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1 Introduction

In 1965, Zadeh introduced the fundamental concept of a
fuzzy set in his classic paper [1]. Many authors used this
concept to generalize several notions of algebra.
Rosenfeld [2] laid the foundations of fuzzy groups.
Kuroki introduced the theory of fuzzy semigroups in his
papers [3,4]. The monograph by Mordeson et al.[5] deals
with the theory of fuzzy semigrpoups and their use in
fuzzy coding, fuzzy finite stae machines and fuzzy
languages. Fuzziness has a natural place in the field of
formal languages. The monograph by Mordeson and
Malik [6] deals with the application of fuzzy approach to
the concepts of automata and formal languages. In [7] the
concept of belongingness of a fuzzy point to a fuzzy
subset under a natural equivalence on a fuzzy subset is
defined. In [8] the idea of quasi-coincidence of a fuzzy
point with a fuzzy set is defined. These two ideas play a
vital role in generating some different types of fuzzy
subgroups. Using these ideas Bhakat and Das [9,10],
gave the concept of (a,f)-fuzzy subgroups, where
o, € {€,q,€ Vgq,€ Nq} and a # € Ag. These fuzzy
subgroups are further studied in [11,12]. The concept of
(€,€ Vg)-fuzzy subgroup is a viable generalization of
Rosenfeld’s fuzzy subgroup. (€,€ Vg)-fuzzy subrings
and ideals are defined in [13]. Davvaz defined
(€, € Vg)-fuzzy subnearrings and ideals of a nearring in
[14]. Jun and Song initiated the study of (a,f)-fuzzy
interior ideals of a semigroup in [15]. In [16], Shabir et
al. characterized semigroups by the properties of

(€,€ Vg)-fuzzy ideals. Generalizing the concept of a
quasi-coincidence of a fuzzy point with a fuzzy subset
Jun [17,18] defined (€,€ Vgi)-fuzzy subgroups and
(€,€ Vqp)-fuzzy subalgebras in BCK/BClI-algebras,
respectively. In [19] (€,€ Vgp)-fuzzy subsemigroup,
(€, € Vqp)-fuzzy left (resp. right) ideal, (&, € Vqy)-fuzzy
interior ideal, (&€,€ Vgqi)-fuzzy quasi ideal and
(€, € Vgqy)-fuzzy bi-ideal are defined and different classes
of semigroups are characterized in terms of these notions.

Fuzzy sets and hyperstructures introduced by Zahed
and Marty, in [1,20] respectively, are now extensively
used from both the theoretical point of view and their
many applications. A recent book [21] contains a wealth
of applications. Via this book, Corsini and Leoreanu
presented some of numerous applications of the algebraic
hyperstructures. The relations between fuzzy sets and
hyperstructures have been already considered by Corsini
[22,23,24,25], Davvaz [26], Leoreanu [27], Cristea [28]
and others. In [26], Davvaz introduced the concept of
fuzzy hyperideals in a semihypergroup. In [29], the
concept of (o, )-fuzzy hyperideals and (€, € Vq)-fuzzy
hyperideals in semihypergroups is initiated. In [29],
using the idea of a quasi-coincedence of a fuzzy point
with a fuzzy set, the concept of an (c, B)-fuzzy left (resp.
right) hyperideal in semihypergroups is introduced, which
is a generalization of the concept of a fuzzy left (resp.
right) hyperideal of a semihypergroup and some
interesting characterization theorems are obtained. A
special attention is given to (€,€ Vq)-fuzzy left(resp.
right) hyperideals. In [30], the notion of (o,f)-fuzzy
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bi-hyperideals and (€, Vq)-fuzzy bi-hyperideals in
semihypergroups are introduced and using these notions
some classes of semigypergroups are characterized.

In this paper, we generalize the notions of
(g, Vg)-fuzzy hyperideal, (g, Vg)-fuzzy
quasi-hyperideal and (&€, € Vg)-fuzzy bi-hyperideal. The
notions of (€, € Vqy)-fuzzy hyperideal, (€, € Vgy)-fuzzy
quasi-hyperideal and (&, € Vqy)-fuzzy bi-hyperideal are
defined. Using these notions, different classes of
semihypergroups are characterized.

2 Preliminaries

A hypergroupoid is a non-empty set H equipped with a
hyperoperation, that is a map o : H x H — P*(H), where
P* (H) denotes the set of all non-empty subsets of H [21].
We shall denote by x oy, the hyperproduct of elements x,y
of H.

A hypergroupoid (H, o) is called a semihypergroup if

(xoy)oz=xo0(yoz) forall x,y,zin H.

Throughout this paper H will denote a semihypergroup
with hyperoperation o.

Let A, B be subsets of H. Then the hyperproduct of A
and B is defined as:

AoB= U aob
acA,beB

We shall write A ox instead of Ao {x} and xoA for
{x}0A.

A non-empty subset S of a semihypergroup H is called
a subsemihypergroup of H if for all x,y € S, xoy C S.

If a semihypergroup H contains an element e with the
property that, for all x € H, x € xoe (resp. x € eox), we
say that e is a right (resp. left) identity of H. If xoe = {x}
(resp. eox = {x}), for all x in H, then e is called scalar
right (resp. left) identity in H.

In [31], it is defined that if A € P* (H) then A is called,

(1) a right hyperideal in H if

x€EA=x0yCAVyeH
(ii) a left hyperideal in H if
x€EA=yoxCAVyeH

(iii) a hyperideal in H if it is both a left and a right
hyperideal in H.

A non-empty subset Q of H is called a
quasi-hyperideal if Qo HNHoQ C Q. A non-empty
subset B of H is called a generalized bi-hyperideal of H if
BoHoB C B. A non-empty subset B of H is called a
bi-hyperideal of H if it is both a subsemihypergroup and a
generalized bi-hyperideal of H. A subsemihypergroup A
of H is called an interior hyperideal of Hif HoAoH C A.
Obviously every one-sided hyperideal of H is a

quasi-hyperideal,  every  quasi-hyperideal is a
bi-hyperideal and every bi-hyperideal is a generalized
bi-hyperideal but the converse is not true. Also every
hyperideal is an interior hyperideal but the converse is not
true.

A semihypergroup H is called regular, if for each
a € H there exists x € H such that a € aoxoa. A
semihypergroup H is called intra-regular, if for every
a € H there exists x,y € H such that a € xoaoaoy (see
[32]). It is well known that in a regular semihypergroup
the concepts of quasi-hyperidel, bi-hyperideal and
generalized bi-hyperideal coincide. Also in a regular
semihypergroup, every interior hyperideal is a hyperideal.

A fuzzy subset A of a universe X is a function from X
into the unit closed interval [0,1],i.e. A : X — [0,1] (see
[11). A fuzzy subset A in a universe X of the form

Ay) = { toe (0, l]iiffyy;;c

is said to be a fuzzy point with support x and value ¢
and is denoted by x;. For a fuzzy point x; and a fuzzy set
A in a set X, Pu and Liu [8] gave meaning to the symbol
x oA, where a € {€,q,€ Vq,€ Ng}. A fuzzy point x; is
said to belong to (resp. quasi-coincident with) a fuzzy set
A written as x;, € A (resp. x;gA) if A(x) >t (resp.
A(x) -+t > 1), and in this case, x, € VgA (resp. x; € AgA)
means that x; € A or x;gA (resp. x; € A and x;gA). To say
that x;A means that x;xA does not hold. For any two
fuzzy subsets A and u of H, A < u means that, for all
x € H,A(x) < pu(x). The symbols A A and A V pu will
mean the following fuzzy subsets of H

(A A)(x) = A(x) A ()
(A )(x) = A() V()

forall x € H.
For any fuzzy subset A of H and for any ¢ € [0, 1], the
set

UAst)={xcH:A(x) >t}

is called a level subset of A.
For two fuzzy subsets A and u of H, define

Aou : H—[0,1]

MR xeyozmin{l (y),u1(2)}, if 3y,z € H such that x € yoz
0 otherwise.

For a semihypergroup H, the fuzzy subsets ”0” and ”’1”’
of H are defined as follows:

0:H —[0,1]]x = 0(x) := 0,

1:H—[0,1]jx — 1(x) := 1.

If (H,o) is a semihypergroup and A C H, the
characteristic function A4 of A is a fuzzy subset of H,
defined as follows:

At H = [0,1]|x = Aa (x) = {(1) Lfiéﬁ
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2.1 Definition

(1). [26] A fuzzy subset A of a semihypergroup H is called
a fuzzy subsemihypergroup of H if for every o € xoy,
inf {A(a)} > min{A(x),A(y)} forall x,y € H.

y

oEXO

(2). [26] Let H be a semihypergroup and u be a fuzzy
subset of H. Then  is called:
i) a fuzzy right hyperideal of H if u(x) <
inf {u(a)}, foreveryx,y € H;

oExoy
ii) a fuzzy left hyperideal of H if u(y) <
inf {u(a)}, forevery x,y € H;

QExoy

iii) a fuzzy hyperideal of H (or fuzzy two-sided
hyperideal) if it is both a fuzzy left hyperideal and a fuzzy
right hyperideal.

(3). [32] Let H be a semihypergroup. A fuzzy subset A
of H is called a fuzzy quasi-hyperideal of H if

(Ao1)A(1oA) < A.

(4). A fuzzy subset A of H is called a generalized bi-
hyperideal of H if

inf A(o) >min{A(x),A(z)} forall x,y,z € H.
oExoyoz
(5). [32] A fuzzy subsemihypergroup A of H is called
a fuzzy bi-hyperideal of H if

inf A(a) >min{A(x),A(z)} forallx,y,z€ H.
oExoyoz
(6). A fuzzy subsemihypergroup A of H is called a
fuzzy interior hyperideal of H if
inf A(w) > A(a) forall x,a,y € H.
wexoaoy
(7). A fuzzy subset A of H is called an (€, € Vq)-fuzzy

subsemihypergroup of H if for all x,y € H and ¢,r € (0, 1]
the following condition holds

Xt € A,yr € A — (Zminfr,r} € VGA, foreachz € xoy.

(8). [29] A fuzzy subset A of a semihypergroup H is
called an (€, € Vq)-fuzzy left (resp. right) hyperideal of H
if for all # € (0, 1] and for all x,y € H, we have

i €A —> 7 € VgA(resp. 7 € VgA) for each z € xo
y(resp. for each z € youx).

(10). A fuzzy subset A of H is called an (€, € Vq)-
fuzzy bi-hyperideal of H, if for all x,y,z € H and for all
t,r € (0,1] it satisfies:

(1) Xt,9r € A — (D) minfr,r} € VgA forevery z € xoy.

(ii) x1,2r € A — (W)minfr,r} € VgA for every w € xo
yoz.

(12). A fuzzy subset A of H is called an (€,€ Vq)-
fuzzy generalized bi-hyperideal of H, if for all x,y,z € H
and for all ¢, € (0, 1] the following condition holds

Xt,2r € A — (W)min{s,r} € VGA forevery w € xoyoz.

2.2 Proposition[32]

The following conditions for a semihypergroup H are
equivalent:

(1) H isregular.

(2) For every right hyperideal R and left hyperideal L
of HLRoL=RNL.

(3) R(a)oL(a) = R(a)NL(a), for each a € H, where
R(a) is the right hyperideal generated by “a” and L(a) is
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the left hyperideal generated by "a”.

2.3 Theorem[32]
The following statments are
semihypergroup H:

(1) H is both regular and intra-regular.

(2) B = Bo B for every bi-hyperideal B of H.

(3) Q@ = Qo Q for every quasi-hyperideal Q of H.

(4) By "By = By o By N By o By for all bi-hyperideals
Bl ,Bz of H.

(5) RNL C RoLNLoR for every right hyperideal R
and every left hyperideal L of H.

(6) R(a)NL(a) C R(a) o L(a)NL(a)oR(a) for every
acH.

equivalent for a

3 (€, € Vgy)-fuzzy hyperideals

In what follows, let H denote a semihypergroup and k an
arbitrary element of [0, 1) unless otherwise specified.
Generalizing the concept of x,gA, Jun [17, 18] defined
xeqrA, if A(x)+1+k>1 and x; € VgpA if x, € A or
x;qiA. In this section we generalize the concepts of
(€,€ Vvq)-fuzzy hyperideal, (e, Vvq)-fuzzy
bi-hyperideal, and (€, € Vq)-fuzzy quasi hyperideal and
define the (€, € Vqy)-fuzzy hyperideal, (€, € Vqy)-fuzzy
bi-hyperideal, and (€, € Vgy)-fuzzy quasi hyperideal of a
semihypergroup H and study some basic properties.

3.1 Definition

A fuzzy subset A of H is called an (€,€ Vgy)-fuzzy
subsemihypergroup of H if for all x,y € H and ¢,r € (0, 1]
the following condition holds

X € A,yr € A — (Dminfr,r} € V@A, foreach z € xoy.

3.2 Theorem

Let A be a non-empty subset of H and A a fuzzy subset in
H defined by

)L(x):{zlgkifxeA

0  otherwise.
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Then

(1) If A is a subsemihypergroup of H then A is a (q, €
Vay)-fuzzy subsemihypergroup of H.

(2) A is a subsemihypergroup of H if and only if A is
an (€, € Vqi)-fuzzy subsemihypergroup of H.

Proof.(1) Let x,y € H and t,r € (0,1] be such that
Xr,yrgA. Then x,y € A,A(x)+¢>1 and A(x)+r > 1.
Since A is a subsemihypergroup of H, we have xoy C A.
Thus for every z € xoy,A(z) > 15 k If min{z,r} < L k
then A(z) > min{r,r} and so (Dminfr,ry € A If
min{z, r} > Lk then
A(z) + min{r,r} +k > S 4+ BE 4 p =
(Smings )Gk Therefore (2)mings s} € Vaih-
(2) Let x,y € H and ¢, 7 € (0, 1] be such that x;,y, € A.
Then A(x) >t >0 and A(y) > r > 0. Thus A(x) > 5%

and A(y) > 12", this implies x,y € A. Since A is a
subsemihypergroup of H, we have xoy C A. Thus for
every z € xoyA(z) > S5 If min{r,r} < 3£, then
A(z) > min{t,r} and so (Dminpy € A If
min{¢,r} > Lk then
Az) + min{t,r} +k > 524+ E 4 k=1 and so
( )mln{t,r}Qk}L Therefore ( )mm{t,r} € \/Qk)“

Conversely, assume that A is a (€,€ Vgy)-fuzzy
subsemlhygergroup of H and x,y € A. Then

A(x) > Lk l(y)>—that1sx1kelandylkel

Now by hypothesis, z 12 € Vgi for every z € xoy. If

21k Gl then A(z) > 1% and sozGA If z, qul then

2
(z) + 5 —|—k>11mphes Az) > .ThuszEA.
ence xoy C A, thatis, Ais a subsemihypergroup of H.

1 and so

A
H

3.3 Corollary

(1) If a non-empty subset A of H is a subsemihypergroup
of H, then the characteristic function of A is a (q,€ Vqy)-
fuzzy subsemihypergroup of H.

2) A non-empty subset A of H is a
subsemihypergroup of H if and only if As is an
(€, € Vqy)-fuzzy subsemihypergroup of H.

If we take kK = 0 in Theorem 3.2, then we have the
following corollary.

3.4 Corollary

Let A be a subsemihypergroup of H and A a fuzzy subset
in H defined by

_J >05ifxeA
Alx) = {0 otherwise.

Then

(1) If A is a subsemihypergroup of H then A is a (q, €
Vq)-fuzzy subsemihypergroup of H.

(2) A is a subsemihypergroup of H if and only if A is
an (€, € Vq)-fuzzy subsemihypergroup of H.

3.5 Theorem

Let A be a fuzzy subset of H. Then A is an (€,€ Vqi)-
fuzzy subsemihypergroup of H if and only if ienf {A(2)} >
zZEXxoy

min{2(x),A(y), '7*}.

ProofLet A be an (€,€ Vgy)-fuzzy subsemihypergroup

of H. On the contrary, assume that there exist x,y € H

such that ienf {A(z)} <min{A(x),A(y),5*}. Then there
ZEXOY

exists z € xoy such that A(z) < min{A(x),A(y), 5}
Choose r € (O, ] such that
A(z) <t <min{A(x),A(y), 5%} Thenx,E)L andy, € A
but A(z) <t and A(z )+t+k< Ly Bhik=1, s0

ZE VqrA, which is a  contradiction.  Hence
inf {A(2)} > min{2 (x),4(5), 15},
zEXoy

Conversely, assume that
énf {A(z)} > min{A(x),A(y),5*}. Let x, € 2 and
ZExoy

yr € A fort,r € (0,1]. Then A(x) >t and A(y) > r. Now

1—-k 1-k

inf {A(2)} > min{A(x), A (y), T} > min{z,r, T}

zZEX0Y
If t Ar > 15K then inf {A(z)} > 5£. So for every z €
ZEX0Y
X0y,
—k 1—k
AlZ)+tAr+k> T+T+k_1

which implies that (2)ming g If t A7 < 15K then

inf {A(z)} > t Ar So (Dminfryy € A. Thus
zEX0y K

(2)min{r,} € VarA. Therefore A is an (€,€ Vg;)-fuzzy
subsemihypergroup of H.

If we take kK = 0 in Theorem 3.5, then we have the
following corollary.

3.6 Corollary

Let A be a fuzzy subset of H. Then A is an (€,€ Vq)-
fuzzy subsemihypergroup of H if and only if ienf {A(2)} >
zExoy

min{A(x),A(y),0.5}.

3.7 Theorem

A fuzzy subset A of a semihypergroup H is an (€,€ Vgy)-
Sfuzzy subsemihypergroup of H if and only if U(A;t)(# 0)
is a subsemihypergroup of H for allt € (0, %]

ProofLet A be an (€,€ Vgy)-fuzzy subsemihypergroup

of H and x,y € U(A;t) for some t € (0,'5%]. Then

A(x) >t and A(y) > t. It follows from Theorem 3 5 that
énf {A(z)} > min{A(x),A(y), 5%} > min{r, £} = 1.
zEX0Y

Thus for every z € xoy,
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A(z) >t and so z € U(A;t), that is xoy C U(A;t).
Hence U(A;t) is a subsemihypergroup of H.

Conversely, assume that U(A;t)(# 0) is a
subsemihypergroup of H for all 7 € (0, %] Suppose that
there exist x,y € H such that

1—k
inf {A(z)} <min{A(x),A(y), ——}-
zEXOY 2
Thus  there  exists f x oy such that

€
A(z) < min{A(x),A(y),5%}. Choose ¢ € (0,15%] such
that A(z) <t < min{A(x), A( ) 1= k} Then x,y € U(A;1)
but z ¢ U(A;t) i.e. xoy £ U , which contradicts our

hypothesis.
Hence ienfy{l (2)} > min{A (x),A(y),
ZEeXxo

an (€, € Vqy)-fuzzy subsemihypergroup of H.

L5} andso A is

3.8 Corollary

A fuzzy subset A of a semihypergroup H is an (€,€ Vqy)-
fuzzy subsemihypergroup of H if and only if U(A;t)(#£ 0)
is a subsemihypergroup of H for all t € (0,0.5].

3.9 Definition

A fuzzy subset A of H is an (€, € Vg )-fuzzy left (right)
hyperideal of H if for all x,y € H and ¢ € (0,1] the
following condition holds;

Y €A —>z € VA forevery z € xoy (yy €A —
2t € Vi for every z € yox).

3.10 Theorem
Let L be a subset of H and A a fuzzy subset in H defined
by
>Lkirxel
= = 2
A(x) { 0  otherwise.
Then

(1) If L is a left (resp. right) hyperideal of H then A is
a (q, € Vqyi)-fuzzy left (resp. right) hyperideal of H.

(2) L is a left (resp. right) hyperideal of H if and only
if Aisan (€,€ Vqy)-fuzzy left (resp. right) hyperideal of
H.

Proof.The proof is similar to the proof of Theorem 3.2.

3.11 Corollary

(1) If a non-empty subset L of H is a left (resp. right)
hyperideal of H, then the characteristic function of L is a
(g, € Vqy)-fuzzy left (resp. right) hyperideal of H.

(2) A non-empty subset L of H is a left (resp. right)
hyperideal of H if and only if A is an (€,€ Vqi)-fuzzy
sleft (vesp. right) hyperideal of H.

If we take k = 0 in Theorem 3.10, then we have the
following corollary.

3.12 Corollary

Let L be a left (resp. right) hyperideal of H and A a fuzzy
subset in H defined by

5 ifxel
Afx) = { 0 otherWlse

Then

(1) If L is a left (vesp. right) hyperideal of H then A is
a (q,€ Vq)-fuzzy left (resp. right) hyperideal of H.

(2) L is a left (resp. right) hyperideal of H if and only
if Aisan (€,€ Vq)-fuzzy left (resp. right) hyperideal of
H.

3.13 Theorem

A fuzzy subset A of H is an (€,€ Vqy)-fuzzy left (resp.

right)  hyperideal of H if and only if
inf {A(2)} > min{A(y), 155}

esp. inf {2(2)} = min{A(x), 15 1.

ProofLet A be an (€, € Vqy)-fuzzy left hyperideal of H.
On the contrary, assume that there exist x,y € H such that
ienf {A(z)} < min{A(y), '5%}. Then there exists z € xoy
ZEXOy

such that A(z) < min{A(y), .5%}. Choose ¢ € (0,1] such

that (z) <t <min{A(y),15%}. Theny, € 2 but A(z) <t

and A(z) +1+k < 5+ 5k 4 k=1, 50 z,€ Vg A, which

is a contradiction. Hence ienf {A(z)} > min{A(y), F£}.
zEX0Y

Conversely, assume that
inf {A(z)} > min{A(y),5%}. Letx,y € H and t € (0, 1]

zZ€EX0Y
be such that y, € A. Then A(y) > t. Thus

inf {A(z)} > min{A(y), '} > min{r, £}, If t > 1£,

zEX0y

then inf {A(z)} > 5*  So for every
zEeXxoy

z€xoyA(z) +t+k> £+ 5k 4 k=1, which imlpies
that z;giA. If t < 155, then ienf {A(z)} >1t. So for every
ZExoy

z€xoyz € A. Thus z € VgiA for every z € xoy.
Therefore A is an (€, € Vgy)-fuzzy left hyperideal of H.

3.14 Corollary

A fuzzy subset A of H is an (€, € Vqy)-fuzzy hyperideal of
H if and only if
inf (A()} >

zEXoy

inf {A(2)} > min{2 (x), 15£}.

If we take k = 0 in Theorem 3.13, then we have the
following corollary.

min{A(y), 5} and
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3.15 Corollary

A fuzzy subset A of H is an (€,€ Vq)-fuzzy left (resp.

right)  hyperideal of H if and only if
inf {A(2)} > min{4(y),0.5}
zZExoy

(resp.ziergy{/'k ()} > min{A(x),0.5}).

3.16 Theorem

A fuzzy subset A of a semihypergroup H is an
(€,€ Vqi)-fuzzy left (resp. right) hyperideal of H if and
only if U(A;t)(#£ 0) is a left (resp. right) hyperideal of H
forallt € (0,45%].

Proof. The proof is similar to the proof of Theorem 3.7.

3.17 Corollary

A fuzzy subset A of a semihypergroup H is an
(€,€ Vq)-fuzzy left (resp. right) hyperideal of H if and
only if U(A;t)(# 0) is a left (resp. right) hyperideal of H
forallt € (0,0.5].

3.18 Theorem

If A is an (€, € Vqy)-fuzzy left hyperideal and |1 is an (€
, € Vi )-fuzzy right hyperideal of H then Ao is an (€, €
Vay)-fuzzy two-sided hyperideal of H.

ProofLet x,y € H. Then

Gemor s = (|

(Ify€ pog,thenxoy Cxo(pog) = (xop)oq. Now
for each z € xoy, there exists a € xop such that z € aogq.
Since A is an (€, € Vqy)-fuzzy left hyperideal, therefore
by Theorem 3.13, we have aggp{l(a)} >min{A(p), 5%}
thatis A(a) > min{A(p), 5%}.)

Thus

domon'zE = Lo T auio)

So

~ zE€xoy

min{ (o)), 55} < inf (Ron) @)

Similarly we can show that

inf {(Aou)(z)} >min{(Aou)(x), 55} . Thus Aop is

zZEX0y

an (€, € Vqy)-fuzzy two-sided hyperideal of H.

Next we show that if A and u are (€,€ Vgy)-fuzzy
hyperideals of a semihypergroup H, then Ao £ A A L.

3.19 Example

Consider the semihypergroup H = {a,b,c,d} with the
following table:

olal|b]|c d
alalala a
bla|a)|a a
clalal|{ab}|a
d|a|al{ab} | {ab}
One can easily check that

{a},{a,b},{a,b,c},{a,b,d} and {a,b,c,d} are all
hyperideals of H.
Define fuzzy sets A, it of H by

Ala) = 0.7, A(b)=03, A(c)=04, A(d)=0,

p(a) = 0.8, wu(b)=03, p(c)=04, p(d)=0.2.
Then we have
{a,b,c} if0<1<03,
) Hac} if03<r<04,
Udit) = {a} if0.4<r<0.7,
0 if 0.7<t<1.
{a,b,c,d} if0<t<02,
{a,b,c} if0.2<1<0.3,
Uust) =< {a,c}  if03<1<04,
{a} if0.4<1<0.8,
0 if 0.8<r<1.

Thus by Theorem 3.16, A,u are (€,€ Vgy)-fuzzy
hyperideals of H with k = 0.4.

Now

(Rou)(b) =

{A) Al ()}
1 — k bexoy

< {A(a) A (q)} because A(a) > min{A(p), ?}{0_4’070}

zZ€aoq

= __{Mnru(d)}

z€cod
= (Aou)(z), forevery z€xoy Caogq.

— 04 ¢ (AAL)(b) =023,

Hence A o £ A A i in general.
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3.20 Lemma

The intersection of any family of (€,€ Vgy)-fuzzy left
(resp. right) hyperideals of H is an (€, € Vqy)-fuzzy left
(resp. right) hyperideal of H.

ProofLet {A;}ic; be a family of (€,€ Vgi)-fuzzy left
hyperideals of H and x,y € H. Then

inf {(A%)()} = Al inf (3:}(2)}

zEeXxoy
(Smce each A; is an (€, € Vg )-fuzzy left hyperideal of
H,so inf {A;}(z) > min{A;(y), 5} foralli€ 1)
zEXoy

Thus

Zg;gy{(/\/l) }*/\{ ggy{l} 2)}
k
> A.,'
—k
- (o > =
—k
- ()it

Hence AA; is an (€, € Vgi)-fuzzy left hyperideal of
iel
H.

3.21 Lemma

The union of any family of (€,€ Vgy)-fuzzy left (resp.
right) hyperideals of H is an (€, € Vgy)-fuzzy left (resp.
right) hyperideal of H.

ProofLet {A;}ic; be a family of (€,€ Vqy)-fuzzy left
hyperideals of H and x,y € H. Then
inf {(V4)(z)} = V{ inf {Ai}(z)}.

SN iel &xoy

(Since each A; is an (€
H,
so_inf {A;}(z) = min {A;(y)

zEXoy

Thus

ERIE

, € Vg )-fuzzy left hyperideal of

L5Y forallie )

= Vi (22

zZ€EX0y

AL
(a5
= ()5

Hence \/A; is an (€, € Vgi)-fuzzy left hyperideal of
iel
H.

3.22 Definition

An (€, € Vgy)-fuzzy subsemihypergroup A of H is called
an (€, € Vqy)-fuzzy bi-hyperideal of H if for all x,y,z € H
and 7, r € (0, 1] the following condition holds;

x €A and zy € A — (W)minfs,r} € VqrA for every w € xoyoz.

3.23 Theorem

Let B be a non-empty subset of H and A be a fuzzy subset
in H defined by

>k jfxeB
A(x) _{ 0 20therw1se
Then
(1) If B is a bi-hyperideal of H then A is a (q, € Vqy)-
fuzzy bi-hyperideal of H.
(2) B is a bi-hyperideal of H if and only if A is an
(€, € Vqr)-fuzzy bi-hyperideal of H.

Proof. The proof is similar to the proof of Theorem 3.2.

3.24 Corollary

(1) If a non-empty subset B of a semihypergroup H is a
bi-hyperideal of H then the characteristic function of B is
a (g, € Vqy)-fuzzy bi-hyperideal of H.

(2) A non-empty subset B of a semihypergroup H is a
bi-hyperideal of H if and only if Ag is an (€, € Vqy)-fuzzy
bi-hyperideal of H.

3.25 Theorem

A fuzzy subset A of a semihypergroup H is an
(€,€ Vqu)-fuzzy bi-hyperideal of H if and only if it
satisfies the following conditions,

(1) Zier;gy{l(z)} > min{A(x),A(y), 55} for all x,y €
H.

(2) inf

wexoyoz

x,y,z€ H.

{A(w)} > min{k(x),l(z),%k} for all

Proof. The proof is similar to the proof of Theorem 3.5.

If we take kK = 0 in Thoerem 3.25, then we get the
following Corollary.

3.26 Corollary

A fuzzy subset A of a semihypergroup H is an
(€,€ Vq)-fuzzy bi-hyperideal of H if and only if it
satisfies the following conditions,
(1) ienf {A(2)} > min{A(x),A(y),0.5} forall x,y € H,
zExoy
(2) inf {A(w)} > min{A(x),A(2),0.5} for all

wexoyoz

x,y,z€ H.
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3.27 Theorem

A fuzzy subset A of a semihypergroup H is an (€,€ Vqy)-
fuzzy bi-hyperideal of H if and only if U(A;t)(# 0) is a
bi-hyperideal of H for allt € (0, l—gk]

Proof. The proof is similar to the proof of Theorem 3.7.

If we take kK = 0 in Thoerem 3.27, then we get the
following Corollary.

3.28 Corollary

A fuzzy subset A of a semihypergroup H is an (€,€ Vq)-
Sfuzzy bi-hyperideal of H if and only if U(A;t)(#0) is a
bi-hyperideal of H for allt € (0,0.5].

3.29 Definition

A fuzzy subset A of a semihypergroup H is called an (€, €
Vqy)-fuzzy generalized bi-hyperideal of H if for all x,y,z €
H and t,r € (0, 1] the following condition holds;

x €A and zr €A — (W)minfr,r} € VqiA for every w € xoyoz.

3.30 Theorem

Let B be a non-empty subset of H and A be a fuzzy subset
in H such that

> Lk jrxeB
Ax) = { 0 20therwise.
Then
(1) If B is a generalized bi-hyperideal of H then A is
a (q, € Vqi)-fuzzy generalized bi-hyperideal of H.
(2) B is a generalized bi-hyperideal of H if and only if
A is a (€, € Vaqy)-fuzzy generalized bi-hyperideal of H.

Proof. The proof is similar to the proof of Theorem 3.2.

3.31 Corollary

(1) If a non-empty subset B of a semihypergroup H is a
generalized bi-hyperideal of H then the characteristic
function of B is a (q,€ Vqi)-fuzzy generalized
bi-hyperideal of H.

(2) A non-empty subset B of a semihypergroup H is
a generalized bi-hyperideal of H if and only if Ag is a
(€, € Vqy)-fuzzy generalized bi-hyperideal of H.

If we take kK = 0 in Thoerem 3.30, then we get the
following Corollary.

3.32 Corollary

Let B be a non-empty subset of H and A be a fuzzy subset
in H such that

| >05 ifxeB
Ax) = { 0 otherwise.
Then
(1) If B is a generalized bi-hyperideal of H then A is
a (g, € Vq)-fuzzy generalized bi-hyperideal of H.
(2) B is a generalized bi-hyperideal of H if and only if
A is a (€, € Vq)-fuzzy generalized bi-hyperideal of H.

3.33 Theorem

A fuzzy subset A of a semihypergroup H is an
(€,€ Vqi)-fuzzy generalized bi-hyperideal of H if and
only if it satisfies the following condition,

1—k
inf {A(w)} >min{A(x),A(z),——} forall x,y,z€ H.

weExoyoz 2
Proof. The proof is similar to the proof of Theorem 3.5.

If we take £k = 0 in Thoerem 3.33, then we get the
following Corollary.

3.34 Corollary

A fuzzy subset A of a semihypergroup H is an
(€,€ Vq)-fuzzy generalized bi-hyperideal of H if and
only if it satisfies the following condition,

inf {A(w)} > min{A(x),A(z),0.5} forall x,y,z € H.

wexoyoz

3.35 Theorem

A fuzzy subset A of a semihypergroup H is an
(€,€ Vqy)-fuzzy generalized bi-hyperideal of H if and
only if U(A;t)(# 0) is a generalized bi-hyperideal of H
forallt € (0,15%].

Proof. The proof is similar to the proof of Theorem 3.7.

If we take £k = 0 in Thoerem 3.35, then we get the
following Corollary.

3.36 Corollary

A fuzzy subset A of a semihypergroup H is an
(€,€ Vq)-fuzzy generalized bi-hyperideal of H if and
only if U(A;t)(# 0) is a generalized bi-hyperideal of H
forallt € (0,0.5].

It is clear that every (€, € Vgy)-fuzzy bi-hyperideal of
a semihypergroup H is an (€,€ Vqy)-fuzzy generalized
bi-hyperideal of H. The next example shows that the
(€,€ Vgy)-fuzzy generalized bi-hyperideal of H is not
necessarily an (€, € Vg )-fuzzy bi-hyperideal of H.
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3.37 Example

Consider the semihypergroup H = {a,b,c,d} with the
following table:

olal|b|c d
ala|ala a
blalala a
clalal{abd}]|a
d|alall{ab}| {abd}
One can easily check that
{a},{a,b},{a,c},{a,d},{a,b,c},{a,b,d} and

{a,b,c,d} are all generalized bi-hyperideals of H and
{a},{a,b},{a,b,c},{a,b,d} and {a,b,c,d} are all
bi-hyperideals of H.

Define a fuzzy subset A of H by

A(a)=08, A(b)=0, A(c)=04, A(d)=0.
Then, we have

{a,c} if0<t<04,
UA;r) =1 {a} if04<r<038,
0 if 0.8<r<1.

Thus by Theorem 3.35, A is an (€,€ Vq)-fuzzy
generalized bi-hyperideal of H for every k € [0,1) but A
is not an (€,€ Vqi)-fuzzy bi-hyperideal of H, because
U(2A;0.4) = {a,c} is a generalized bi-hyperideal of H but
not a bi-hyperideal of H.

3.38 Lemma

Every (€,€ Vqi)-fuzzy generalized bi-hyperideal of a
regular semihypergroup H is an (€,€ Vqi)-fuzzy
bi-hyperideal of H.

ProofLet A be an (€,€ Vgi)-fuzzy generalized
bi-hyperideal of H and a,b € H. Then there exists x € H
such that b € b o x o b Thus we have
aobCao(boxob)=ao(box)ob. Thus
. . . 1—k
inf {A(:)} > inf {A(2)} = min{A(),A(b), ).
z€aob z€aouob 2
This shows that A is an (€,€ Vgi)-fuzzy

subsemihypergroup of H and so A is an (€, € Vgy)-fuzzy
bi-hyperideal of H.

3.39 Definition

A fuzzy subset A of a semihypergroup H is called an (€
, € Vqy)-fuzzy interior hyperideal of H if for all x,y,a € H
and 7, r € (0, 1] the following conditions hold;

(1) x; € A and y, € A — (Dminfr,r} € Vi for every
7€ X0Y,

(2) a; € A —> wy € Vg A forevery w € xoaoy.

3.40 Theorem

Let A be a non-empty subset of H and A be a fuzzy subset
in H such that

Mx)_{zlgk ifxeA

0 otherwise.

Then

(1) If A is an interior hyperideal of H then A is a (q, €
Vi )-fuzzy interoir hyperideal of H.

(2) A is an interior hyperideal of H if and only if A is
an (€, € Vqy)-fuzzy interoir hyperideal of H.

Proof. The proof is similar to the proof of Theorem 3.2.

3.41 Corollary

(1) If a non-empty subset A of a semihypergroup H is an
interior hyperideal of H then the characteristic function
of Ais a (q,€ Vq)-fuzzy interior hyperideal of H.

(2) A non-empty subset A of a semihypergroup H is an
interior hyperideal of H if and only if A4 is a (€,€ Vq)-
fuzzy interior hyperideal of H.

If we take kK = 0 in Thoerem 3.40, then we get the
following Corollary.

3.42 Corollary

Let A be a non-empty subset of H and A be a fuzzy subset
in H such that

Mx):{zo.s ifx€A

0 otherwise.

Then

(1) If A is an interior hyperideal of H then A is a (q, €
\Vq)-fuzzy interoir hyperideal of H.

(2) A is an interior hyperideal of H if and only if A is
an (€, € Vq)-fuzzy interoir hyperideal of H.

3.43 Theorem

A fuzzy subset A of a semihypergroup H is an (€,€ Vqy)-
fuzzy interior hyperideal of H if and only if it satisfies the
following conditions,

(1) inf {2} = min{A(0), A(), 52} for all xy €

H.
) inf

weExoaoy

all a,x,y € H.

{A(w)} > min{A(a), %} for

Proof. The proof is similar to the proof of Theorem 3.5.

If we take kK = 0 in Theorem 3.43, then we get the
following corollary.
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3.44 Corollary

A fuzzy subset A of a semihypergroup H is an (€,€ Vq)-
fuzzy interior hyperideal of H if and only if it satisfies the
following conditions,
(1) inf {l(z)} >min{A(x),A(y),0.5} forall x,y € H.
(2) 1nf {A(w)} >min{A(a),0.5} forall a,x,y € H.

wexoaoy

3.45 Lemma

The intersection of any family of (€, € Vqy)-fuzzy interior
hyperideals of a semihypergroup H is an (€, € Vqy)-fuzzy
interior hyperideal of H.

Proof.Straightfoward.

3.46 Theorem

A fuzzy subset A of a semihypergroup H is an (€,€ Vqy)-
fuzzy interior hyperideal of H if and only lf (A;1)(#£0)
is an interior hyperideal of H for all t € (0, k]

Proof. The proof is similar to the proof of Theorem 3.7.

If we take kK = 0 in Theorem 3.46, then we get the
following corollary.

3.47 Corollary

A fuzzy subset A of a semihypergroup H is an (€,€ Vq)-
fuzzy interior hyperideal of H if and only if U(A;t)( 0)
is an interior hyperideal of H for all t € (0,0.5].

3.48 Lemma

Every (€, € Vqy)-fuzzy hyperideal of a semihypergroup H
is an (€, € Vqy)-fuzzy interior hyperideal of H.

ProofLet A be an (€, € Vg )-fuzzy hyperideal of H. Then

inf {A(o )}Zmin{l(x),l—;k}zmin{l(x), 1=k

aEexoy

Thus A is an (€, € Vg )-fuzzy subsemihypergroup.
Let x,a,y € H. Then for w € xoaoy =xo0(aoy), so
there exists z € aoy, such that w € xoz.

Thus
nf {00} 2 min{A (), -
= A(w) > min{A(z), %} (*)

M}’%T}-

Asz€aoy,so

inf {A(y)} > min{A(a), Tk}

YEaoy

= A(z) > min{A(a), Tk}

1—k

= min{A(z), 1T_k} > min{A(a), 7 }.

Thus from (*) we have

A(w) > min{A(a), 1T_k}

= e1nf {A(w)} > min{A(a),5%}. Hence A isan (€, €
wExoaoy

Vg )-fuzzy interior hyperideal of H.

The following example shows that an (€, € Vg;)-fuzzy
interior hyperideal of H need not be an (€, € Vgy)-fuzzy
hyperideal of H. Also union of (€, € Vgy)-fuzzy interior
hyperideals of H need not be an (&, € Vg;)-fuzzy interior
hyperideal of H.

3.49 Example
Let H = {a,b,c,d} be a semihypergroup with the
following multiplication table:
olal|b|c d
alalala a
blalal|{ad}|a
C a a a a
d|la|a|a a
Then the interior hyperideals of H are

{a},{a,b},{a,c},{a,d},{a,b,d},{a,c,d} and H but
{a,b} is not a hyperideal of H. Define fuzzy subsets A,
of H by

A(a) = 0.8 =A(b), A(c)
pa) =0.8=pu(c), p(b)=0=pu(d).

Then we have

n__JA{ab} if0<r<0.38,
U(’l’t)_{o if 0.8<r<1.

U(“;I){{g,C}

Thus by Theorem 3.46, A,u are (€,€ Vgy)-fuzzy
interior hyperideals of H for every k € (0,1]. But
UAVu;t) ={a,b,c}if t € (0,45] for k = 0.4, which is
not an interior hyperideal of H, so A V i is not an
(€, € Vgy)-fuzzy interior hyperideal of H.

Also A is not an (€,€ Vqy)-fuzzy hyperideal of H
because {a,b} is not a hyperideal of H.

Il
()
Il
>
U
:—/

if 0 <t <0.8,
if 0.8<t<1.
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3.50 Definition

A fuzzy subset A of a semihypergroup H is called an (€, €
Vg )-fuzzy quasi-hyperideal of H, if it satisfies,

A0 > min{(104)(x), (A 0 1)(x), =X

.

3.51 Theorem

Let A be an (€, € Vqy)-fuzzy quasi-hyperideal of H. Then
the set Ay = {x € H | A(x) > 0} is a quasi-hyperideal of
H.

Proof.In order to show that Ag is a quasi-hyperideal of H,
we have to show that HoAgNAgoH C Ag. Leta€ HoAgN
ApoH.Thismeansa € HoAganda € AgoH.Soa € sox
and a € yot for some s,¢ € H and x,y € Ag. Thus A (x) >0
and A(y) > 0.

Since

(Tod)(a) = _ {l(s)AA(x)}

> {1(s) AL (1)}
— (1A (W)}
=21 (x).

Similarly (X o 1)(a) > A ().
Thus

Aa) = min{(104)(a), (2o 1)(@), 5}

. 1—k
> mln{l(x),l(y),T}
> 0 because A(x) > 0and A(y) > 0.

Thus a € Ay. Hence Ay is a quasi-hyperideal of H.

3.52 Lemma

A non-empty subset Q of a semihypergroup H is a quasi-
hyperideal of H if and only if the characteristic function
Ao of Qs an (€, € Vqy)-fuzzy quasi-hyperideal of H.

Proof.Suppose Q is a quasi-hyperideal of H and A is the
characteristic function of Q. Letx € H. If x ¢ Q then x ¢
HoQorx¢ QoH.Thus (1oAg)(x) =0o0r (Agol)(x)=0
and so min{(102p)(x),(Ago1)(x), 55} =0 =Ap(x). If
x € Qthen Ap(x) = 1 > min{(102g)(x),(Ago1)(x), 5t}
Hence Ay is an (€, € Vgy)-fuzzy quasi-hyperideal of H.

Conversely, assume that A is an (&,€ Vgy)-fuzzy
quasi-hyperideal of H. Then Q is a quasi-hyperideal of H,
by Theorem 3.51

3.53 Theorem

Every (€, € Vqy)-fuzzy left (right) hyperideal A of H is an
(€, € Vqr)-fuzzy quasi-hyperideal of H.

Proof.Let A be an (€, € Vg )-fuzzy left hyperideal A of H
and x € H. Then

(Tod)(x) =

xeyoz

{IMWAL@}= _ A(2)

xeyoz

This implies that

onwatrt = (| 2@

T Xx€yoz
Since A is an (€, € Vg )-fuzzy
left hyperideal of H, so
inf A (x) > 2 (z) A L5E.

xeyoz

A(x)=2(x).

x€yoz

So (lol)(x)/\% <

Hence Ax) > (1 o M) A o>
min{(l o A)(x),(4 o 1)(x)7lT’k . Thus A is an
(€, € Vgyx)-fuzzy quasi-hyperideal of H.

3.54 Theorem

Every (€,€ Vqi)fuzzy quasi-hyperideal of a
semihypergroup H is an (€, € Vqy)-fuzzy bi-hyperideal of
H.

Proof.Suppose A is an (€, € Vgy)-fuzzy quasi-hyperideal
of semihypergroup H. Let x,y € H. Now for every o €
xoy, we have

Aa) > min{(104)(@), (ko 1)(e), -5}

|:aexoy{l(x) N (y)}] :
> {1(x) AL IA{A) AT} A %

> (MA@ A ALY
:l(y)/\l(x)/\lT_k.

So aienf {A(a)} > min{A(x),A(y), 55} for all x,y €
)Coy
H.
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Also for all x,y,z € H and for every w € xoyoz, there
exists a € xoy such that w € aoz. Also there exists b € yoz
such that w € xo b. Thus

A(w) > min{(1oz)(w),(ao1)<w),%}
~ [ e H@AR @) 2
1—k

{QL(x)/\l(b)}} A—

|:w€xob 2

> {1(a) AL ()} A{A(xX)AL(B} A

11—k
2

1—k

> {IAA @A {AX)ATFA

— A AA) ALK

So inf {A(w)} > min{A(x),A(z),5%} for

wExoyoz
allx,y,z € H. Thus A is an
bi-hyperideal of H.

(€,€ Vqyi)-fuzzy

The following example shows that the converse of the
above Theorem is not true.

3.55 Example

Consider the semihypergroup H = {a,b,c,d} with the
following table:

olal|b]|c d
alalala a
bla|a|a a
clalala {a,b}
dlalall{ab}|{ab,c}

One can easily check that {a,c} is a bi-hyperideal of
H but not a quasi-hyperideal of H.

Define a fuzzy subset A of H by

Ala)=08=2A(c), A(b)=0=A(d).

Then A is an (€, € Vg )-fuzzy bi-hyperideal of H for
every k € [0,1) but not an (€,€ Vgi)-fuzzy
quasi-hyperideal of H. Because
(I o A)(b) = 08 = (A o 1)(b) but
A(B) =0 % min{(102)(b), (Ao 1)(b), 5%}.

4 Regular semihypergroups

In this section we characterize regular semihypergroups
by the properties of their (€,€ Vgy)-fuzzy hyperideals,
(€, € Vqy)-fuzzy quasi- hyperideals and (€, € Vg )-fuzzy
bi-hyperideals.

4.1 Definition
Let A, it be fuzzy subsets of H. We define the fuzzy subsets
Ay A A L, A Vi it and A o 1 of H as follows;

M) = /I(x)/\l—;k

(A A ) () = (A AR A
(AVim)(x) = AV () A5

(hoxm)(x) = (Aom) @)A1 "

[\) ‘
= =

forallx € H.

4.2 Lemma

Let A, 1L be fuzzy subsets of H. Then the following hold.
(D) (A Aep) = (A )
) (AVieu) = (A V i)
(3) (Aox ) = (Ao ).

Proofletx € H.
(1)

(A M) () = AR A

= Ak (x) A g (x)
= (A A ) ().

I
=
=
<
=
=
>

_ (),(x) -
= Ak(x) V e (x)
= (A V ) (x).

(3)Ifx ¢ yozforally,z € H, then (A op)(x) =0. Thus

1—k

(A o 1) (x) = (A o p)(x) A =0.
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If x € yoz for some y,z € H, then

(Aogu)(x) = (Aou)(x )Aﬂ
[ o] 5
= e (W JAR @A 2")
- XEyoz{MyMu(z)Alzk}
= o{ (A1) (w0n 155 |
- xE)voZ{z’k(y) A (2)}
= (Ao ) (x).
4.3 Lemma

Let A and B be nonempty subsets of a semihypergroup H.
Then the following hold.

(1) (Aa Ak Ag) = (AarB)k

(2) (A4 VicAg) = (AauB)k

(3) (A4 ok Ag) = (AaoB k-
Proof.Straightforward.

Next we show that if A is an (€,€ Vgy)-fuzzy left
(right) hyperideal of H then Ay is a fuzzy left (right)
hyperideal of H.

4.4 Lemma

Let A be an (€, € Vqy)-fuzzy left (right) hyperideal of H.
Then Ay is a fuzzy left (right) hyperideal of H.

ProofLet A be an (€, € Vq;)-fuzzy left hyperideal of H.

Then for all x,y € H, we have inf {A(@)} > A0y A
zZExoy

This implies that

1—k

inf {A(2)} Ao > A0) A

zZEXoy

So_inf {A()} > A(). Thus Ay is a fuzzy left hyperideal
zEexoy
of H.

4.5 Lemma

A nonempty subset L of H is a left (right) hyperideal of H
if and and only if (Ap)y is an (€,€ Vqy)-fuzzy left (right)
hyperideal of H.

Proof.The proof follows from Theorem 3.10.

4.6 Lemma

A non-empty subset Q of a semihypergroup H is a
quasi-hyperideal of H if (Ag)x is an (€,€ Vqi)-fuzzy
quasi-hyperideal of H.

Proof.The proof follows from Theorem 3.10.

4.7 Proposition

Let A be an (€, € Vqy)-fuzzy left (right) hyperideal of H.
Then Ay is a fuzzy left (right) hyperideal of H.

ProofLet A be an (€, € Vgy)-fuzzy left hyperideal of H.
Then for all x,y € H, we have ienf {A@)} > A0 A
zEexoy

This implies that

inf {A(Z)}AlT_k >A() A

zZEX0oy

1—k
—

So inf {A(z)} > A (y). Thus A is a fuzzy left hyperideal

zZEX0y

of H.

4.8 Proposition

Let A be a fuzzy subsemihypergroup H. Then A o A < A.

ProofLet A be a fuzzy subsemihypergroup H. If
Ay ={(y,z) EHxH:x€yoz} =0, then
(Aod)(x) =0< A(x).

If Ay # 0, then(A o A)(x) = (Aopu)(x) A L5 As A is
a fuzzy subsemihypergroup of H, so for each x € yoz,

A(x) > min{A(y),A(z)}, forall y,z€ H.
This implies that

11—k

A(x)=A(x )AT >m1n{l(y),l(z),l;k}, forall y,z€H.

Hence (l o A)(x
k

) = o mW A -
min{l A ,%} A (x

). Thus, A o A < Ay.

xeyoz

Next we characterize regular semihypergroups by the
properties of (e,€ Vgi)-fuzzy hyperideals,
quasi-hyperideals,  bi-hyperideals and generalized
bi-hyperideals.
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4.9 Lemma

Let A be an (€, € Vqy)-fuzzy right hyperideal and [ be an
(€,€ Vaqy)-fuzzy left hyperideal of a semihypergroup H.
Then Aog it < A Ap L.

Proof.Let A be an (€, € Vqy)-fuzzy right hyperideal and u
be an

(€,€ Vgy)-fuzzy left hyperideal of H. Let y,z € H.
Then for every a € yoz we have

(Aoxm)(a) = (op)a) A 1"
~ (o ROVA @Y ) A5
- o (B0 AREIA )
{ (A A L) A }
aeyor | (1 (z) A1) A L5E
<a€y0z{/x(a)w(am1;k}
:x(a)Au(a)A%

= (A Acp)(a).
So (Aogp) < (A Ak pt).

4.10 Theorem

The following assertions are
semihypergroup H.
(1) H is regular.

(2) (AAkt) = (Aog ) for every (€, € Vay)-fuzzy right
hyperideal A and every (€, € Vqy)-fuzzy left hyperideal |
of H.

Proof.(1) = (2) Since H is regular, so there exists x € H
such that a € aoxoa = (aox)oa. Thus there exists some
B €aoxsuchthata € foa. So

(Aoxp)(a) = (Aop)(a) A

2
- <a€cod {a’ (C) N
(@)} A——

> (A(B) Ak (@)} A

Since B € aox and A is an
(€, € Vqy)-fuzzy right
hyperideal of H, so

inf {A(z)} > A(0)A L
inf (A(2) 2 A(6)A 15

therefore A () > A(6) A 5%
1-

0 = {M@n oA 2

= A@rp@init
— (A new)(a).

equivalent for a

1

k
@n)ntst
1—-k

k

Therefore (A oy 1t)( 5

SoAopt > A A . Butby Lemma 4.9, A op pt < A A
u.Hence A Ap 1t = Ao .

(2) = (1) Let R and L be right and left hyperideals of
H. Then by Lemma 4.5, (Ag); and (Az); are
(€,€ Vgi)-fuzzy right and (€,€ Vgi)-fuzzy left
hyperideals of H, respectively. Thus by hypothesis

(AroL)k = (Aror Ar)
= (AR Ak Az) by (2)
= (ARnL)k-

This implies RN L = Ro L. Hence it follows from
Proposition 2.2 that H is regular.

4.11 Theorem

For a semihypergroup H, the following conditions are
equivalent:

(1) H is regular.

2 (A At Aev) < (Aog ogv) for every
(€,€ Vgqy)-fuzzy right hyperideal A, for every
(€,€ Vqy)-fuzzy generalized Dbi-hyperideal | and for
every (€, € Vqy)-fuzzy left hyperideal v of H.

B (A A Av) < (Aog pogv) for every
(€,€ Vqy)-fuzzy right hyperideal A, for every
(€,€ Vaqi)-fuzzy bi-hyperideal | and for every
(€, € Vqy)-fuzzy left hyperideal v of H.

4) (AN Ak V) < (Aog oy v) for every (€,€ Vgy)-
fuzzy right hyperideal A, for every (€, € Vqy)-fuzzy quasi-
hyperideal 1L and for every (€, € Vqy)-fuzzy left hyperideal
vof H.

Proof.(1) = (2) Let A,u and v be any (€, € Vgy)-fuzzy
right  hyperideal, (€,€ Vg)-fuzzy  generalized
bi-hyperideal and (€, € Vg )-fuzzy left hyperideal of H,
respectively. Let a € H. Since H is regular, so there exists
x € H such that a € aoxoa = (aox) oa. Thus there exists
B €aoxsuchthata € Boa. So

(Ao orv)(a) _

= (loyov)(a)/\lT

ZZQE%ﬁAw>AW0va}>A1;k

> (A(B) A (o v) (@} A1
. . 1—k
<smce ﬁlerzfox{l(ﬁ)} > Aa) A 2.)
$0, (Ao ogv)(a) > (l(a)/\lgk) A(Lov) (a)/\% ()

Since a € aoxoa =ao(xoa), so there exists y € xoaq,
such that a € aoy. Thus
(mov)(a) = _  {u(@Av(n)}

acaoy

{u(a)Av ()}
> (,u(a)/\v(a)/\lgk>.

Y
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Thus substitiuting value of (i o V) (a) in (i), we have

(2) = (3) = (4) Straightforward.

(4) = (1) Let A and Vv be any (€, € Vgy)-fuzzy right
and (€, € Vqy)-fuzzy left hyperideals of H, respectively.
Since 17 is an (€, € Vgy)-fuzzy quasi-hyperideal of H,
so by hypothesis, we have

(A Axv)(a) = (AAV)(Q)A%
= (lAlAv)(a)AlT_k
= (A A1 Aev)(a)
< (Aoxlogv)(a)
= (holov)@) Aot
(AS (Rel)B) =, {A(p)A 1(q)})

Thus, (A Ax V) (a) < (

Thus,

anv@ =, (., o) vol)

/\l—k
2

= (rad (a2 0) w00 })

/\l—k
—

= (rcd () 01}

/\lfk
2

= (] () 01 15)

Alfk
2

~(a{ (e fron 5] ) i)

A 1—k
2
Since A is an (€, € Vg )-fuzzy right
hyperidealof H, so

inf {A(b)} = A(p) A Lk thatis
€poq

A(b) > A(p) A 5E forevery b € pog.
(eI Avie} ) a5

acboc

1-k
_ (aebocub) /\V(c)) e
= (Ao v)(a).

Thus it follows that A Ay v < A o v for every
(€,€ Vgy)-fuzzy right hyperideal A of H and for every
(€, € Vqy)-fuzzy left hyperideal v of H. But by Lemma
49, ANV > AogVv. So A AV = Aogv. Hence by
Theorem 4.10, H is regular.

4.12 Theorem

For a semihypergroup H, the following conditions are
equivalent:

(1) H is regular.

(2) M = (A og Lo A) for every (€,€ Vqy)-fuzzy
generalized bi-hyperideal A of H.

(3) & = (Aog Loy A) for every (€,€ Vqy)-fuzzy bi-
hyperideal A of H.

(4) Ay = (Ao Log L) for every (€, € Vqy)-fuzzy quasi-
hyperideal A of H.

Proof.(1) = (2) Let A be an (€, € Vgi)-fuzzy generalized
bi-hyperideal of H and a € H. Since H is regular, so there
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exists x € H such thata € aoxoa = (aox)oa. Thus there ~ 4.13 Theorem
exists B € aox such thata € Boa. So

(AoxlogA)(a) = (AoloA)(a)A 1—k For'a semihypergroup H, the following conditions are
equivalent:
_ 11—k (1) H is regular.
- (aeﬁm{“ °D(B)AA (“”’) Mo @ (At = (Aog o 2) for every (€, € Vau)-ficzey
1—k quasi-hyperideal A and every (€, € Vqy)-fuzzy hyperideal
> (Ao 1)(B) AR (@) A wof H.
1—k ) (A M) = (A og wog A) for every
= ( {l(a)/\l(x)}) AA(a) N —— (€,€ Vqi)-fuzzy quasi-hyperideal A and  every
Beaox 2 (€, € Vqy)-fuzzy interior hyperideal | of H.
1k () (M Ak ) = (Aog o A) for every (€, € V) fuzzy
> {A@) A L)AL (@A 2 bi-hyperideal A and every (€,€ Vqy)-fuzzy hyperideal |
1—k of H.
= {Aaniad(an—= 9 (A AR = (Ao pogA) for every
= X (a). (€,€ Vgqi)-fuzzy  bi-hyperideal A and  every

(€, € Vaqy)-fuzzy interior hyperideal u of H.

> M.
Thus (A og LogA) > A A A M) = (Aog o A for every

Since A is an (€,€ Vgi)-fuzz eneralized ©
bi-hyperideal of H. So we(have ) v 8 (€,€ Vay)-fuzzy generalized bi-hyperideal A and every
(€, € Vaqy)-fuzzy hyperideal | of H.

(
)
)

1—k
(Aoglogd)(a) = (lolol)(a)/\T M (A A ) = (A og uwog A) for every
I—k (€,€ Vqi)-fuzzy generalized bi-hyperideal A and every
— - " (€, € Vaqy)-fuzzy interior hyperideal | of H.
(s (oD A2 ) 115
Proof.(1) = (7) Let A and u be any (€, € Vgi)-fuzzy
- (aexoy{ (xe,,o,,{l(p A 1(q)}> AA(y )}) generalized bi-hyperideal and (€,€ Vg)-fuzzy interior
1 —k hyperideal of H, respectively. Then
/\7
2 1—k

= (aexoy{(xepoq{l(pml}> A/I(y)}) ot = (AO“OM(C’)AI_QI(
2

A 1—k
? L ~ (o (Ao DALY ) A5
- (aExoy {xepoq{x (p) /\l(y)}) A 2
- ~ (o { (00 m1@) ) 1200} )
= A(P)AAY)IA ——
oo 2P AR AL o
Since a € pogoyand A is an (€, € Vg )-fuzzy 2
generalized bi-hyperideal of H so _ ( { ( o) AT ) A })
0 (R (@)} = (A (D) AR A L, aeon | LcpogHPIATEJARE)
Thus A 1-k
2
Lo logh)(a) < A(a) A=K - () A o) L) A 2K
(AoglogA)(a) < Ala) A N = Lucwoy Lxepog NP ) -
= A (a). 1—k
This implies (A og 10 A) < A. Thus Ay = (A og 10, 1). " aexoy {xe;;oq{x(p) AAOIIA 2 } ’
(2) = (3) = (4) are obvious.
(4) = (1) Let A be any quasi-hyperideal of H. Then Since a € pogoy and A is an (€,€ Vgy)-fuzzy

Aa is an (€, € Vgy)-fuzzy quasi-hyperideal of H. Hence, generalized bi-hyperideal of H so
by hypothesis,

. 1—k
(Aa)k = (A ox Log Aa) = (Aa ok Ay o Aa) = (AaoHon k- aelpgf,oy{k(a)} > {A(P)AL(Y)}A 5
This implies A = Ao H o A. Hence it follows from
Proposition 2.2, that H is regular. Thus
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a€aoxoa=ao(xoaoxoa). Thus there exists y €
xoaox,and B € yoa such thata € ao 3. So
1—k

(Aoxpord)(a) = (loﬂol)(a)/\T

= (@ wen By ) A 155
> (@) A (o A)(B)} A1
1—k

— A@)n (BEM{“(” M(a)}) e

Since every (€, € Vg )-fuzzy

Thus (A o Lox A)(a) < A (a). Also hyperideal of H is an
roctsord)a) < 4le) (€, € Vqy)-fuzzy hyperideal of H

- 1k
soinf {u(M}=u(a)A75

danan@s, Lwnt Tt

1-k%k
< -
< Aa) A 7

= X (a).

(AogpoxA)(a) < (1ogpog1)(a) - o
Ala AL "
=(lo,uol)(a)/\lT_k 2 ()A(u()A i A ()) -

1—
_ = Ala a)\N ——

(s 1o A1) ) 2155 (@nuta)n =
o — (A At (a).

Sincea € xoy butforx € pog, Hence (A o ok A) < (A pe) = (A Arp).
we have Now leta € H. Since H is regular, so there exists x € H

(Top)(x) :xepoq{l(p)/\“(Q)} such that a € aoxoa = ao(xoaoxoa). Thus for each

Ll DL

A 1—k 2 1—k
2 = (L, @A woR B ) A 15
(ot ( 5
acxoy | \x€pog > {)L(a)/\(ﬂo)“)(ﬁ)}/\T
= . k
(s s (")D 2 — i@ (., uman@) At
EYyoa
1—k
= A — _ —
acxoyC pogoy {I»L(Q) 2 } > k(a) AN ([J(Cl) A lTk /\l(a)) N 1Tk
1—k
: . o . = Ala) N(a) N ——
Since p is an (€, € Vgg)-fuzzy interior hyperideal of H, 2
so there exist r,s,0 € H such that ing {u@)} > u@)A = (A Aep)(a).
z€roBos
l—gk. Thus p(a) > p(g) A % Buta € xoy C (pog)oy, (A A ou()l ok oxA) z (A N p). Hence (A o pog )
k .
because x € pog, therefore, (1) 5 (5)= (3) = (2) and (7) = (6) = (4) = (2) are
obvious.
- (2) = (1) Let A be any (€, Vgi)-fuzzy
(AoxpoxA)(a) < { (a) A } quasi-hyperideal of .H. Theq, since 1”7 is an
agpogoy 2 (€, € Vgy)-fuzzy two-sided hyperideal of H, we have
1—k 1—k
1—k
Hence (AogopA) < (A A ) = (A A 1b). = (Ane1)(a)
Now leta € H. Since H is regular, so there exists x € H = (Aorloxd)(a).
such that Thus it follows from Theorem 4.12 that H is regular.
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4.14 Theorem

For a semihypergroup H, the following conditions are
equivalent:

(1) H is regular.

@) (A A1) < (A og ) for every (€,€ Va)-fuzzy
quasi-hyperideal A and every (€,€ Vqi)-fuzzy left
hyperideal 1L of H.

(3) (AN ) < (Aog ) for every (€, € Vay)-fuzzy bi-
hyperideal A and every (€, € Vqy)-fuzzy left hyperideal |
of H.

() (A A t) < (Ao ) for every (€,€ Vag)fuzzy
generalized bi-hyperideal A and every (€,€ Vqy)-fuzzy
left hyperideal 1L of H.

Proof.(1) = (4) Let A and u be an (€,€ Vgy)-fuzzy
generalized bi-hyperideal and any (€,€ Vgy)-fuzzy left
hyperideal of H, respectively. Let a € H. Since H is
regular, so there exists x &€ H such that
a€aoxoa=ao(xoa). Then there exists § € xoa such
that a € ao . Thus we have

(hoxm)(a) = (Rom)(a) Ao
()i
> Aa m>1j

>z(a)Au(a)AlT_kAlT_k
— @) A(a) A
= (A Ae)(@).

So (Aoxp) = (A Akp).

(4) = (3) = (2) are clear.

(2) = (1) Let A and u be an (€, € Vgi)-fuzzy right
hyperideal and any (€, € Vg )-fuzzy left hyperideal of H,
respectively. Since every (€,€ Vgi)-fuzzy right
hyperideal of H is an (€, € Vgy)-fuzzy quasi-hyperideal
of H. So (A o;u) > (A Ay u). By Lemma 4.9,
Ao <A AU Thus (A op ) = (A Ap ) for every
(€,€ Vgg)-fuzzy right hyperideal and for every
(€, € Vgy)-fuzzy left hyperideal of H. Hence by Theorem
4.10 H is regular.

5 Intra-regular semihypergroups

Recall that a semihypergroup H is intra-regular if for each
a € H, there exist x,y € H such that a € xoaoaoy. In
general neither intra-regular semihypergroups are regular
nor regular semihypergroups are intra-regular
semihypergroups. However, in commutative
semihypergroups both the concepts coincide.

5.1 Theorem

A semihypergroup H is intra-regular if and only if
LNR C LoR for every left hyperideal L and for every
right hyperideal R of H.

ProofLet H be an intra-regular semihypergroup and L,R
are left and right hyperideals of H respectively. Let a €
LNRthena € Landa € R. Since H is intra-regular so there
exist x,y € H such thata € xoaoaoy = (xoa)o(aoy) C
LoR. Thus LNR C LoR.

Conversely, assume that a € LNR C LoR. This implies
thata € LoR = lU{lor :1€L,r € R}. Since L is a left

or

hyperideal so for some x € H such that [ = xoa. Also R
is a right hyperideal so for some y € H such that r = aoy.
Thus

a€lor=(xoa)o(aoy)=xo0aocaoy.

Hence H is intra-regular.

5.2 Theorem

For a semihypergroup H, the following conditions are
equivalent:

(1) H is intra-regular.

(2) (A Ak ) < (A og ) for every (€, € Vai)-fuzzy left
hyperideal A and every (€,€ Vqy)-fuzzy right hyperideal
uof H.

Proof.(1) = (2) Let A be an (€,€ Vgy)-fuzzy left
hyperideal and u be an (€, € Vgy)-fuzzy right hyperideal
of H. For a € H, there exist x,y € H such that
a € xoaoaoy = (xoa)o (aoy). Thus there exists
B €xoaand y€aoy, suchthata € Boy.

Thus
(hox)(a) = (Rom)(a) Ao
> (AB) AT A

Since B € xoa and A is an
(€, € Vqy)-fuzzy left hyperideal of H,
so inf {A(z)} > A(a) A 5E.
zZEXoa

Thus A(B) > A(a) A

1—k : :
5. Also since p is

so_inf {u(2)} > () A 5%,
zeaox
Thus () > p(a) A 5%

an (€, € Vgy)-fuzzy right hyperideal of H,

> {(A(a)/\12k>/\<,u(a)/\12k>}/\12k

= A(a) A u(a) /\l—_k

2
— (A Acs)(a).
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(Aoglt) > (A Ak 1). Therefore
(2) = (1) Let R and L be right and left hyperideals of — P
H. Then by Lemma 4.5, (Ag);y and (Ar); are (Aocp)(a) = (Aop)(a) 2
(€,€ Vgy)-fuzzy right and (€,€ Vgi)-fuzzy left 1—k
hyperideals of H, respectively. Thus by hypothesis we - aedoe{l(d)/\,u ()} | A 2
have 1k
> {A(B) AM(OIA—~

(ALor)k = (AL ok AR)
> (AL Ak Ar)
= (AR )k-

Thus LN R C LoR. Hence it follows from Theorem
5.1, that H is intra-regular.

5.3 Theorem

The following conditions are

semihypergroup H.

equivalent for a

(1) H is both regular and intra-regular.

2) Ao A = X for every (€,€ Vaqp)-fuzzy
quasi-hyperideal A of H.
B) Aoy A = A for every (€,€ Vgi)-fuzzy

bi-hyperideal A of H.

4) Aogp > AN for all (€,€ Vai)-fuzzy
quasi-hyperideals A, L of H.

(5) Aog it > A Ag U for every (€, € Vqi)-fuzzy quasi-
hyperideal A and for every (€, € Vqy)-fuzzy bi-hyperideal
wof H.

6) Aoy > A AN u for all (€,€ Vap)-fuzzy
bi-hyperideals A, L of H.

Proof.(1) = (6) Let A,u be (€,€ Vgi)-fuzzy
bi-hyperideals of H and a € H. Then there exist x,y,z € H
such thata € aoxoaanda € yoaoaoz. So

a € aoxoa
Caoxoaoxoa
= (aox)oao(xoa)
- aoxo(yoaoaoz)oxoa

= (aoxoyoa)o(aozoxoa).

Thus there exist p € xoy,q € zox,b €aopoa and c €
aoqgoasuchthata € boc.

Since b € aopoaand A is an (€, € Vg, )-fuzzy

bi-hyperideal of H, we have

[l )
= D@ AR@]A TS = (A (a).

Thus A opu > A A u for all (€,€ Vgy)-fuzzy
bi-hyperideals A, u of H.

(6) = (5) = (4) are obvious.

(4) = (2) Take A = pin (4), we get A o A > Ay. Since
every (€, € Vqy)-fuzzy quasi-hyperideal is an (€, € Vgy)-
fuzzy subsemihypergroup, so A o A < 4. Hence L o, A =
Ak

(6) = (3) Take A = u in (6), we get A og A > Ay.
Since every (€,€ Vgi)-fuzzy bi-hyperideal is an
(€,€ Vgg)-fuzzy subsemihypergroup, so A op A < A.
Hence A o A = Ay.

(3) = (2) Obvious.

(2) = (1) Let Q be a quasi-hyperideal of H. Then by
Lemma 3.52, Ag is an (€, € Vqy)-fuzzy quasi-hyperideal
of H. Hence, by hypothesis, Ag o A9 = (Ag)x. Thus
()onQ)k = Ap o Ag = (Ag)x implies Qo Q = Q. So by
Theorem ??, S is both regular and intra-regular.

5.4 Theorem

The following conditions
semihypergroup H.

(1) H is both regular and intra-regular.

(2) (Ao ) A(pog A) > A Ag u for every (€, € Vay)-
Suzzy right hyperideal A and for every (€, € Vqy)-fuzzy left
hyperideal 1 of H.

(3) (Aog ) A(pogd) > A A for every (€,€ Vgy)-
fuzzy right hyperideal A and for every (€,€ Vqy)-fuzzy
quasi-hyperideal L of H.

(4) (Ao i) A (Lo A) > A Ay 1 for every (€,€ Vay)-
fuzzy right hyperideal A and for every (€,€ Vqy)-fuzzy
bi-hyperideal 1 of H.

(5) (Ao i) A (tLox A) > A Ay 1 for every (€,€ Vay)-
fuzzy right hyperideal A and for every (€,€ Vqi)-fuzzy
generalized bi-hyperideal | of H.

6 (Aori)A(Roxd) > AAcp for every
(€,€ Vqyi)-fuzzy left hyperideal A and for every
(€, € Vqy)-fuzzy quasi-hyperideal | of H.

are equivalent for a
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(T) (o) A (L ok A) > A Ax j for every (<. € Vay)-
fuzzy left hyperideal A and for every (€,€ Vqy)-fuzzy bi-
hyperideal L of H.

®) (Aogp)AN(HoxdA) = A N for every
(€,€ Vqi)-fuzzy left hyperideal A and for every
(€, € Vaqy)-fuzzy generalized bi-hyperideal 1 of H.

(9) (Ao ) A(logA) > AN forevery (€,€ Var)-
fuzzy quasi-hyperideals A and 1 of H.

(10) (A o ) A (pog A) > A A for every (€, € Vay)-
fuzzy quasi-hyperideal A and for every (€,€ Vqy)-fuzzy
bi-hyperideal 1L of H.

(11) (A og ) A (o A) > A A i for every (€, € Vqy)-
fuzzy quasi-hyperideal A and for every (€,€ Vg )-fuzzy
generalized bi-hyperideal 1 of H.

(12) (Ao ) A (HoxA) > A Al for every (€, € Vgy)-
fuzzy bi-hyperideals A and | of H.

(13) (A og ) A (Lox A) > A A 1 for every
(€,€ Vaqi)-fuzzy bi-hyperideal A and for every
(€, € Vqy)-fuzzy generalized bi-hyperideal pL of H.

(14) (Aog ) AN(HogA) > AN forevery (€,€ Vay)-
fuzzy generalized bi-hyperideals A and [ of H.

Proof.(1) = (14) Let A, i be (€, € Vg )-fuzzy generalized
bi-hyperideals of H and a € H. Then there exist x,y,z € H
such thata € aoxoaand a € yoaoaoz. So

a € aoxoa

Caoxoaoxoa

(aox)oao(xoa)
Caoxo(yoaoaoz)oxoa

= (aoxoyoa)o(aozoxoa).

Thus there exist p € xoy,q € zox,b €aopoa and c €
aogoasuchthata € boc.

)=
Therefore (A o 1) (a) Z 2 ]

Therefore

(Aorp)(a) =

1—
2
- (aedoe{l(d) NH

(Aop)(@) N ——

1—k
@)n'
1—k
> (AB)AR(EIA——
Since b € ao poa and
c€aogoaand A and u
are (€, € Vqy)-fuzzy generalized

bi-hyperideals of H, so
inf_{A(w)} >

wexoyoz

min{A(x),A(z), 154}

and

inf {u(w)} >
)

k
e

wExoyoz

min{g(x), 1 (2), 15* }
Thus A(b) > A(a) A
and
(

()%‘-
1-—

._

N ‘
=

—k
= [A(a) Au(a)] A T = (AN u)(a).
Similarly we can prove that (ttogA) > (A A 1t). Hence

(/’Lok[,l) (uokl)zl/\ku

(14) = (13) = (12) = (10) = (9) = (3) = (2),

(14) = (11) = (10),

(14) = (8) = (7) = (6) = (2) and

(14) = (5) = (4) = (3) = (2) are obvious.

(2) = (1) Let A be an (€,€ Vgi)-fuzzy right
hyperideal and py be an (€, € Vgy)-fuzzy left hyperideal
of H.

For a € H, we have

1—k
(Ao p)(a) = (lo,u)(a)/\T
- <a@oz{3~(y) Au(z)}> A
1—k

2
aeyor {’L(y) A(2) A }
}

RN A
Because 1nf {l(a)} > A(y) A5 and
ag;}jz{u( a)} > p(e) A

Thus

=Aa)Au(a) N —
= (A A\ p)(a).
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So (Aop ) <(AAgu). By hypothesis (A ogpt) > (A Ag
W). Thus (A o i) = (A Ar it). Hence by Theorem 4.10, H
is regular. Also by hypothesis (A og i) > (A Ax 1), so by
Theorem 5.2, H is intra-regular.
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