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Abstract: In this paper, we derive recurrence relations for moment generfatintgion of lower generalized order statistics within a
class of doubly truncated distributions. Doubly truncated inverse Weilxplhreentiated Weibull, power function, exponentiated Pareto,
exponentiated gamma, generalized exponential, exponentiated log-logesiiralized inverse Weibull, extended type | generalized
logistic, logistic and Gumble distributions are given as illustrative exampleghér, recurrence relations for moment generating
function of order statistics and lower record values are obtained agbpases of the lower generalized order statistics, also two
theorems for characterizing the general form of distribution basedament generating function of lower generalized order statistics
are given.
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1 Introduction

Kamps [] introduced the concept of generalized order statigios). It is known that ordinary order statistics, upper
record values and sequential order statistics are spesabmfos. In this paper we will consider the lower generalized
order statistic§1gos). It can be shown that order statistics, lower record valuesspecial cases dfjos . A statistic
X*(r,n,m,k) is said to be the—th Igos based on a random sample of sizdrawn from a population whose distribution
function (df) is F(x) and probability density functiofpdf) is f(x), if its pdf is given by

C_ _ _
fc i (9 = g7 FOOI 100G (F (0. (1)
where
r
C_1= rly, , r=212....n—1 y=k+(n-r)(m+1), k>1, m>-1,
i=
_ 1 Xm+l m;é -1
— m+1 ’
hen() {—Inx, m=—1
and

Om(X) = hm(X) —hm(1), x€[0,1).

We shall also takeX*(0,n,m k) = 0. If m= 0, k =1, then X*(r,n,m,k) reduces to thén—r + 1)—th order statistic,
Xn—r+1:n from the sampley, Xy, ..., X, and whenm = —1, thenX*(r,n,m,k) reduces to the— th lowerk record value
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(Pawlas and SzynaP]). The work of Burkschaét al. [3] may also refer foigos.

Recurrence relations for marginal and joint moment gemgrdtinctions ofgos from power function distribution are
derived by Saran and SingH][ Al-Hussaini et al. [5], [6] have established recurrence relations for moments and
conditional moment generating functions gbs and joint moment generating functions gbs based on mixed
population, respectively. Khaet al. [7] have established recurrence relations for moment gengrainction of gos
from Gompertz distribution among others.

Characterizations based aos have been studied by some authors. Keselig@gcharacterized some continuous
distributions based on conditional distributionsgafs . Bieniek and Szynal9] characterized some distributions via
linearity of regression ofjos. Crameret al. [10] gave a unifying approach on characterization via linegrassion of
ordered random variables. Khanal. [11] characterized some continuous distributions throughditimmal expectation
of functions ofgos.

Kamps [L2] investigated the importance of recurrence relations déostatistics in characterization.

In the present study, we have obtained some recurrenc®rsdbr marginal moment generating functiond @ds from
doubly truncated a general form of distribution and its @asi deductions and particular cases are discussed. Ftwiher
theorems for characterizing this distribution are statedi@oved.

Now if for given P, andQq

J —00

Q1 Py
/ f1(x)dx=Q and [ f1(x)dx = P, )

wheref;(x) is thepdf of X, then the truncategdf is given by

f(x)= , X€ (Q1,P1)

o)
|
Q

with the corresponding f
1
=50

Suppose the distribution functidf (x) is of the following general form

F(x) [FL(x) = Ql, x€ (Qu,P1).

F()=e@¥  a<x<p, ©)

wherea > 0 is a constant anki(x) is continuous, monotonic and differentiable functiorxarf the intervalla, B].
Then truncategd f f(x) is given by
_a'(v

f)=p—ge ™ x€(QuPy (4)
and the corresponding truncatel F (x) by
f
FO9 = ~Qe~ g X€ (QuR). ©
where 9
QZ = P?Q

2 Relations for marginal moment gener ating function

Let us denote the marginal moment generating functiop-ah power of ther—th Igos, X*(r,n,m k) by M)((j)(r_n_mk> (t).

Theorem 2.1. For the distribution given ing), neN, 2<r<n, k>1, k+m>0and m> -1

(0 ) it *
M i ® =My O+ a—ME[w(x (r,n,mk))]
(i) (i)
—QzK{MX*(r,n—l,m,k+m) ) - MX*(ffl,nfl-,msHm) (t)} ©

© 2014 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lettl, No. 1, 1-8 (2014) ivww.naturalspublishing.com/Journals.asp NS P 3

and form= -1

j t ),
M;’(Mt):M( O+ ;kE[W(zr(@)(l_ea[h(zr ) h(Ql)])]’ @
where j
xi—Lgix C_» 1,y (eikim) o (e dkrm)
(X) - ’ = — = b C _ ’ = V ’ )
h/(X) C52217k+m) I_| (Vi _ 1) r—1 ) i
yr(n—1,k+m) =k4+m+(n—1-r)(m+1).
Proof. From (1), we have
() _ “I(rnmk
M i (0 = E[etx (rnm )}
G Pooi B B
= (r_ill). / X [F ()] L ()0 L (F (X)) dx. ®)
FJ/Q

Integrating 8) by parts treatingF ()]~ (x) for integration and the rest of the integrand for differatitin, we get

. — Py i _
M><<J*)(r.,n,m,k) t)= (r(rl)f)rlz (o)} & [F(x)]* ™ (x)gh, Z(F(X))dx

G2
(r=1)!

[ e R )

U
MmO~ g [ ROV G F (0 ©

the constant of integration vanishes since the integradidened in 8) is a definite integral. On using), we obtain when
m> —1 that

j _mD)
X*(r,n,mk) (t) - MX*(r—l,n,m,k) (t)

G2 /Pl Xjfletxj

alr 1)1 Jo, g (PO 000 H(F ()X

QjtCr2 /Pl j—1 ] Y—1.r—1
L o, X P01 g R0
M)((J*)(,—lnmk)(t)JraiyrE[w(X (r,n,m,k))]
K ,[C(n 1k+m)  p N o
e [ e [ gy 1 )
(r—1)! Q1
as y — 1= yr(n—l,k+m)’ C 1= VrCrfz-

On using relation ing), the result §) can be established.
Whenm= —1, thenX*(r,n,—1,k) = z¥, we have from 9

. . r—1
ML 0 =M 0 gy [ o (10

jtkr_l P Xj—letxj
o, +a(r—1>!/Ql Y

r—1
*%Jfkm /Q X1~ [F (9] g (F () dx

[F ) F ()91 (F (x))dx
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upon using the relation irbf. Now substituting forf (x) from (4), we find that

_ _ it jtkr—1

MO =M 0+ GEWE) T
y /QP K1 F (o2 W 0 }g 11 (F ()
) jt (o, _ Qitk™
— MZ:(E)l(t)_FJ(E[W(Zr ) - a(r—1)!

g /Qil W[F(Xﬂ“f (¥)gf 21 (F ())dx.

Making use of 2), we get

My () =My (0 +
The relation in 7) is derived simply by rewriting the above equation.
By differentiating both sides of equationg) @nd (7) with respect tad and then settingg = 0, we obtain the recurrence
relation for moments dfgoswhenm > —1

EXC(rn m K] = EX(r — Ln.m k)] + L E[p(X" (r,n,m k)]

ay
—QZK{E[X*j(r,n—l,m,k+m)]—E[X*i(r—l,n—l,m,k+m)]} (11)
and wherm= -1 )
CN T R (K)y (1 _ galhz)—h(Qu)]
E[Z"))] = ElZ¥))]+ (E|o@¥)(1-¢ ], (12)
where :
xi—1
P(x) = Y
Special cases

i) Puttingm=0, k=1 in (6) and (L1), we can get the relations for marginal moment generatingtian and moments
of order statistics as

M>(<£1)—r+1:n (t) = M)(é])—wz:n (t) + miji':%E[w(Xn—r+lin)]
nQ: (J) (i)
o (n —r+ 1) {MX:'I—r:n—l (t) o MX:FHl:n—l (t)}’ (13)
E[Xr{—H—l:n] = E[Xr{—r+2:n] + mEW(xﬂle:n)]
- (nnrQil){E[xr{lr:nl] - E[ererl:nfl]}- (14)
That is . . " 0 ' .
M ) =M (1) - a(rl_ HEW O]+ 5 MY, 0-mQ o},
j nQz

Elo(X—1n)] +

E[er:n] = E[xrj—l:n} - m (I’ _ 1) {E[er—Z:n—l] - E[er—l:n—ﬂ }

ii) Settingk =1 in (7) and (12), relations for lower records can be obtained as

, . it N
MY, (0= M, 0+ JE[#(Xp) (1 - e ) (19
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Ex() )= E[Xﬁ§3_1>] 4 éE [‘P(Xur)) (1 _ ea[h(xur))—h(Ql)]ﬂ _ (16)

Remark 2.1. At Q=0 andP = 1, (hon-truncated case) relatior®,((7), (11), and (L2) reduce, respectively, to

lE[w(x*(r, n,m,kK))],

(1) _m
MX*(r,n,m,k) (t) - MX*(rfl,n.,m,k) (t) + ay

E[X*(r,n,mKk)] = E[X*I(r —1,n,m k)] + iE[(p(X*(r, n,mKk))],

¥

B2 = E[Z¥)) + Elp@¥)),

the order statistics and lower record values cases are fiimen(13), (14), (15) and (6), as

(1) _ml)
My a® =My O+ mE[W(Xn—rH:n)L

E[Xr{l—wl:n] = E[Xerz:n} + a(njl,+1)E[(p(xn—r-~-1:n)]'
That is
M, 0 =M, ) = S BV O]
E0n] = EIXY 1) ~ 5 E L0010
and
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Table 2.1. Examples Based on Theorem 2.1

Distribution F(x) a h(x)
Inverse Weibull e (9/%° 6P xP
0<x< o
Exponentiated Weibull [1—e AXFT T | —In[l—e (Y]
O<x<oo
Power function (x/A)P 1 —In(x/A)P
0<x<A
Exponentiated Pareto 1-2+x7° | 6 | —In[1—(1+x7*]
0< X<
Exponentiated gamma 1—e*x+1))% | 6 | —Inl1—eX(x+1)
0<x<oo
Generalized exponential [1—e*X® ] —In[1—e X
O<x<o
. . x/a)f 1° x/0)P
Exponentiated log-logistic {li(/x/gr)ﬁ} 6 —I ”H(/x/z;)a}
O<Xx<oo
Generalized inverse Weibull e 6(a/ P 0 (a/x)B
0< X<
Extended type | generalized logistic (ﬁ) ¥ p - n(#)
—00 < X < 00
Logistic 1+e X1t 1 In(1+e7)
—00 < X< 0
Gumbel e e’ 1 e X
—00 < X < 00

Similarly several recurrence relations based on Theordroah be established with proper choiceaandh(x).

3 Characterization

Theorem 3.1. Let X be a non-negative random variable having an absolutelyraanis distribution functioffr (x) with
F(0) =0and 0< F(x) < 1forallx>0, m> —1then

| - It
M im0 = M 1o ®)+ 5 EPOC (mnm k)]
j) (i
7Q2K{M)((]*(r,nfl,m,k+m) (t) - MXJ*(rfl,nfl,m,kij) (t)} 17
if and only if
f(x)
F(X) = _QZ_ ah,(x)v Ql S X S P17

where ¥(x) = ng,tf)xj .

Proof. The necessary part follows immediately from equat@®n©n the other hand if the recurrence relation in equation
(17) is satisfied, then on using equatioB¥ #nd @), we have

j PLii1 _
AR T G

s xI-1g¥

a1 o, g IFOO 00 H(F () ax
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. . _
B2 [ ()i (F ()
(r " Jo

which can be written as

PLoo a f(x)

j—14x! Vi—1.r—1 —
/Ql X1 ()4 2 1R () {F () + 0 + Qo fdx=0.
If t =1, the generalization of the htz-Sasz Theorem (Hwang and Lin, [13]) can be applied to obtain
f(x)
=—-Q,— <x<Py.
F(X) Q2 ah,(x) ) Ql SXS Pl

Theorem 3.2. Let X be a non-negative random variable having an absolutelyraamis distribution functioif (x) with
F(0) =0and 0< F(x) < 1 forallx>0,m= —1, then

) 3y — () jt (k) [h(z)~h(Qu)]
MYty =M )+ B W) (1- & 1 (18)
zﬁk)() zr(‘i)l() ak [ (Z )( )]
if and only if
= — — < < .
F(X) Q2 ()’ Q<x<Ph

Proof. The necessary part follows immediately from equatign©n the other hand if the recurrence relation in equation
(18) is satisfied, then on using equatiod§), we have

K [t g ()

(r=1!Jo
otk /Pl xi-1g¥ k-1 r-1
- a(r _ 1)| Q]_ h/(x) [F(X)} f(X)g—l (F(X))dx
Qojtk 1 /Pl -1 4% k11
+==— [ X F ) (F(x)dx
O o, FOol g5 (F ()
which can be written as o f)
1 i X
j—14x) k—1.r—1 _
/Ql K1 PO g PO {F 9+ g + Qe fax =0 (19)
Now, applying a generalization of theivitz-Sasz Theorem (Hwang and Lin, [13]) to equatid®)we get
f(x)
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