =(=3/5)/10 and y,=(5+35)/10

Hence a, is obtained as desired.

system for y, and y, we have

For b, , it is straightforward to see that b =3 and

b, =8 . For n 23, we expand the determinant of B,
with  respect to its first row to
that detB, =3detA _,—2detA, ,-2
—2a, ,—2 . Hence Eq. (6)
may be derived from Eq. (5) and Claim 1 is proved.

obtain

which
means that bn =3a

n—1

Since W, has at least four vertices, by substituting Eqs.

(5) and (6) into Eq. (4), we could obtain 7, .

B. Resistance distances between pairs of non-center
vertices.

For any two non-center vertices i and j , one may

easily find that the resistance distance between them
depends only on the distance between them. So we may

assume that r; =75 whenever [ and j are at

distance k .

Before computing 7, , we introduce two results that will

be used later. The first one is the famous Foster’s (first)
formula.

Lemma 2.3. [17] For G an n -vertex connected graph
with edge set E(G),

E r,=n—1.
i/eE(G)
The second one is a sum rule on resistance distances.

Lemma 2.4. [30] Let i and j be vertices of a

connected graph G . Then

dry + 2, (r

k:kUi

-r)=2.

where k [J i means k is adjacent to i.

Now we are ready to compute 7, as given in the

following result.

Theorem 2.5. For 1<k < L(n -1/ ZJ ,

3445, 3[
A J—{( ¥ —( ¥

3+f> e Al I) G -G

(3+f 5 +3—5)" -2

®)

Proof. Firstly we show that the assertion holds for 7 .

By Foster’s formula, we have

z ZII+1 wll+zr (n D(r +r) n_l

ieEW,) i=l i=l

thatis, ¥, +r = 1. Hence by Eq. (3), we have

1 GHYT-GYT (g
V5 B+5) " +3 =5 2"

Now we show that the assertion also holds for both ¥,

r=l-r=1-

and 7;. Apply Lemma 2.4 to pairs of vertices {1,2} and
{2,3}, we have
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3r1,2+r12_r2 2+r1n—1 r2n 1+r1n rZ,n _2
3”1,3+r12 r +r1nl r3nl+r1n r3,n 2
that is, 5f,—r, =2 and 3r,+1r—1r,=2 . These

indicate that 7, =51 —2 and r,=16r, -8 . By

substituting 7, into the above equations we can obtain

7, and 7, as desired.

For k24, we claim that 7, satisfies the following

recursion formula
he=4n—4n, 1+ (10

To prove this, we apply Lemma 2.4 to pairs of vertices

{1,k —2} and {1,k —1} to obtain

3rik 2+r _r}c—22+’,in 1 r)c—2,n 1+}'i” rl‘c—2,n:2
3}] k-] 1 +}'i n—1 ’;c —1,n—1 + ri,n _r}(—l,ll = 2
that is,
{3rk_2+r1—4_3+r1—4_1 =2
3 tr—r_,+n-r=2

This linear system yields no=4r_ —4r_,+r_, 8s

claimed.

To solve the recursion relation, first note that the
characteristic polynomial of the recurrence is

X —4x* +4x-1
(34~/5)/2 and (3—=+/5)/2 . And then the initial

conditions 7, ,

whose roots are 1,

r, and 7, lead to the following linear

system

X% +H(3H5)/ 21, +[(3—5) /20, =,
X +HGH5) 1 2P x, +H(B—5)/ 2P x, =51~
x +[3+/5)/ 2P x, +[3—/5)/ 21 x, =161 —

Solving the linear system for X, X, and X;, we have
x, =2-2p x2=r1—1+\/§/5 and
X, =1 —1—\/3/5 . Hence

305 5

5 =2- 2r+(— —IF)+(—)(

35, 5

I
5)

and the desired result is obtained by substituting 7, into

the above equation.

In conclusion, resistances distances between all pairs of

vertices in W, can be computed as follows.

Theorem 2.6.In W ,for 1<i<n-1,

1 (B35 —(3—+/5)"

li’l r;’ll ’ (11)
5 3+5) " +(3=5) " =2"
for 1<i<j<n-1
==Ly
| JJS 35 i (12)
[(%)Wff—ﬂ[@#ﬂ”—(&fsr‘]
G5 +3—5" -2 )

where kK =min{j—i,n—1- j+i}.

Expected hitting times, expected commute
times, expected difference times and expected
cover times for simple random walks on

In this section, firstly explicit formulae for expected
hitting times for simple random walks on W will be

derived. Secondly, expected commute times and
expected difference times are also computed according
to expected hitting times. Finally, bounds for expected
cover times are determined.

The following result by Palacios [19] is crucial in
obtaining our main result.

Lemma 3.1. [19] Let G be a connected graph with
edge set E(G). Then Z ET,=21E(G)|-d

i

Theorem 3.2. For simple random walks on VVn , we

have
() forl<i<n-1,
ET, =3 (13
_ n—1 _ n—1
g =4 GHSHG
\/3 (3+\/§)n—1 +(3_\/§))1—1 _2)1
2 forl<i<j<n-1,
An-D 35, 35,
ET=ET= (
1 Gt \/3 {\ ) )_( ) )
, (15)

[(3+2f5>" 4{32@ GHS G5

BRI +35 -2 }

where k =min{j—i,n—1+i—j}.
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Proof. (i) For any two non-center vertices i and j,

since derlk = de
k=1 k=1
that ET = EJ.T”. On the other hand, by Lemma 3.1,

n—1
we have D ET, =2x2(n—1)—d, =3(n—1), and

i=1

Ty s by Theorem 1.1, we know

thus for each i, ET =3. Sincefor 1Si<n-1,

ET +ET =21EW)\r. =4(n-1)r,.

m

) GRS
5 G362

(i) For 1<i< j<n—1,since
24
=1
ET =ET =lE(W)I = 2(n=Dr,

k=min{j—i,n—14+i— j}. Hence Eq. (15) is an
immediately consequence of Eq. (12).

ET=4n--3=

T :derjk , by Theorem 1.1 we have

where

Now we compute the expected commute times and
expected difference times for simple random walks on

W, according to expected hitting times.

Theorem 3.3. For simple random walks on VVn , we

have

(1) for 1<i<n-1,

4n-1) GHS+3-5"

,1)= = (16)
Qi,n=An,i) 55 Gy o5 2
for 1<i<j<n-1,
4D, 3+f5 3Ju
ai, )= f 5 )-
3+f5 345 a7
)+ (G5 -G53
(MS)H@—(S)“—Z’ }
2) forl<i<n-1,
-1 G+ +35)"
D= 2D G
5 G5 35—
for 1Si<j<n-I,
D@, j)=D(j,i)=0. (19)

Proof. Bearing in mind that for any two vertices [ and
J.ci, jp=c.i=ET,+ET and DG, j)=ET,~ET,, We

may obtain Theorem 3.3 immediately from Theorem
3.2

In the end of this section, we discuss bounds for the

expected cover times for simple random walks on W .

Using the electrical approach, Chandra et al. [19]

proved very useful bounds in terms of R, the electrical
resistance of the graph, defined as the maximum
effective resistance between any pair of vertices:

Theorem 3.3. [19] Let R=maxl.,jrl.j be the electrical

resistance of a graph G on 7 vertices with edge set
E(G)- Then |E(G)IR<C(G)<(2+0(1) E(G)I Rlogn.For
the wheel graph W , we have

n’

Theorem 3.4.
n—1<CW,)<42+o1))(n—1)logn.

Proof. Since it has been shown in the proof of Theorem
25 that ry+r =1, either r,21/2 or ,21/2 .

Hence R>1/2. On the other hand, since for any two
vertices i and j , rSn, A, <25 <2, we have

R <2 . Thus Theorem 3.4 is proved by Theorem 3.3.
Acknowledgements

This research was supported by Natural Science
Foundation of China (through grant No. 11126255) and
Shandong Province Higher Educational Science and
Technology Program (through grant JIOLA14).

REFRENCES

1. DJ. Klein and M. Randi¢. Resistance distance.
Journal of Mathematical Chemistry. Vol.12, (1993),
81-95.

2. DJ. Klein. Resistance distance sum rules. Croatica
Chemica Acta. Vol. 75, (2002), 633-649.

3. W. Xijao and I. Gutman. Resistance distance and
Laplacian spectrum. Theoretical Chemistry Accouts.
Vol. 110, (2003), 284-289.

4. H. Zhang and Y. Yang. Resistance distance and
Kirchhoff index in circulant graphs. International
Journal of Quantum Chemistry. Vol. 107, No. 2,
(2007), 330-339.

5. Y. Yang and H. Zhang. Some rules on resistance
distance with applications. Journal of Physics A:
Mathematical and Theoretical. Vol. 41, (2008),
445203.

6. C. St.J. A. Nash-Williams. Random walk and electric
current networks. Mathematical Proceedings of the
Cambridge Philosophical Society. Vol. 55, (1959),
181-194.

7. PJ. Doyle and J.L. Snell. Random walks and
electrical netwroks. The Mathematical Association of
America, Washington DC, 1984.



128

%@é Yujun Yang: Simple random walks on wheel graphs

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

P. TeTali. Random walks and the elective resistance
of networks. Journal of Theoretical Probability. Vol.
4, (1991), 101-109.

L. Lovasz. Random walks on graphs: a survey.
Combinatorics, Paul Erdos is Eighty Vol. 2, (1993),
1-46.

D. Aldous and J. Fill. Reversible Markov chains
andrandom walks on graphs. Available at http:/stat-
www.berkeley.edu /users/ aldous/ RWG/book.html.
D. Aldous. Hitting times for random walks on vertex-
transitive graphs. Mathematical Proceedings of the
Cambridge Philosophical Society. Vol.106, (1989),
179-191.

L. Devroye and A. Sbihi. Random walks on highly
symmetric graphs. Journal of Theoretical Probability.
Vol. 4, (1990), 497-514.

A.R.D. Van Slijpe. Random walks on the triangular
prism and other vertex transitive graphs. Journal of
Computational and Applied Mathematics. Vol. 15,
(1986), 383-394.

J.L. Palacios and J.M. Renom. Random walks on
edge transitive graphs. Statistics & Probability
Letters. Vol.37, (1998), 29-34.

J.L. Palacios and J.M. Renom. Random walks on
edge transitive graphs (II). Statistics & Probability
Letters. Vol.43, (1999), 25-32.

N.L. Biggs. Potential theory on distance-regular
graphs. Combinatorics, Probability and Computing .
Vol 2, (1993), 243-255.

H. Chen and F. Zhang. The expected hitting times for
graphs with cutpoints. Statistics & Probability
Letters. Vol. 66, (2004), 9-17.

J.L. Palacios. On a result of Aleliunas et al.
concerning random walks on graphs. Probability in
the Engineering and Informational Sciences. Vol. 4,
(1990), 489-492.

A.K. Chandra, P. Raghavan, W.L. Ruzzo, R.
Smolensky and P. Tiwari. The electrical resistance of
a graph captures its commute and cover times.
Proceedings of the Twenty First Annuat ACM
Symposium on Theory of Computing. Seattle, WA,
(1989), 574-586.

P. Matthews. Covering problems for Brownian
motion on spheres. Annals of Probability. Vol. 16,
(1988), 189-199.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

D.J. Aldous. Lower bounds for covering times for
reversible Markov chains and random walks on
graphs. Journal of Theoretical Probability. Vol 2,
(1989), 91-100.

A. Broder and A. Karlin. Bounds on the cover time,
Journal of Theoretical Probability. Vol. 2, (1989),
101-120.

D. Zuckerman, A technique for lower bounding the
cover time. In: Proc. of the Twenty-second Annual
ACM Symposium on Theory of Computing, 1990,
pp. 254-259.

J. Jonasson. On the cover time for random walks on
random graphs. Combinatorics, Probability &
Computing . Vol. 7, (1998), 265-279.

J. Jonasson and O. Schramm. On the cover time of
planar graphs. Electronic Communications in
Probability. Vol. 5, (2000), 85-90.

C. Cooper and A. Frieze. The cover time of sparse
random graphs. In: Proc. of the Fourteenth Annual
ACM-SIAM Symposium on Discrete Algorithms,
SODA-03, 2003, pp. 140-147.

C. Cooper and A. Frieze. The cover time of the
preferential ~ attachment  graph.  Journal  of
Combinatorial Theory, Series B Vol. 97, (2007),
269-290.

R.B. Bapat, I. Gutman and W.J. Xiao. A simple
method for computing resistance distance. Zeitschrift
fiir Naturforschung A, Vol. 58a, (2003), 494-498.
R.M. Foster. The Average Impedance of an Electrical
Network. In Contributions to Applied Mechanics
(Reissner Anniversary Volume), Ann Arbor, MI:
Edwards Brothers, 1949, pp. 333-340.

H. Chen and F. Zhang. Resistance distance local
rules. Journal of Mathematical Chemistry. Vol. 44,
(2008), 405-417.



